
Precision theory for high energy 
collider physics

Thomas Gehrmann (Universität Zürich)
Seminar DESY Zeuthen, 21.03.2024



Precision physics at hadron colliders

Thomas Gehrmann Seminar DESY Zeuthen

• Precision tests of the 
Standard Model
• Measurements of masses and 

couplings

• Interplay of calculations and 
measurements
• Accuracy on many cross 

sections now ≈(1..5)%

• Ultimate precision frontier 
at hadron colliders: 1%
• Require theory predictions 

accurate at this level
2



State-of-the-art
• Precise predictions: perturbation theory expansion of observables
• Experimental measurements: fiducial cross sections
• theory predictions account for experimental cuts and definition of final state 

• Automated tools for LO and NLO QCD and electroweak (2010’s)
• infrastructure from event generator programs 

• HERWIG, PYTHIA, SHERPA, aMC@NLO
• standard interface to one-loop amplitude providers 

• BlackHat, GoSam, Recola, OpenLoops, NJet, MadLoop, CutTools

• Combined with parton shower 
• full event properties with NLO accuracy on differential cross sections
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ͻ Virtual corrections 
Automatized recently: 
• FEYNARTS/FORMCALC/LOOPTOOLS (public) 

 

• HELAC-NLO (public) 

 
• MadLoop 
  
• OpenLoops 

 

• GoSam (public) 
 

 
Dedicated programs also involve high level of 

automation: 
 

[Hahn et al.] 

Automation in NLO calculations 
ͻ Different ingredients of a NLO calculation have also different 

levels of automation according to their complexity: 

G.Luisoni, 4th September 2012 

Born Real 
corrections 

Subtraction 
terms 

Virtual 
corrections 

NLO 

NLO Revolution 

[Bevilacqua, Czakon, van Hameren, 
 Papadopoulos, Pittau, Worek,  11] 
[Hirschi,Frederix,Frixione,Garzelli, 
Maltoni,Pittau ,11] 

[Cullen, Greiner, Heinrich, GL, Mastrolia, 
Ossola, Reiter, Tramontano, 11] 

Denner-Dittmaier et al., VBFNLO (public), MCFM (public), 
NGLUON (public), BLACKHAT, ROCKET. 

[Cascioli, Maierhöfer,Pozzorini , 12] 



State-of-the-art
• NNLO QCD predictions for 2 → 2 processes (NNLO revolution, 2015 →)
• accomplished during past 10 years on case-by-case basis
• as parton-level event generators (full final state information)
• computationally expensive
• current frontier at NNLO: 2 → 3 

• Typical size of corrections and uncertainty
• NLO corrections: 10..100%, uncertainty: 10..30%
• NNLO corrections: 2..15%, uncertainty: 3..8%
• expect N3LO to yield uncertainty at level of 1%.
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• One extra parton per order in perturbation series
• Partons are combined into jets using same algorithm as in experiment

• No algorithm dependence at leading order
• Theoretical description more accurate with increasing order

• Parton shower: multiple emissions, approximate description

Fixed-order perturbation theory
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Ingredients to fixed order calculations
• Matrix elements with extra real (R) or virtual (V) partons

• Infrared singularities in all R-type and V-type subprocesses
• sum of all subprocesses finite
• require procedure to arrange IR cancellations between subprocesses

• Incoming hadrons: parton distributions
• mass factorization of initial-state radiation and parton evolution

Thomas Gehrmann Seminar DESY Zeuthen 6

Matrix elements Parton evolution

LO Born 1-loop

NLO R, V 2-loop

NNLO RR, RV, VV 3-loop

N3LO RRR, RRV, RVV, VVV 4-loop



Ingredients to fixed order calculations
• Different final state multiplicity for real and virtual corrections

• R: n+1 particles; V: n particles
• application of event selection, fiducial cuts: evaluate separately

• Upcycling of lower-order calculations
• only purely virtual correction (V, VV, VVV, ....) genuinely new
• real radiation corrections from higher-multiplicity calculations at lower order
• e.g. Higgs boson production: NNLO RV contribution = NLO V contribution to H+jet
• stability: use analytic one-loop amplitudes if available

• Cancellation of infrared singularities between subprocesses
• must evaluate integrals of type [Z.Kunszt, D.Soper]
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Methods
• Subtraction

