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Motivation

Amplitude computation in Quantum Field Theory (QFT)
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> If we want to compute the amplitude up to some order/loops O(a™), we need
to compute all the Feynman integrals up to O(a™)

» The first thing we need to do is to reduce as much as possible the number of
integrals Z that we need to compute.

> For that, we use the integration-by-parts (IBP) method to reduce the
thousands of initial Feynman integrals to a handful of master integrals (Mls)
T = (Zi(z,€),...,Zn(z,€)) (with s = —@ and € = D — 4 the dimensional
parameter) and a system in the Mls Z:

di;I(x, €) = M(z,€)Z(x,€) + R(z,€)

where the R(z, €) are new integrals called the base integrals (Bls).
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Motivation

Amplitude computation in Quantum Field Theory (QFT)

> If we want to compute the amplitude up to some order/loops O(a™), we need
to compute all the Feynman integrals up to O(a™)

» The first thing we need to do is to reduce as much as possible the number of
integrals Z that we need to compute.

> For that, we use the integration-by-parts (IBP) method to reduce the
thousands of initial Feynman integrals to a handful of master integrals (Mls)

T = (Zi(z,€),...,In(x,€)) (with s = —@ and € = D — 4 the dimensional
parameter) and a system in the Mls Z:
di;I(x, €) = M(z,€)Z(x,€) + R(z,€)

where the R(z, €) are new integrals called the base integrals (Bls).

Aim: We need an algorithm to preprocess and solve this system of first order
differential equations.
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analysis + uncoupling
System in Z(z, €) DE in z,€

Solutions in z, €
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analysis + uncoupling
System in Z(z, €) DE in z,€

Solutions in z, €

» In this presentation, we will concentrate on the preprocessing analysis
algorithm, that has been the main focus of our recent work.
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@ General setting
@ Assumptions
@ Main ideas for solving the system
@ Why preprocessing the system?

9 Finding the best uncouplings
@ Clustering the system
@ Ziircher scheme
@ GauB scheme

© Computing the e—orders for the whole system
@ Local extraction of the e—orders
@ Global correction and trees
@ Building trees in different schemes
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General setting

Assumptions
Main ide:

» Differentiation/IBP of Mls — elements of Z + new integrals (Base Integrals — Bls)
—_—
MT

R (inhomogeneous part)

d%z(x, €) = Mz, )Z(x, ) + R(, €) (1)

» The key ingredient is the uncoupling of the system, i.e. transforming the
first-order system into one or several higher order differential equations
(HODEs) in Mls and several linear algebraic relations (LFs) for the other Mls
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» There exists several schemes that allow to solve the system order by order in
€, the main difference between them being the moment when we expand in e,
i.e. before uncoupling the system or after
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Some of them will rely on differential equations only, some of them make use
of recurrence/difference equations (and therefore Sigma)
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Differentiation/IBP of Mls — elements of Z + new integrals (Base Integrals — Bls)
—_—

MI R (inhomogeneous part)

d

@I(CE,E) :M($,6)Z($,6)+R(x,6) (1)
The key ingredient is the uncoupling of the system, i.e. transforming the
first-order system into one or several higher order differential equations
(HODEs) in Mls and several linear algebraic relations (LFs) for the other Mls

There exists several schemes that allow to solve the system order by order in
€, the main difference between them being the moment when we expand in e,
i.e. before uncoupling the system or after

Some of them will rely on differential equations only, some of them make use
of recurrence/difference equations (and therefore Sigma)

We concentrate here on the scheme where we expand in € only in the latest
stages of the computation and solve at this point recurrence equations
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General setting

Assumptions

Main ideas for

Why preprocessing th

» In order to solve our system, it has to verify several general assumptions,
which are the following:

QO M(z,¢) € Mp(K(z,€)) (Kis a computable subfield of R) is invertible
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» In order to solve our system, it has to verify several general assumptions,
which are the following:

QO M(z,¢) € Mp(K(z,€)) (Kis a computable subfield of R) is invertible
@ Each element of R(z,¢) = (Ri(z,¢€),...,Rn(z,€)) and

Z(z,€) = (Zi(x,€),...,In(z,€)) can be expanded as a power series in x:
Vie{l,...,n} Ri(z,e)= ZRi(n, )z, ZI(x,€) = Zfi(n, e)z"
n=0 n=0
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General setting

