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Renormalization group flow

Callan—Symanzik equation for renormalized n-point functions:

(5 +Bugg +m) 6PN =0, Bila) = gy

ot Edlnu
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Renormalization group flow

Callan—Symanzik equation for renormalized n-point functions:

0 0 d
(at +5ga*g + ”’Y) G ({p}) =0, Bi(g) = 39 =

SM RG flow with 3rd generation Yukawa couplings:
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Renormalization group flow

Callan—Symanzik equation for renormalized n-point functions:

0 0 d
(at +5ga*g + ”’Y) G ({p}) =0, Bi(g1) = 39 =

Perturbative asymptotic safety in the Litim—Sannino model:
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ojaza, Sannino [1501.03061]
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Fixed points

Fixed Points

. {

S Z

FPs are CFTs:
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TH,=B0" =0
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The A-function of the Weyl anomaly
order on theory space:

imposes

B The weak A-theorem:  «omargodsi, Schwimmer [1107 3087

Aw —Ar =0

m The strong A-theorem:

d
A>0
ding —
m Gradient flow: Osborn '89
0A
A= = TG’
dg'
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Weyl Consistency Conditions

An underlying structure guiding the RG




Four-dimensional QFT

Generic renormalizable 4D theory (ignoring relevant couplings):

L =+3(Du$)a(D*9)a + i[5 (D) + Lon+Lys
7%8/_418/:;qu8“[/ - % (Yaij'lpiwj + H-C-) d)a - ikabcdd)ad)b(pc(pd
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Four-dimensional QFT

Generic renormalizable 4D theory (ignoring relevant couplings):

L =+l(Du¢>> (D*¢)a + iw]a*(Du) + cgh+cgf
ABF:\UFBMU - (yau'l/} Il»bj +H.c. ) ¢a - 24 abcd¢a¢b¢c¢’d

Compactly, the action is

al}field sources
S = Sinl®] + [t (9:0'(x) + Ta0°)

(
set of all marginal couplings

W1 — /[DCD] !SI, J]

The vacuum functional

generates all the connected n-point functions
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There are no parameters, only sources

LRG probes the trace anomaly by introducing new sources:

Shore '87; Osborn 89'; Jack, Osborn '90; Osborn '91; Fortin, Grinstein, Stergiou [1208.367 Jack, Osborn [1312.0428]; Baume et al. [1401.5983]

Tuw ' Muw — 'Y;w(x)
[TH,] = B[O+ v- Ol JE] o' g = gi(x)
/ / JE: Dy Dy — au(x)

stress-energy tensor flavor current; J£ € gr
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There are no parameters, only sources

LRG probes the trace ano‘maly by introducing new sources:

87; Osborn 89 J1; Fortin, Grinstein, Stergiou [1208.367 Osborn [1312.0428]; Baume et al. [1401.5983]

T;w Do MNuw — 'Y;w(x)
[Tju] = B[O +v- 3u[)J/’-f] o' g =g
stress-energy tensor flavor current; J¥ € gr JE : DH — DM — aN(X)

Renormalization is source renormalization,

S = Sunl®, v, ] + /ddXﬁ(go,/O’ + Jo.a®*) +Sctly. 9o, ao]
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Weyl symmetry

The generator of Weyl symmetry—Ilocal scale invariance

infinitesimal parameter

[ O
w_ |[qd v
JAV —/d x(2a'y“ 5y
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Weyl symmetry

The generator of Weyl symmetry—Ilocal scale invariance

infinitesimal parameter

[ O
1% d ny
N /d (20’)’ Gy /5/ 6g/

B-function
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Weyl symmetry

The generator of Weyl symmetry—Ilocal scale invariance

infinitesimal parameter field anomalous dimension
4 ] 4 ]
AW — dd (2 ny _ s d _ A 55 _AB 1"
7 / MO Sy 0/5' 89 ol @)~ a]éja
B-function
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Weyl symmetry

The generator of Weyl symmetry—Ilocal scale invariance

infinitesimal parameter field anomalous dimension
4 ] 4 ]
W _ d uy _ o _ 58 _ AB
oY = [atx (20w B, + Tl = B0 =Pl
B-function