• subtract singular (soft and/or collinear behavior) from R, integrate and add back

• many variants at NLO and NNLO: dipole, FKS, antenna, residue, sector-improved,.....     
[S.Catani, M.Seymour; S.Frixione, Z.Kunszt, A.Signer; A.Gehrmann-De Ridder, N.Glover, TG; M.Czakon; F.Caola, K.Melnikov, R.Röntsch; V.del 
Duca, C.Duhr, A.Kardos, Z.Trocsanyi, G.Somogyi; G.Bertolotti, L.Magnea, G.Pelliccioli, A.Ratti, C.Signorile-Signorile, P.Torrielli, S.Uccirati]

• Slicing
• cut off singular region from phase space integral, add integrated below-cut contribution

• variants up to N3LO, depending on slicing variable: qT, N-jettiness                                                             
[S.Catani, M.Grazzini; R.Boughezal, X.Liu, F.Petriello; J.Gaunt, M.Stahlhofen, F.Tackmann, J.Walsh]
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NNLO subtraction
• Structure of NNLO cross section 

• Real and virtual contributions:
• Subtraction term for double real radiation:
• Subtraction term for one-loop single real radiation:
• Mass factorization terms:

• Each line finite and free of poles → numerical implementation
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Antenna subtraction
• Subtraction terms constructed from antenna functions

• Antenna function contains all emission between two partons

• Phase space factorization

• Integrated subtraction term
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Antenna subtraction

• Colour-ordered pair of hard partons (radiators)
• Hard quark-antiquark pair
• Hard quark-gluon pair
• Hard gluon-gluon pair

• NLO [D. Kosower; J. Campbell, M. Cullen, E.W.N. Glover]

• Three-parton antenna: one unresolved parton

• NNLO [A. Gehrmann-De Ridder, E.W.N. Glover, TG]

• Four-parton antenna: two unresolved partons 
• Three-parton antenna at one loop
• Products of NLO antenna functions  

• Soft antenna function
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Antenna subtraction: incoming hadrons
• Three antenna types [A. Daleo, D. Maitre, TG]

• Final-final antenna

• Initial-final antenna

• Initial-intial antenna
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NNLOJET code

• NNLO parton level event generator
• Based on antenna subtraction

• Provides infrastructure
• Process management
• Phase space, histogram routines
• Validation and testing 
• Parallel computing (MPI) support for warm-up and production
• ApplGrid/fastNLO interfaces in development

• Processes implemented at NNLO
• Z+(0,1)jet, γ+1 jet, H+(0,1)jet, W+(0,1)jet, H+2jet (VBF)
• DIS-2j, LHC-2j
• Typical runtimes: 60’000-250’000 core-hours 
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NNLOJET project:
X. Chen, J. Cruz-Martinez, J, Currie,               
R. Gauld, A. Gehrmann-De Ridder,         
E.W.N. Glover, M. Höfer, A. Huss, 
F. Lorkowski, I. Majer,  M. Marcoli, J. Mo, 
T.  Morgan, J. Niehues,  J. Pires, C.Preuss, 
A. Rodriguez-Gracia, R. Schürmann, 
G. Stagnitto, D. Walker,  J. Whitehead, TG



Triple-differential Drell-Yan cross section
• Lepton pair production: EW precision observable

• ATLAS 8 TeV measurement [1710.05167]
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Observable Central-Central Central-Forward

mll [GeV] [46,66,80,91,102,116,150,200] [66,80,91,102,116,150]

|yll| [0,0.2,0.4,0.6,0.8,1,1.2, [1.2,1.6,2,2.4,2.8,3.6]

1.4,1.6,1.8,2,2.2,2.4]

cos ✓⇤ [-1,-0.7,-0.4,0,0.4,0.7,1] [-1,-0.7,-0.4,0,0.4,0.7,1]

Total Bin Count: 504 150

Table 2: Binnings for the central-central and central-forward fiducial regions in the ATLAS

measurement of [27].

only in the invariant di-lepton mass mll generated using FEWZ 3.1 [34], which varied

from 1.035 for the lowest mll bin to 1.025 in the highest bin. A fit of sin2 ✓e↵W to the

data by the ATLAS collaboration is underway, with preliminary results presented in [23].