» In order to solve our system, it has to verify several general assumptions,
which are the following:

QO M(z,¢) € Mp(K(z,€)) (Kis a computable subfield of R) is invertible
@ Each element of R(z,¢) = (Ri(z,¢€),...,Rn(z,€)) and

Z(z,€) = (Zi(x,€),...,In(z,€)) can be expanded as a power series in x:
Vie{l,...,n} Ri(z,e)= ZRi(n, e)z", Zi(xz,€) = Zfi(n, e)z"
n=0 n=0

© The coefficients of the Taylor expansion above can themselves be Laurent

expanded:
Ri(n,e) = Z Rix(n)e®, TIi(n,e) = Z Ii x(n)e” with | € Z.
k=1 k=1

Where the coefficients R;(n, €) and I;(n, €) are indefinite nested sums over
hypergeometric products
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General setting

Assumptions
solving the system
ssing the system?

The main steps behind the solving algorithm are the following ones:

Solving iteratively the system (1)

@ Uncouple the system using the OreSys package. In all generality, we obtain
one or several HODE of the form

aoai(:I:? E)Ii(:r7 6) ot amy (,’.E, E)d;:nzl'l(xv E) = /81(1'7 6) (2)

where o j(z,€) € K[z, €] and B;(z,¢€) € ({Ri(x,e),dgcRi(a:,e)})K(z’e), as well
as several linear algebraic relations (LFs) for the other Mis of the form

Zi(z,€) € ({d;I,- (z,€), Ri(z, ), dI Ry (z, e)})K(I’e)
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The main steps behind the solving algorithm are the following ones:

Solving iteratively the system (1)

@ Uncouple the system using the OreSys package. In all generality, we obtain
one or several HODE of the form

aoai(:I:? E)Ii(:r7 6) ot amy (,’.E, E)d;:nzl'l(xv E) = /81(1'7 6) (2)

where o j(z,€) € K[z, €] and B;(z,¢€) € ({Ri(x,e),dgcRi(a:,e)})K(z’e), as well
as several linear algebraic relations (LFs) for the other Mis of the form

Zi(z,€) € ({d;I,- (z,€), Ri(z, ), dI Ry (z, e)})K(I’e)

@ Taylor expanding Z;(z, €), plugging them into the HODEs and comparing
coefficients we get recurrences of the form

ao(n, €)li(n,e) +ai(n,e)li(n+1,¢)+---+aa(n,e)li(n+d,e) = b(n,e) (3)

Where d € N, a;(n,€) € K[n, €] and b(n, €) can be expanded in Laurent series.

Nikolai Fadeev 7/48



General setting

Solve iteratively the system (2)

@ We solve the difference equation (3) order by order in € up to the required
order, i.e. we search for a Laurent expansion for I1(n, €) of the form

Li(n,e) = Z I k(n)e*
k=—1

where [ € N and the I 1(n) can be given in terms of INSH, and after
collecting terms with the same power of €, we solve the x, e—independent
difference equations using Sigma.
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General setting

Solve iteratively the system (2)

@ We solve the difference equation (3) order by order in € up to the required
order, i.e. we search for a Laurent expansion for I1(n, €) of the form

Li(n,e) = Z I k(n)e*
k=—1

where [ € N and the I 1(n) can be given in terms of INSH, and after
collecting terms with the same power of €, we solve the x, e—independent
difference equations using Sigma.

@ Once we get a solution for the 7 (z,€) up to some order £ in ¢, we plug it in
the second step'’s relations in order to get the other Mls up to the required
order in e.

Nikolai Fadeev 8/48



General setting N

Main ideas for solving the system

Why preprocessing the system?

Caveats:

> The original system can have a huge order (n ~ ©(10%)) and we need a way
to break it down to smaller subsystems
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General setting N

Main ideas for solving the system

Why preprocessing the system?

Caveats:
> The original system can have a huge order (n ~ ©(10%)) and we need a way
to break it down to smaller subsystems

» The uncouplings highly depend on the variable in which we uncouple, i.e. the
one that appear in the HODE

» There exists different uncoupling schemes, in particular the Ziircher scheme
and the GauB, that might yield different expressions and HODEs/LFs

» The Bls that appear in the RHS of the system must be given to the solving
algorithm in order to solve the system: up to which order in €?