0
— l . —_—
+ [Gua() aDug,;\) ] 52,

RG functions of the G¢ current; v, p € 9F
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Weyl symmetry

The generator of Weyl symmetry—Ilocal scale invariance

infinitesimal parameter field anomalous dimension
[ 0 6 6
AW — dd (2 ny _ d—A 66 _AB 1
7 / MO Gy U/ﬁl 89 ol @)~ a]éja

B-function

0
— l . —_—
+ [GM(NC aDug,;\) ] 52,

. . RG functions of the G¢ current; v, p' € g
The classic symmetry is anomalous (A% S # 0)

W dy AW,
AW = [d% AL (Y, 9. a)
A contains the trace anomaly equation

[T = Bi[O"] + v - Bu[JE] (FS/CC)

Flat-space constant-coupling limit:
Vi (X) = My, 91(X) = g1, 3, =0
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The Weyl anomaly

The Weyl anomaly is parametrized as

AV W :/d4x fya( — CW2+ 1AE,+ 1BH? + G,G* D,g' D*g’
+iE/HD?*g' + 3F HD,g'D*g? — LA,D?g' D?g’
—ByxD*g'Dug?’ D*g* — 1Cy i1 Dug' D* 9’ D, g DY g+
=Py fu”DIJ«g/DVgJ - %fuu '.Bf ! fW)

+ /d4x\ffy28ua(W,G“"D,,g’ +$HHD*g' + S,,D*g' D*g’
+T1KkD*g'D,g"D"g" +Q; - £ D, ')

—|—/d4x 7V2a(%DH+ U D?g’ +\//JDug’D“gJ)
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Osborn’s equation

The Weyl anomaly satisfies Wess—Zumino consistency condition

[Ays, Ap]W =0
Osborn’s equation Osborn '89, "91; Jack and Osborn 90, '13; Baume et al. [1401.5983
. 0A
0'A=_—=T"B,
ofe]]

m Proposed A-function: A
m Would-be metric: T/
m Flavor-improved G-function: B, =) — (v g),
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Parametrizing B-functions

Osborn’s Equation, now what?

'A=T"B,
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Parametrizing B-functions

Largely unknown

Osborn’s Equation, now what?
8'A(g) = T"(9) [Bs(9) — (u(9) 9).]
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Parametrizing B-functions

Largely unknown

Osborn’s Equation, now what?
8'A(g) = T"(9) [Bs(9) — (u(9) 9).]

Most general 4D renormalizable theory (ignoring relevant couplings):

L=+ 10" — iMT )2 + ipla* (8, — /AATM)"

1
2
l FA FB,UJ/ 1 H _
29 B wv (Ya/ﬂ/) W +H.c. ) ®a abcd¢a¢b¢c¢d

Parametrize RG functions with monomials of the couplings, e.g.,

_ daij © _ © (v
63/]_F' ﬁau Zy Y (2 v A Ty, T¢)]3U

real-valued coefficients
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Parametrizing B-functions

Largely unknown

Osborn’s Equation, now what?
8'A(g) = T"(9) [Bs(9) — (u(9) 9).]

Most general 4D renormalizable theory (ignoring relevant couplings):

L=+ 10" — iMT )2 + ipla* (8, — /AATM)"

1
2
l FA FB,UJ/ 1 H _
29 B wv (Ya/ﬂ/) W +H.c. ) ®a abcd({bad)b(z)c‘.bd

Parametrize RG functions with monomials of the couplings, e.g.,

_ dyajj 0 _ ® n©
63/]_F' ﬁau Zy Y (2 Y, A, Tw T¢)]3U

real-valued coefficients

Weyl Consistency Conditions on the 3-functions

O. Eq. = constraints on the 3, coefficients, e.g., y(e)

Jack, Osborn '90; Antipir
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Weyl consistency conditions: 3-loop example

Parametrization of 1-loop Yukawa 3-functions:

B =yl T8 aasT g 1 + ¥ yalTo ansT5 ] + Y5 yoyi vo + Y57 voyi Vo + 87 vo Tr (7]