It is in this context that the implementation of Drell-Yan at NNLO in QCD within the

NNLOjet framework is used, with the secondary goal of exploiting the data alongside a

consistent set of NNLO results for Drell-Yan type processes produced using NNLOjet for

PDF fitting purposes.

The definition of the fiducial cut on individual lepton momenta contrasts with the

use of di-lepton variables in the definition of the triple di↵erential cross section. This in-

terplay of kinematical variables leads to a complex structure of the measurement regions,

potentially implying non-trivial acceptance e↵ects and an enhanced sensitivity to extra

radiation from higher order corrections. Interfacing the QCD predictions with the appro-

priate EW corrections for multiple values of sin2 ✓e↵W must also be feasible in order for a

scan of sin2 ✓e↵W to be performed, and this requires careful attention to avoid consistency

issues between the two theory inputs.

Whilst di↵erential NNLO QCD results for the Drell-Yan process have been known

for almost two decades and there are many available codes producing these results (see

e.g. [34–37]), accurate and exclusive results typically require substantial computing re-

sources to evaluate. This is particularly true when producing multi-di↵erential results, and

it is for this reason that generating accurate predictions for the 654 separate bins of the

Z3D analysis remains technically challenging. These issues are multiplied when producing

results for a parameter fit, where multiple sets of such results are required for parameter

variation, uncertainty estimation and closure tests. As a result, one can consider the nu-

merical demands of producing such predictions to be more comparable to those required for
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Chapter 3. Phenomenology of Neutral- and Charged-Current

Electroweak Gauge Boson Production at the LHC

Z/�⇤
q

q̄

l+

l�

Figure 3.1: Born level Z/“ú boson production through the Drell-Yan process.

vation of the Z and W bosons at the UA1 and UA2 Super Proton Synchotron (SPS)

experiments at CERN in 1983 [105–108]. For neutral-current (NC) DY production

mediated by a virtual photon or Z boson (see Fig. 3.1),

p + p æ Z/“ú(æ ¸+ + ¸≠) + X, (3.1.1)

where X is some final state containing zero or more hadronic jets, the characteristic

experimental signature of two oppositely charged lepton tracks allows exceptionally

precise measurements to be taken across a large volume of phase space. A high pro-

duction cross-section ensures that large sample sizes are relatively straightforward

to collect, and that statistical uncertainties are generally relatively small. Experi-

mentally, these properties allow NC DY production to fulfil valuable roles in terms

of detector calibration (through measurements of previously well-known quantities

such as the Z-boson mass MZ and width �Z) and luminosity determination (through

the total cross section), which are crucial in order to understand all measurements

made at hadron colliders such as the Tevatron and the LHC.

Charged-current (CC) DY production (see Fig. 3.2),

p + p æ W±(æ ¸ + ‹¸) + X, (3.1.2)

mediated through either of the charged W± bosons occurs at a rate approximately

an order of magnitude larger than that of the NC DY production as the EW coup-

ling constant – is not suppressed by the Weinberg angle, sin2 ◊W . Unlike the NC



Triple-differential Drell-Yan cross section
• Measured with fiducial event selection cuts (on single leptons)

• Fiducial cuts influence acceptances in triple-differential bins
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Central-Central Central-Forward

plT > 20 GeV plT,F > 20 GeV plT,C > 25 GeV

|yl| < 2.4 2.5 < |ylF | < 4.9 |ylC | < 2.4

46 GeV < mll < 200 GeV 66 GeV < mll < 150 GeV

Table 1: Selection criteria for the central-central and central-forward fiducial regions in

the ATLAS measurement of [27].

sections, we will introduce such a triple di↵erential measurement and consider some of

the associated theoretical challenges with the goal of producing consistent NNLO QCD

corrections for an associated sin2 ✓e↵W fit.

The default setting for the computation of fixed-order QCD predictions in the following

sections uses the Gµ scheme with MZ = 91.1876 GeV, sin2 ✓e↵W = 0.23150, the NNPDF3.1

parton distributions [26] with ↵S(MZ) = 0.118; theory uncertainties are estimated by a

seven-point variation of renormalization and factorization scales within a factor 2 around

a central value of µ = Q.