Idea: Write a preprocessing algorithm that analyses the system, finds the best
possible uncouplings and computes the required e—orders for the Bls to speed up
the actual solving
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Clustering the system

Finding the best uncouplings

Remarks:
@ Usually, the system that we initially get is quite huge (of order n ~ 1000)

@ We can find several sub-systems where the Mls depend only on themselves
and on Mls from lower sub-systems
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Clustering the system

scheme

Finding the best uncouplings

B scheme

Remarks:
@ Usually, the system that we initially get is quite huge (of order n ~ 1000)

@ We can find several sub-systems where the Mls depend only on themselves
and on Mls from lower sub-systems

Preprocessing step 1: Clustering

We "triangularize/cluster” the system in n smaller sub-systems where the ith
subsystem of coupled Mls depend effectively only on these Mls and on those from
the systems 1 through ¢ — 1.
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Clustering the system

Finding the best uncouplings

Ziircher scheme

GauB scheme

Algorithmically, one can proceed in the following way to cluster one big system:

» Write the dependence relations of the LHS on the Mls appearing in the RHS
Example:

Is(x,€)

d.Z> (:L', E) =274 (:L', E) +4 p

2 Io(z,€) = {Zi(x,€), Z3(x, €)}
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Clustering the system
Ziircher scheme

Finding the best uncouplings

GauB scheme

Algorithmically, one can proceed in the following way to cluster one big system:
» Write the dependence relations of the LHS on the Mls appearing in the RHS
Example:
1-3(3:7 6)

d.Z> (:L', E) =274 (:L', E) +4 p

2 Io(z,€) = {Zi(x,€), Z3(x, €)}

» Find the full dependence relations by applying recursively the relations found
above

» Cluster together the differential equations that have the same full dependence
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Clustering the system
Ziircher scheme

Finding the best uncouplings

GauB scheme

Algorithmically, one can proceed in the following way to cluster one big system:

» Write the dependence relations of the LHS on the Mls appearing in the RHS
Example:

1-3(3:7 6)
T

deZo(x, €) = 271 (z, €) + 2 Io(z,€) = {Zi(x,€), Z3(x, €)}

» Find the full dependence relations by applying recursively the relations found
above
» Cluster together the differential equations that have the same full dependence

Explicit example:

A @) = D (2) + 2ls(x) + Rs()
(z + 1)I4(x) —I(w) + L& 4 Ry(x)
222 1) () eli(z) + Rs(x)

Iz( ) = 2?1 (z) + Ra(x)
211 (x) zli(z) — 25 12(2) + Ri(z)
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Clustering the system

Finding the best uncouplings

> We write first all the fundamental rules:

Is — {Is,Is}, Ia = {1, I3}, Is = {Li}, I2 = {L}, I = {1, ]2}

©
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> We write first all the fundamental rules:
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Clustering the system
Ziircher scheme

Finding the best uncouplings

> We write first all the fundamental rules:

Is — {Is,Is}, Ia = {1, I3}, Is = {Li}, I2 = {L}, I = {1, ]2}

[ (1) h n

Is — {I,12,13,14,I5 }

I4 — {11,12,13,14}
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Clustering the system
Ziircher scheme

Finding the best uncouplings

GauB scheme
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Clustering the system
Ziircher scheme

Finding the best uncouplings

GauB scheme

W I\ G

13 — {11,12,13,14}
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Clustering the system
Ziircher scheme

Finding the best uncouplings

GauB scheme

b Y ) G

13 — {11,12,13,14}

I, — {11,12}
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Clustering the system

Finding the best uncouplings

Ziircher scheme

GauB scheme

The full rules are therefore the following:

Is — {I,I2,I3,14,I5}
Iy — {L,I2,I3,14}

I3 — {IL,I2,13,14}

12 — {11712}

11 — {11712}

That is to say, the system can be clustered in 3 subsystems:

{Is}, {Is,1s}, {6, I2}
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Clustering the system

Finding the best uncouplings

Ziircher scheme

GauB scheme

The full rules are therefore the following:

Is — {I,I2,I3,14,I5}
Iy — {L,I2,I3,14}

I3 — {IL,I2,13,14}

12 — {11712}

11 — {11712}

That is to say, the system can be clustered in 3 subsystems:
{15}7 {137[4}7 {117[2}