.0

yiV vV ys) vV yél)

i~ To
Ty

-
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Weyl consistency conditions: 3-loop example

Parametrization of 1-loop Yukawa 3-functions:

B =yl T8 aasT g 1 + ¥ yalTo ansT5 ] + Y5 yoyi vo + Y57 voyi Vo + 87 vo Tr (7]

.0

i To
Ty

-

yiV vV ys) vV yél)

The 3-loop A-function contains mixed gauge-Yukawa terms
AS A ‘+A(3) } O

Anders Eller Thomsen (Bern U.) The Structure of the RG Zeuthen '22



Weyl consistency conditions: 3-loop example

aA3A§3‘+A } O+2AIO'+2A :3 @

Anders Eller Thomsen (Bern U.) The Structure of the RG Zeuthen '22 10



Weyl consistency conditions: 3-loop example

aA3A§3‘+A } O+2AIO'+2A :3 @

1J

-

1 2
I T
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Weyl consistency conditions: 3-loop example

i)
[
U
«Q
()]
+
«Q
S
+
<
o~
Z
—+
<
N~
=
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Weyl consistency conditions: 3-loop example

M‘«\ A~ . L™
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Weyl consistency conditions: 3-loop example

F1 5 T(glg) T TRQ >
O,
h
B> g +9% ! [ S S
~ A . LIy
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Weyl consistency conditions: 3-loop example

aA3A§3‘+A } O+2AIO'+2A :3 @

1J 1 2
T- > ng) + T}(,y) &

O \O
@) 2) "\ Ly

1
Bs D dg +y§)
b

+
«Q
I~

B) _ 7(1)g@ B) - 7(1) g™
FA=THg! — { A =Togds A =Tglgs
AL — TR oA — TEY
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Weyl consistency conditions: 3-loop example

aA3A§3‘+A } O+2AIO'+2A :3 @

1J 1 2
T > ng) + T}(,y) O

O \O
@) 2) "\ Ly

1
B, gl +y®
e

+
«Q
I~

B) _ 7(1)g@ B) - 7(1) g™
FA=THg! — { A =Togds A =Tglgs
AL =T oA = TON

— 9(2) (1) _ g(2) (1) 0-(=6)=(-1)-0
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Weyl Consistency Conditions to 4-3-2 loop order

No. of coefficients
¢ | AeD 7O e | gO gl gD | TS basis  CCs
1 4 1 3 4
2 14 4 7 5 16 1
3 49 27 33 33 5 91 26
4 257 260 9 198 303 33 703 265
4 (1s) 4 4 2 9 >

: Previously known
- Now determined

Challenges:

m Generate all unique graphs

m Use gauge identities to reduce to a basis

m Perform the relevant contractions

Anders Eller Thomsen (Bern U.)
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https://arxiv.org/abs/1906.04625

Flavored Trouble

How | learned to stop worrying
and tolerate divergence



Flavor in the RG

Callan—Symanzik equation for renormalized n-point functions:

0 0 d
(5 +Boge +m) 6N =0, Bila) = gro1=

d
dln ,ugl
m The SM (and its extensions) has non-trivial flavor structure (matrix
couplings)
m Improved precision necessitates their inclusion in the RG function

m Their inclusion causes new conceptual problems starting at 3-loop order:
— The RG flow can generate spurious limit cycles

— The MS counterterms are no longer uniquely defined

— RG functions can seemingly be divergent!
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v-pole at 3-loop order

Renormalization condition for 2-point functions: (MS, d = 4 — 2¢)

> (n)
ZTZ + Zt Z = finite, Z=1+)_ Zen
n=1

The field anomalous dimension .
loop-counting

) N o /operator
Bt = 4O =_®) ¢ =kigd
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v-pole at 3-loop order

Renormalization condition for 2-point functions: (MS, d = 4 — 2¢)

> (n)
ZTZ + Zt Z = finite, Z=1+)_ Zen
n=1

The field anomalous dimension .
loop-counting

) N o /operator
Bt = 4O =_®) ¢ =kigd

In the SM v(1) =£ 0 at 3-loop order for ZT = Z:

Bednyakov, Pikelner, Velizhanin [1406.7171] Herren, Mihaila, Steinhauser [1712.06614]

2
g 1
(4m)°y§) = Sz [yuvd, yayd] + 35 uydyuyd, vayl] + 35 [ydydydyd yuyi]

T

1
(471')6751) =—ZYu

- [vayld, vuyi]ve
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v-pole at 3-loop order

Renormalization condition for 2-point functions: (MS, d = 4 — 2¢)

> (n)
ZTZ + Zt Z = finite, Z=1+)_ Zen
n=1

The field anomalous dimension

loop-counting

/ operator

-1 y ©) & /
V=47 2= = 7 =-(",  (=kgod

In the SM () =£ 0 at 3-loop order for Zt = Z:

nyako

AV A OF = [0, 0] for 2=z

¥ can be made to vanish with Z/ = UZ for some divergent rotation U.
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The RG with divergent RG functions

The evolution of renormalized amplitudes is governed by the CS Eq.:

0
0=A%W= ( +6,0' + /ddxjmﬁa

o )W (FSCC)

o
6Ja
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The RG with divergent RG functions

The evolution of renormalized amplitudes is governed by the CS Eq.:

o -1) , A0 A/ / d o 9
(at—i—(eﬁ, +60)0' + [d'x Ty w5 |W

v 1 (n)//d ms_ 0
= gen (ﬁl 8 + d X._75’Y aéja W
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The RG with divergent RG functions

The evolution of renormalized amplitudes is governed by the CS Eq.:

o -1) | /)4l d s O
(8t+(€ﬁ’ +ﬁ/ )6 +/d Xjﬁ’Y aéja 4%

N Y gmg oy [ydy g O
Zen(18+ deﬁ’Yn QEW
n=1
The Ward identity for the flavor symmetry group G (FSCC):

0=n0MWwW= ((wg),@’ — /ddxjﬁwﬁai

5«7a)W’ wE gr
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The RG with divergent RG functions

The evolution of renormalized amplitudes is governed by the CS Eq.:

o -1) | /)4l d s O
(8t+(€ﬁ’ +ﬁ/ )6 +/d Xjﬁ’Y aéja 4%

N Y gmg oy [ydy g O
Zen(,8+ deﬁ’Yn QEW
n=1
The Ward identity for the flavor symmetry group G (FSCC):

0=n0MWwW= ((wg),@’ — /ddxjﬁwﬁai

5JQ)W’ wE gr

The RG flow is finite due to
RG Finiteness (theorem)

¥ ege and B =—(v"g),, n>1

Anders Eller Thomsen (Bern U.) The Structure of the RG Zeuthen '22



RG finiteness in the SM

3-loop RG divergences in the SM: using counterterms from Herren, Mihaila, Steinhauser [1712.06614]
(4m)ey D = gl £y, vayi] + 35 ! 5 vyl yayi]+ %[ydyf,ydyj,. yuyl]
(4m)°y{H = 116y3[ydyd yuyI]yu
(4m)°BY = gé Lyl yayalve = 25 [vaylyuyd. vavilu

312 [vaylvayh, vayilve + 116yuyu [vayh vuyi]ve
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RG finiteness in the SM

3—|oop RG divergences in the SM: using counterterms from Herren, Mihaila, Steinhauser [1712.06614]
93 1 1
(4m)°y§ = St [y, vayi] + 55 Lavlyuyl, yayi]+ ﬁ[ydyf,ydyj,. yuyl]

1
(4m)PyD = 16y3[ydyf,, Yuy§1vu
g 1
(am)5pf) = — 9é [vuvd, vayilve — 3 vy, Yay Ve
1
~ 3 —=[vaylvayh, yuyu]yu+ 16yuyu[ydyd yuyvu

k k
(W)/u)/] = wq/k)/u J — Yu' Wy J +UJM/L/1J
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RG finiteness in the SM