3 ATLAS Drell-Yan Triple Di↵erential (Z3D) Measurement

The ATLAS collaboration performed a measurement of the inclusive Drell-Yan process

at
p
s = 8 TeV [27], based on 20.2 fb�1 of data taken in 2012 using combined electron

and muon decay channels1. The results are triply di↵erential in the di-lepton invariant

mass mll, di-lepton rapidity yll and the scattering angle in the Collins-Soper frame cos ✓⇤.

Depending on the rapidities of the individual leptons, the measurement is divided into two

regions. These are defined by di↵erent selection criteria: a central-central (CC) region

where both leptons were observed in the central rapidity region of the ATLAS detector,

and a central-forward (CF) region where one lepton is found in the central region whilst

the other is measured in the forward detector region. The full fiducial cuts and binnings

are shown in Tables 1 and 2.

The original measurement in [27] was presented alongside theoretical results generated

at NLO QCD using Powheg-Box [28–31] with Pythia 8 [32] to model parton showering,

hadronisation and underlying event e↵ects alongside NLO EW corrections [33]. The distri-

butions were then corrected using a set of NNLO QCD + NLO EW k-factors di↵erential

1We will henceforth refer to this measurement as Z3D in order to distinguish this from the complementary

DY angular analysis also performed by ATLAS on 8 TeV data [15].
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Triple-differential Drell-Yan cross section
• Leading order: fiducial cuts intersect bin definitions                      

[A.Gehrmann-De Ridder, E.W.N.Glover, A.Huss, C.Preuss, D.Walker, TG]
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Triple-differential Drell-Yan cross section
• Leading-order forbidden bins
• require finite QT of lepton pair
• shown here: symmetric lepton pair

→ prediction starts only at NLO
• lower accuracy
• potential perturbative instabilities
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Triple-differential Drell-Yan cross section
Forbidden bins at leading order
• large theory uncertainty, poor agreement with data
•  O(αs

3) corrections (Drell-Yan N3LO) obtained from V+jet at NNLO              
[R.Boughezal, J.Campbell, K.Ellis, C.Focke, W.Giele, X.Liu, F.Petriello; MCFM: T.Neumann, J.Campbell;                                
NNLOJET: A.Gehrmann-De Ridder, N.Glover, A.Huss, T.Morgan, D.Walker, TG]
• use NNLOJET implementation
• replace jet requirement by (small) QT  cut
• numerical convergence at small QT challenging

State-of-the-art theory prediction
• QCD NNLO (αs

2) plus N3LO (αs
3) in LO-forbidden bins

• combined with (NLO+HO) EW corrections [C.Carloni Calame, G.Motagna, A.Nicrosini, A.Vicini]
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Figure 1. A schematic diagram demonstrating the Z boson recoiling against hard radiation.

and numerically stable code to compute the transverse momentum distribution of the Z

boson at finite transverse momentum at NNLO precision. To achieve this we relax the

requirement of observing a final state jet and instead impose a low transverse momentum

cut on the Z boson. This transverse momentum cut ensures the infrared finiteness of

the NNLO calculation, since it enforces the presence of final-state partons to balance the

transverse momentum of the Z boson.

The production of Z bosons (or, more generally, of lepton pairs with given invari-

ant mass) at large transverse momentum has been studied extensively at the LHC by the

ATLAS [14, 15], CMS [16, 17] and LHCb [18] experiments. In order to reduce the system-

atic uncertainty on the measurement, the transverse momentum distribution is commonly

normalised to the pT -inclusive Z-boson production cross section. ATLAS and CMS both

observed a tension between their measurements and existing NLO QCD predictions, high-

lighting the potential importance of higher order corrections to this process.

Both experiments present their measurements in the form of fiducial cross sections

for a restricted kinematical range of the final state leptons (in invariant mass, transverse

momentum and rapidity). In view of a comparison between data and theory, this form of

presenting the experimental data is preferable over a cross section that is fully inclusive

in the lepton kinematics (requiring a theory-based extrapolation into phase space regions

outside the detector coverage). Consequently, the theoretical calculation must take proper

account of these restrictions in the final state lepton kinematics.

The unnormalised pZT distribution represents an absolute cross section measurement

based on event counting rates. As with any absolute measurement, it has the disadvantage

of being sensitive to the proper modelling of acceptance corrections, and of relying on the

absolute determination of the integrated luminosity of the data sample under consideration.