Notes:

» This algorithm always terminates in finite time: at each step of the recursion
we add at least one new MI (and there are n of them) or we stop
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The full rules are therefore the following:

Is — {I,I2,I3,14,I5}
Iy — {L,I2,I3,14}

I3 — {IL,I2,13,14}

12 — {11712}

11 — {11712}

That is to say, the system can be clustered in 3 subsystems:
{15}7 {137[4}7 {117[2}

Notes:

» This algorithm always terminates in finite time: at each step of the recursion
we add at least one new MI (and there are n of them) or we stop

> If some differential equation (DE) is of the trivial form:
a;i(z,e)dzZi(z,€) =0

then Z;(z, €) is actually a trivial MI that can be moved to the base case
integrals (that by assumption can be computed easily)
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Clustering the system

Ziircher scheme

Finding the best uncouplings

GauB scheme

The full rules are therefore the following:

Is — {I,I2,I3,14,I5}
Iy — {L,I2,I3,14}

I3 — {IL,I2,13,14}

12 — {11712}

11 — {11712}

That is to say, the system can be clustered in 3 subsystems:
{15}7 {137[4}7 {117[2}

Notes:

» This algorithm always terminates in finite time: at each step of the recursion
we add at least one new MI (and there are n of them) or we stop

> If some differential equation (DE) is of the trivial form:
a;i(z,e)dzZi(z,€) =0

then Z;(z, €) is actually a trivial MI that can be moved to the base case
integrals (that by assumption can be computed easily)

> A MI that appears as a Bl in a subsystem is called an induced BI (IBI), as
opposed to the real Bl, that we call fundamental Bl (FBI)
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Clustering the system
Ziircher scheme

GauB scheme

Finding the best uncouplings

From now on, we consider a subsystem of the original system, and to distinguish
them we will denote all the quantities with a tilde:

d%ﬂf(gn7 €) = M(z,e)Z(z,€) + R(z,¢) (of order n)
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Clustering the system
Ziircher scheme

GauB scheme

Finding the best uncouplings

From now on, we consider a subsystem of the original system, and to distinguish
them we will denote all the quantities with a tilde:

dixf(x’ €) = M(z,e)Z(z,€) + R(z,¢) (of order n)

Task: Find the best possible uncoupling.
» We use for the uncoupling the OreSys package by Stefan Gerhold
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Finding the best uncouplings

From now on, we consider a subsystem of the original system, and to distinguish
them we will denote all the quantities with a tilde:

dixf(x’ €) = M(z,e)Z(x,€) + R(z,e) (of order n)
Task: Find the best possible uncoupling.

» We use for the uncoupling the OreSys package by Stefan Gerhold

» We use as the starting point for our algorithm the Ziircher uncoupling scheme,
which provides (almost) always the following simple structure in the
uncoupling:
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Clustering the system
Ziircher scheme

GauB scheme

Finding the best uncouplings

From now on, we consider a subsystem of the original system, and to distinguish
them we will denote all the quantities with a tilde:

dixf(x’ €) = M(z,e)Z(x,€) + R(z,e) (of order n)

Task: Find the best possible uncoupling.

» We use for the uncoupling the OreSys package by Stefan Gerhold

» We use as the starting point for our algorithm the Ziircher uncoupling scheme,
which provides (almost) always the following simple structure in the
uncoupling:

o One HODE of order n in the first variable of the system
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» We use for the uncoupling the OreSys package by Stefan Gerhold
» We use as the starting point for our algorithm the Ziircher uncoupling scheme,
which provides (almost) always the following simple structure in the
uncoupling:
o One HODE of order n in the first variable of the system

o n — 1 LFs expressing the other Mls as a function of the HODE variable as well
as its derivatives

Nikolai Fadeev 15/48 = =



Clustering the system
Ziircher scheme

GauB scheme

Finding the best uncouplings

From now on, we consider a subsystem of the original system, and to distinguish
them we will denote all the quantities with a tilde:

dixf(x’ €) = M(z,e)Z(x,€) + R(z,e) (of order n)

Task: Find the best possible uncoupling.