3—|oop RG divergences in the SM: using counterterms from Herren, Mihaila, Steinhauser [1712.06614]
9 1 1
(4m)°y§ = St [y, vayi] + 55 Lavlyuyl, yayi]+ ﬁ[ydyf,ydyj,. yuyl]
1
(4m)PyD = 16y3[ydyf,, Yuy§1vu
g 1
(am)5pf) = — 9é [vuvd, vayilve — 3 vy, Yay Ve

1
—yuyiyayh vayilve

1
—=[vaylvayh, yuyu]yu + %

32

k k
(W)/u)/] = wq/k)/u J — Yu' Wy J +UJM/L/1J

E) = —(vWy,), 6(3) = —(v®@y,), etc. in the SM

SM RG functions are RG finite at 3-loop order

Anders Eller Thomsen (Bern U.) The Structure of the RG Zeuthen '22 15
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Renormalization ambiguity

W is invariant under flavor rotations R € GFr: e.g., Yu — RqyuR} in the SM

Wly, 9. J. al = W[y, Rg, RJ, a] =
Wolv, 90, Jo. @) = Wolv, Rgo. RJo, ay), (R 90)r = 90.4(R 9)

Anders Eller Thomsen (Bern U.) The Structure of the RG Zeuthen '22 16



Renormalization ambiguity

W is invariant under flavor rotations R € GFr: e.g., Yu — RqyuR} in the SM
Wy, 9. J. al = Wlv, Rg, RT, a"] =
Wolv. do. Jo. a0l = Wolv, Rgo. RJo. ail. (R a0)1 = 90.(R 9)

Take instead a divergent rotation of Wjy:

[e]

1
U:eXD[_Zenu(n)(g)]’ u(n) € gr

n=1

W, 9, I, a] = Wol, do. Jo. a0) = Wol, Ugo, U, a3]

It results in a change of counterterms, e.g., Ambiguity in taking V. ZTZ

(Ujo)a = Jo,ﬁuwa = jﬁ(Z_IUT)Ba — Zuaﬁ = Ua"rzwﬁ
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Ambiguity in RG the functions

Wolv, g0, Jo, ao]l = Wolv, Ugo, UJo, a§] but produce different RG functions!
Herren, AET [2104.07037]
Ay=rY —y=-BUd'U" € gr
NG =87 =B =—(Ay9)

U

Av=v’ —v=—-Ay

Anders Eller Thomsen (Bern U.) The Structure of the RG Zeuthen '22 17
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Ambiguity in RG the functions

Wolv, g0, Jo, ao]l = Wolv, Ugo, UJo, a§] but produce different RG functions!

Herren, AET [2104.07037]
Ay=AY —y=—pUd'U" € gr
AB =B — B =—(Avg)

Av=vY —v=—-Ay

i) By choosing U, one can engineer any Ay = a(g) € gr
— The RG ambiguity reproduces an ambiguity in defining the Weyl symmetry:

A A+ A,

Anders Eller Thomsen (Bern U.) The Structure of the RG Zeuthen '22 17
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Ambiguity in RG the functions

Wolv, g0, Jo, ao]l = Wolv, Ugo, UJo, a§] but produce different RG functions!

Herren, AET [2104.07037]
Dy=qY—y=-BUd'U" € g¢
AB =67 =B = —(Ay9),
Av=vY —v=—-Ay
i) By choosing U, one can engineer any Ay = a(g) € gr
ii) RG-finiteness is conserved ﬁf’” =—(v"g),, ¥ egr, Vn>1

— Either all or none of the RG functions are RG finite
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Ambiguity in RG the functions

Wolv, g0, Jo, ao]l = Wolv, Ugo, UJo, a§] but produce different RG functions!

Herren, AET [2104.07037]
Ay=aY —y=—-BUd'U" € gr
AB =67 =B = —(Ay9),
Av=vY —v=—-Ay
i) By choosing U, one can engineer any Ay = a(g) € gr
i) RG-finiteness is conserved BN = —(vMg),, 4Mege, Vn>1

iii) If (B, ) are RG finite, U can be chosen to make them finite
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Ambiguity in RG the functions

Wolv, g0, Jo, ao]l = Wolv, Ugo, UJo, a§] but produce different RG functions!