At the LHC the luminosity uncertainty alone amounts to about 3%. In order to reduce

the luminosity uncertainty, the data can be normalised to the Drell–Yan cross section

for the corresponding fiducial phase space. This is obtained from the cross section for Z

boson production with the same transverse momentum and rapidity cuts on the individual

leptons, but integrated over all possible transverse momenta of the Z boson. On the

theoretical side, this amounts to normalising the distribution to the NNLO pp ! `+`�+X

cross section in which the fiducial cuts are applied to the leptons, but which is fully inclusive

on the transverse momentum of the lepton-pair.

In this paper, we compute the NNLO QCD corrections to the transverse momentum

– 2 –



Triple-differential Drell-Yan cross section
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Future applications
• measurement of sin2Θw
• determination of parton 

distributions 



Photon+jet production at NNLO
• Photon+jet production
• multi-differential measurements
• probe of gluon distribution
• several production modes: direct, fragmentation, secondary

• Photon isolation
• required for photon identification
• sensitive on photon fragmentation function
• extension of NNLO antenna subtraction: identified particles                                         

[R. Schürmann, TG]
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Physik-Institut

Photon definition and isolation

! photon isolation

fixed cone

– within cone with fixed R:

E
had
T < E

max
T = "E

�
T
+ E

thres
T

– experimental studies use this prescription only

– induces sensitivity on photon fragmentation ! theoretically
challenging

dynamical cone

hybrid

r

Ehad
T

R

Emax
T

15/04/2019 Page 3

fixed cone: Ehad < ε Eγ + Ε0

Photons @ the LHC
Three different kinds of photons in hadronic collisions:

1. Direct photons  

 point-like coupling of quarks and photons 

2. Partons fragmenting into photons 

 fragmentation functions (FF)  

3. Photons from hadronic decays ( )

→

→ Dk→γ(z)

π0 → γγ

q
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Photon+jet production at NNLO
• NNLO corrections [X. Chen,  E.W.N. Glover, A. Huss, M. Höfer, R. Schürmann, TG]

• reduce theory uncertainty to ~5% level
• considerably improve description of kinematical shapes
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Identified hadrons at NNLO
• Fragmentation antenna functions

• antenna functions (final-final or initial-final) differential in the 
momentum fraction z of one hard final-state radiator

• Computation of integrated fragmentation antennae 
[L.Bonino, R.Schürmann, G.Stagnitto, TG] 

• NLO and NNLO real-virtual: no integration needed, expansion 
in distributions

• NNLO double-real: phase space integration (2→3 phase space 
with constraints) 
• reduction to phase space master integrals
• computation from differential equations
• boundary conditions from integration over z
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Identified hadrons at NNLO
• Semi-inclusive DIS (SIDIS)
• resolve flavour structure of light quark sea (π, K production)
• tag heavy flavours (D production)
• important process in polarized DIS (spin structure of the proton)
• studied at EMC, SMC, HERMES, COMPASS
• will be probed extensively at BNL Electron-Ion Collider (EIC)

• NNLO SIDIS coefficient functions [L.Bonino, R.Schürmann, G.Stagnitto, TG] 

• computation very similar to initial-final fragmentation antenna functions
• confirm earlier partial results and approximations [D.Anderle, D.de Florian, W. Vogelsang] 

• on non-singlet leading colour: agree with independent results                                        
[S.Goyal, S.Moch, V.Pathak, N.Rana, V.Ravindran]
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Kinematics of SIDIS

Structure functions satisfy the factorisation theorem ( )  initial  and final  factorisation 

scales  

 

• Initial and final states collinear divergences reabsorbed in PDFs  and FFs  by mass factorisation 

• The coefficient functions  encode the hard scattering part of the process ( )

 

• Un-physical renormalised and mass-factorised (finite) objects
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Identified hadrons at NNLO: SIDIS
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Towards N3LO for fiducial cross sections
Inclusive coefficient functions (total cross section) at N3LO
• computed analytically 
• three-loop form factors (VVV)
• inclusive phase space up to triple emission (RRR,RRV,RVV)
• 100s of loop and phase-space master integrals

Results
• Deep inelastic structure functions                                                                             

[S.Moch, J.Vermaseren, A.Vogt; J.Blümlein, P.Marquard, C.Schneider, K.Schönwald]

• Higgs boson production [C.Anastasiou, C.Duhr, F.Dulat, F.Herzog, B.Mistlberger]

• Higgs boson rapidity distribution [B.Mistlberger]

• Drell-Yan production: γ*/Z0,W± [C.Duhr, F.Dulat, B.Mistlberger]

• associated VH production [n3loxs: J.Baglio, C.Duhr, B.Mistlberger, R.Szafron]
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Towards N3LO for fiducial cross sections
Three-loop amplitudes for 2 → 2 processes (VVV)
• algebraic complexity of integral reduction, computation of master integrals
• recent innovations

• finite-field methods [A.von Manteuffel, R.Schabinger; T.Peraro]

• canonical integral basis [J.Henn]

• minimal tensor decomposition [T.Peraro, L.Tancredi]

• first results
• four-parton amplitudes                                                                                                               

[F.Caola, A.Chakraborty, G.Gambuti, A.von Manteuffel, L.Tancredi]

• parton-photon amplitudes                                                                                                      
[P.Bargiela, F.Caola, A.Chakraborty, G.Gambuti, A.von Manteuffel, L.Tancredi]

• V+3-parton amplitudes (planar)                                                                                           
[P.Jakubcik, C.Mella, N.Syrrakos, L.Tancredi, TG]
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Figure 1: Sample three loop diagrams contributing to the process qq̄ ! gg.

These identities will serve as an important check of our calculations.

We expand the helicity amplitudes in ↵̄s,b ⌘ ↵s,b/(4⇡),

H[i]
� =

3X

`=0

H[i],(`)
� (↵̄s,bS✏)

` +O
�
↵̄
4
s,b

�
(24)

for � = 1, . . . , 4, where S✏ = (4⇡)✏e�✏�E . The normalization factor S✏ absorbs constants in

the bare amplitude and matches the usual MS conventions in the renormalization of the

strong coupling performed below. In the expansion of the amplitude, H[i],(3)
� is the three

loop contribution, which we compute here for the first time. We have also recomputed the

tree-level, one-loop and two-loop contributions using the form factor decomposition defined

in eq. (11).

We employ Qgraf [47] to produce Feynman diagrams and find 3 diagrams at tree level,

30 diagrams at one loop, 595 diagrams at two loops and 14971 at three loops. We give a few

representative samples of the three-loop diagrams contributing to the process in figure 1.

We use Form [48] to apply the Lorentz projectors of eq. (11) to the diagrams and to

perform the Dirac and color algebra. In this way, we obtain the form factors as linear

combinations of a large number (⇠ 107) of scalar Feynman integrals with rational coefficients.

We parametrize the corresponding `-loop Feynman integrals according to

Itop
n1,n2,...,nN

= µ
2`✏
0 e

`✏�E

Z Ỳ

j=1

✓
dd
kj

i⇡
d
2

◆
1

D
n1
1 D

n2
2 . . . D

nN
N

, (25)

where �E ⇡ 0.5772 is Euler’s constant, µ0 is the scale of dimensional regularization, and

the denominators Dj are inverse propagators for the respective integral family “top”. More

details on the integral families can be found in ref. [32]. Using Reduze 2 [49, 50] and

Finred, an in-house implementation of the Laporta algorithm [51] based on finite field
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Towards N3LO for fiducial cross sections

Infrared singularity structure of real radiation understood
• RRR: four-parton collinear factors [V.del Duca, C.Duhr, R.Haindl, A.Lazopoulos, M.Michel]

• RRR: triple-soft current [S.Catani, L.Cieri, D.Colferai, F.Coradeschi, A.Torrini; V.del Duca, C.Duhr, R.Haindl, Z.Liu]

• RRV: three-parton collinear factors at one loop [S.Catani, D.de Florian, G.Rodrigo; M.Czakon, S.Sapeta]

• RRV: one-loop double-soft current [S.Catani, L.Cieri; Y.Zhu; M.Czakon, F.Eschment, T.Schellenberger]

• RVV: simple collinear factors at two loops [C.Duhr, M.Jaquier, TG]

• RVV: two-loop soft current [Y.Li, H.X.Zhu; C.Duhr, TG; L.Dixon, E.Herrmann, K.Yan, H.X.Zhu]

Require scheme for infrared cancellations
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Towards N3LO for fiducial cross sections

Infrared cancellations: challenges

• subtraction

• construction of subtraction term (completeness, overcompensation)
• integration of building blocks (analytical or numerical)