Herren, AET [2104.07037]
Ay=4Y —y=-pgUd'U" € g¢
AB =67 =B = —(Ay9),
Av=vY —v=—-Ay
i) By choosing U, one can engineer any Ay = a(g) € gr
i) RG-finiteness is conserved BN = —(vMg),, 4Mege, Vn>1

iii) If (B, ) are RG finite, U can be chosen to make them finite

iv) One can choose counterterms such that the RG functions coincide with the
flavor-improved (B, ') = (8; — (vg);, v +v)
— Choosing Ay = v, (B, vY) = (B, TN
— (By, ') are invariant under the renormalization ambiguity
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Proof of RG-finiteness

The flavor-improved Weyl symmetry, ﬁgVW yields the operator identity

[T = BI[O"] + Ta((Ba — d)3% + %) [9]  (FSCC)

Anders Eller Thomsen (Bern U.) The Structure of the RG Zeuthen '22 18



Proof of RG-finiteness

The flavor-improved Weyl symmetry, ﬁyW yields the operator identity

[T = BI[O"] + Ta((Ba — d)3% + %) [9]  (FSCC)

= (By, I') are finite

(By, T') is an RG finite set of RG functions; ergo, all RG functions are RG finite B
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Proof of RG-finiteness

The flavor-improved Weyl symmetry, ﬁgVW yields the operator identity
[T#u] = BI[O'] + To((Ba — d)3% + %6 ) [®°]  (FSCC)
= (By, I') are finite

(By, T') is an RG finite set of RG functions; ergo, all RG functions are RG finite B

Flavor-improved RG functions

The RG functions (B/, I') are unambiguous and finite

We confirmed this explicitly at 3-loop order in the Yukawa sector of the SM
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i) The occurrence of certain € poles in the RG functions is consistent with the
Callan—-Symanzik equation and not a sign of the theory or renormalization
scheme breaking down

ii) The flavor symmetry causes an ambiguity in the choice of renormalization
constants

iii) Using the ambiguity, it is always possible to recover finite RG functions

B, )

iv) The flavor-improved RG functions (B, ') are unambiguous, finite, and more
physical: they are the preferred RG functions
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i) The occurrence of certain € poles in the RG functions is consistent with the
Callan—-Symanzik equation and not a sign of the theory or renormalization
scheme breaking down

ii) The flavor symmetry causes an ambiguity in the choice of renormalization
constants

iii) Using the ambiguity, it is always possible to recover finite RG functions

B, )

iv) The flavor-improved RG functions (B, ') are unambiguous, finite, and more
physical: they are the preferred RG functions

No need to panic if you encounter an RG pole!
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Backup




General B-functions in 4D QFTs

m General formulas for B-functions are long known to order 3—2-2 (MS
ones [t

lacachek, Vaughn '83,'84; Jack, Osborn '84; Pickering, Gracey, Jone

)

1ep-ph/0104247]

m Computer packages with implementation of the general formulas: SARAH 4,
PyRQTE 3, ARGES, RGBeta

m Weyl Consistency Conditions from Osborn’s Eq. establishes self-consistency

constraints on G-functions 9A=T,,B7
Antipin et al. [1306.3234]; Jack, Poole [1505.05400]; Poole, AET [1906.04625]

m Recent results for the general 4-3-2 3-functions

Bednyakov, Pikelner [2105.09918]; Davies, Herren, AET [2110.05496
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https://arxiv.org/abs/hep-ph/0104247
https://arxiv.org/abs/1306.3234
https://arxiv.org/abs/1505.05400
https://arxiv.org/abs/1906.04625
https://arxiv.org/abs/2105.09918
https://arxiv.org/abs/2110.05496

How to recognize a CFT

Fixed Points

. {

T

-

Traditionally CFTs were understood to
be FPs:

[TH] =6i[0"] =0

Anders Eller Thomsen (Bern U.) The Structure of the RG Zeuthen '22 21


https://arxiv.org/abs/1206.2921, 1208.3674

How to recognize a CFT

Fixed Points Limit Cycles

\ (o f \Vé
L

—

Traditionally CFTs were understood to  Limit cycles can be (are?) CFTs
be FPS Fortin, Grinstein ﬁ\fr,umw 206.2921, 1208.3674]

A~ N

/ ignores Jg
IO [TH.]=B[0']=0
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How to recognize a CFT

Fixed Points Limit Cycles

\ (o f \Vé
L

—

Traditionally CFTs were understood to  Limit cycles can be (are?) CFTs
be FPS Fortin, Grinstein ﬁ\fr,umw 206.2921, 1208.3674]

A~ N

/ ignores Jg
IO [TH.]=B[0']=0

[ By is a more physical 3-function ]
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Flavor symmetry in the SM

The quark sector of the SM,
L =iGlhq+ iabu+idPd +|DuH|* — (Gyu uH +dys dH + h.c.),
has flavor symmetry (maximal symmetry of the kinetic terms)
Gr = SU(3)4 x SU(3), x SU(3)y x U(1)® D> U(1)5
Physics is invariant under transformations

Yo — Ug Yu UI

4 €.g., (YU vyd) — (\/CT(MS)LH yd)
Ya — Uqg ya Uy

If flavor transformations are unphysical, one can perform arbitrary flavor rotations
along the RG flow...

Anders Eller Thomsen (Bern U.) The Structure of the RG Zeuthen '22 P!
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How to compute RG functions

In MS (d = 4 — 2¢) the counterterms are arranged by poles

()

> 59(")
dos = u"(g+89),  bg=) o = 1+Z
n=1
The RG functions are determined recursively from the poles

n—1
P =—kg, B =(—k)dg"V =Y BFeleg" M, n>0

k=0

n—1
A = D) 4 Z [ﬁ/(k)alz(nfk) _ Z(nfk)fy(k)] ' n>0
k=0

Contrary to common perception, we can have

B =4"£0,  n>1
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RG symmetry

Accounting identity for mass dimension:

2 5 y
u’ = u’ = _ d ‘ul/ - = -
HW=0 M=pg + /d X (2'7 gy T~ Ba)Jag )

The generator of the RG is A" = A* — AY__ from which we recover the CS

o=1"
equation

0 0
0=AW= (Gt +6,0' + /ddxjﬁ’)’ﬁa

M)W (FSCC)

I _ 0.

Exactly what we would get from “

o 19)
(a +Bogt m) G ({p}) = 0
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Flavor symmetry

GF is a symmetry of S with generator

AZ:/ddX(D (W g), (W j)aéja) wE gF,
but it is typically anomalous: Keren-Zur [1406.0869]
NW = [dx AL(7. g, a)

The Weyl generator can be combined with a flavor rotation to generate a class of

Weyl symmetries:
W’ % F
Acr :Acr +Aaa' a(g) € gr,

[a, &Y ] =Y, A% ] =0, M¥YW= [dxAY
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https://arxiv.org/abs/1406.0869

Ambiguity in the RG

Ambiguity in RG functions defined by the Weyl transformation:

Bi=Bi+(ag), v=vta, o =p-0a Fp=9%-a%

The RG flow has a flavor rotation ambiguity

+ajﬁ[(c/ Ae)6Po — AP ]62

A‘ff‘/ = [d9x (207‘“’
dykv

+ [Buov —oDug p/] . 6; )

F_ d ii 6 6
o= [eix (Dua 52— ozt~ (@ )
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Ambiguity in the RG

Ambiguity in RG functions defined by the Weyl transformation:
Bi=Bi+(ag), v=vta, o =p-0a Fp=9%-a%
The RG flow has a flavor rotation ambiguity

Flavor-improved RG functions are invariant:
B =6 —(vg)., Mg =% + 1%, P =p +8v

We can choose a ‘gauge’ where v = 0:

AW = AV 4 A, = /ddx(QG'y“” o _ aB,i
6'Yuu 09

4 )
+096[(d ~ Ba)0a — Pl 5o~ 0 Dugi Pl 5
o w

But generally B, # %
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