• slicing

• analytic computation of below-cut contribution
• numerical importance of power-suppressed terms, value of slicing parameter
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N3LO for Drell-Yan observables
Slicing parameter: transverse momentum (qT slicing) [S.Catani, M.Grazzini] 

• below-cut contribution from expansion of N3LL                                                                     
qT resummation to O(αs

3) [W.Bizon, P.Monni, E.Re, P.Torrielli;                                                                             
S.Camrada, L.Cieri, G.Ferrera;T.Becher, T.Neumann; W.L.Ju, M.Schönherr]

• ingredients: three-loop soft and beam functions                                                                         
[Y.Li, H.X.Zhu; M.Ebert, B.Mistlberger, G.Vita; M.X.Luo, T.Z.Yang, Y.J.Zhu] 

• check: independence on qT,cut slicing parameter
• check: reproduce inclusive coefficient functions                                                                  

(no ingredients or methodology in common!)                                                                                          
[X.Chen, E.W.N.Glover, A.Huss, T.Z.Yang, H.X.Zhu, TG]
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N3LO for Drell-Yan observables
Results: fiducial distributions
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single lepton distribution in NC Drell-Yan,
matched to N3LL resummation (RadISH)
 [X.Chen, E.W.N.Glover, A.Huss, P.F.Monni,
 E.Re, L.Rottoli, P.Torrielli, TG]

transverse mass distribution in 
W boson production (CDF II cuts)
[X.Chen, E.W.N.Glover, A.Huss, 
T.Z.Yang, H.X.Zhu, TG]

3.4 Impact of PDFs 4 CONCLUSIONS & OUTLOOK
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Figure 9: W+ lepton transverse momentum distribu-
tion using the PDF set MSHT20nnlo_as118
throughout.

Within numerical bin-to-bin fluctuations the ↵3
s correc-

tions are flat with smaller uncertainties. This statement
also holds while using the aN3LO PDFs and other sets,
at least below the peak region.

3.4. Impact of PDFs

As already indicated by the fiducial cross-sections in
section 3.1, PDFs are among the biggest limitation in
precise predictions. Most insight will be gained by
studying differential distributions.

In fig. 10 we show the impact of four modern PDF
sets for the W+ transverse momentum, charged lepton
transverse momentum, and transverse mass distribu-
tions. These relative PDF uncertainties are computed
using ↵2

s matrix elements. The differences to ↵3
s are at

the per-mille level and insignificant for this discussion.
Even using ↵s matrix elements leads to qualitatively
the same conclusions [52]. Further, the results for W�

production are virtually the same, but are included for
completeness in the appendix in fig. 15.

Effects from different PDF sets can be significant, de-

pending on the distribution and region up to 10%. The
MSHT and CTEQ NNLO PDF sets are broadly similar,
which are the sets considered in the ATLAS study in
ref. [16], in addition to NNPDF3.1.

The most interesting comparison is between MSHT NNLO
and MSHT aN3LO as a higher-order effect, and then con-
sidering NNPDF4.0 NNLO. We find significant shape
changes for several distributions when utilizing these
PDF sets.

The effects of using MSHT aN3LO are even more impor-
tant differentially than inclusively, inducing a significant
cross-section increase below the peaks for the transverse
mass and lepton qT distributions, while dropping off
beyond. In the W -boson transverse-momentum distri-
bution the most significant change is a positive shift of
about 7% in the first bin containing the Sudakov peak.
PDF uncertainties even range up to 10%. Clearly such a
range can be constrained within QCD uncertainties in fu-
ture fits, and even precise Drell-Yan measurements and
predictions [50] will constrain this significantly.

Predictions using NNPDF4.0 NNLO for mW
t and qlT are

much flatter with respect to MSHT20 NNLO, except for
qWT , which predicts a similar enhancement of about
5% in the first bin, but drops off slower than MSHT20
aN3LO.

4. Conclusions & Outlook

In recent years the experimental precision of Z and
W -boson production has reached new levels at the LHC.
In particular this has been achieved through better mea-
surements of the luminosity uncertainty which is now
down to 1%. Precise measurements of W -boson kine-
matics enter many Standard Model inputs like the weak
mixing angle, parton distribution functions, and W -
boson mass. At the same time, theoretical calculations
have become more advanced, reaching new levels of
precision in fixed-order and resummed predictions, and
allowing for more refined PDF determinations. However
these calculations have presented new challenges for
performing precision measurements. N3LO QCD correc-
tions are surprisingly large, at the level of minus 2-3%
[30] (disregarding the effect of N3LO PDFs), and more
statistically precise PDF fits begin to reveal systematic
discrepancies that are challenging to reconcile.

10

charged lepton distribution 
in W boson production 
(ATLAS 5.02 TeV) 
[J.Campbell, T.Neumann]



Towards N3LO for fiducial cross sections
Subtraction methods at N3LO: work in progress
• integrating N3LO antenna functions

• final-final kinematics [X.Chen, M.Marcoli, P.Jakubcik, G.Stagnitto]

• initial-final kinematics [G.Fontana, K.Schönwald, TG]

Shortcut for simple processes: Projection to Born                              
[M.Cacciari, F.Dreyer, A.Karlberg, G.Salam, G.Zanderighi]

• Higgs production in vector boson fusion [F.Dreyer, A.Karlberg]

• Higgs production in gluon fusion, including H → γγ                                                  
[X.Chen, N.Glover, A.Huss, B.Mistlberger, A.Pelloni]
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Parton distributions at N3LO
Caveat: current N3LO predictions use NNLO parton distributions
• inherent inconsistency, difficult to quantify

N3LO parton distributions require 
• four-loop Altarelli-Parisi splitting functions

• use four-loop OPE, haunted by ghosts 
• ongoing: lower Mellin moments, specific color and flavor combinations                                                        

[G.Falcioni, F.Herzog, S.Moch, A.Vogt; A.von Manteuffel, V.Sotnikov, T.Z.Yang, TG]

• N3LO coefficient functions for relevant observables
• DIS and inclusive DY known [S.Moch, J.Vermaseren, A.Vogt;                                                                                                 

J.Blümlein, P.Marquard, C.Schneider, K.Schönwald; C.Duhr, B.Mistlberger]                                                                          
• fiducial cross sections next frontier

First approximate N3LO parton distribution fits                                                     
[MSHT: J.McGowan, T.Cridge, L.Harland-Lang, R.Thorne]
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Figure 36: High-Q2 ratio plots showing the aN3LO 68% confidence intervals with decorrelated
(Hij +Kij) and correlated (H 0

ij
) K-factor parameters, compared to NNLO 68% confidence intervals.

Also shown are the central values at NNLO when fit to all non-HERA datasets which show similarities
with N3LO in the large-x region of selected PDF flavours. All plots are shown for Q2 = 104 GeV2.
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Figure 36: (Continued) High-Q2 ratio plots showing the aN3LO 68% confidence intervals with
decorrelated (Hij+Kij) and correlated (H 0

ij
)K-factor parameters, compared to NNLO 68% confidence

intervals. Also shown are the central values at NNLO when fit to all non-HERA datasets which
show similarities with N3LO in the large-x region of selected PDF flavours. All plots are shown for
Q

2 = 104 GeV2.

high-x, combined with the increase in the gluon PDF at small-x (as these two ingredients are

convoluted together). Comparing with Fig. 95 in [3], we observe that the approximate N3LO

charm quark now follows a much closer trend to the CT18 PDF and is therefore even more

significantly di↵erent from the NNPDF NNLO fitted charm at large-x than MSHT20 at NNLO.

In the high-Q2 setting shown in Fig. 36 we observe similar albeit less drastic e↵ects to those

described above.

Also contained in Fig.’s 35 and 36 are the relative forms of NNLO PDFs when fit to all non-

HERA data (full �2 results are provided in Appendix B). Comparing the non-HERA NNLO

PDFs with aN3LO PDFs, there are some similarities in the shapes and magnitudes of a handful

of PDFs in the intermediate to large-x regime, most noticeably the light quarks. At small-x

the HERA data heavily constrains the PDF fit and therefore these similarities rapidly break
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Summary

• LHC embarks on a decade-long program of precision physics 
• Ultimate precision challenge for QCD

• predictions for complex final states at per-cent level accuracy
• Theory ready to face this challenge

• NNLO predictions becoming the new standard
• N3LO concepts, techniques and tools developing rapidly

• Stay tuned
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