» We use for the uncoupling the OreSys package by Stefan Gerhold

» We use as the starting point for our algorithm the Ziircher uncoupling scheme,
which provides (almost) always the following simple structure in the
uncoupling:

o One HODE of order n in the first variable of the system
o n — 1 LFs expressing the other Mls as a function of the HODE variable as well
as its derivatives

» All of these equations will depend explicitely on the R (z,€) variables and
their derivatives (that we keep generic to speed up the uncoupling)
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» More precisely, the OreSys Ziircher inital uncoupling actually makes use of
dummy variables (here denoted with W;) and we have to get rid of them:

Ziircher uncoupling (OreSys output)

> HODE (W1, {diW1}; {Ri,diR:})
Wy = BWi {dW}{R,dR})
Wi = F(Wi, {d3Wi}; Wa, {4 Wa}; {R:, A4 R:})
> .
Wn = Fn(Wh {d]zWI}y o ;anb{djz.wnfl}; {ﬁud]z,f\)/z})
I = Gi({Wi, &Wi}) (= W)
> g ;
In = Gu({W;,diWi})

Nikolai Fadeev 16 /48 = =
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» More precisely, the OreSys Ziircher inital uncoupling actually makes use of
dummy variables (here denoted with W;) and we have to get rid of them:

Ziircher uncoupling (OreSys output)

> HODE (W1, {diW1}; {Ri,diR:})
Wy = BWi {dW}{R,dR})
Wi = F3(Wi, {diWi}; We, {diWa}; {Ri, diRi})

>
Wn = Fn(Wh{d]le}: ;anb{djz.anl};{ﬁhd]z‘ﬁ)’i})
I = Gi({Wi, Wi} (= Wh)

> g :
In = Gu({W;,diWi})

Notes:

» Eliminating the W; dummy variables and replacing the generic R; by their
actual values is sometimes as costly as the uncoupling itself

> Non-trivial case when Gy ({W;,d2W;}) # Wi
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The very first step is to convert the OreSys output into the actual uncoupllng with
the full dependence on the Bls, that we note from now on Ji(x,€), ..., Jm(x, ¢€):

Ziircher uncoupling (with full dependence)

m

> Zpk(ac,e)d’;fl(av7 €) =r(z,e)| HODE in Zi(z), pi(z,€) € K(z,¢€)

k=0

P m
> |r(z,e) = ZZT” (ZII,E)d;Z(ZZ?, €)| PEN, i (z,€) € Klz,e€)

i=0 j=1
) m—1 . je{2,...,m},
> | Zi(z,e) = ) aji(z,e)d;Ta(z,€) + pr(x,€) | ari(z,€) € K(z,e),
i=0 pj(z) like r(z, €)
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Question: What does it mean that one uncoupling is "better” than another? In
other words, what's the comparison point between different uncouplings?
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Question: What does it mean that one uncoupling is "better” than another? In
other words, what's the comparison point between different uncouplings?

> Suppose we have a system in three Mls Z;—1 2 3(x, €) with one Bl J (z, ),

that we uncoupled in Z; so that we get the following expression for Zo:

Io(z,0) = F{Z1, dzTh}) + /21 (2, )T (2,€) + €p22(2, €)de T (3, €)

Where K(z,€) 3 p2icq1,2} (2, €) :J> P2.icq1,2y(z) € K(z)*
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Question: What does it mean that one uncoupling is "better” than another? In
other words, what's the comparison point between different uncouplings?

> Suppose we have a system in three Mls Zi—1,2,3(x, €) with one Bl j(w €),
that we uncoupled in Z; so that we get the following expression for Zo:

La(z,€) = F({Th, doTa}) + P21(2,€)T (2, €) + ep22(2, €)da T (2, €)

Where K(z,€) 3 p2icq1,2} (2, €) :J> P2.icq1,2y(z) € K(z)*

» This means that if we want for instance to solve the system up to the 15
order in €, we need to give an expansion of j (z,€) Zn ljn x)e™ up to
the 3™ order in e

To(z,€) ~ HT(w,6) = L (- +Jo(@)+edi(a) +ETa(x) + E€Ts(x) + -
% Jo(

Jo(z) + LT (2) + () +m+

Nikolai Fadeev 18/48
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Question: What does it mean that one uncoupling is "better” than another? In
other words, what's the comparison point between different uncouplings?

> Suppose we have a system in three Mls Zi—1,2,3(x, €) with one Bl j(w €),
that we uncoupled in Z; so that we get the following expression for Zo:

La(z,€) = F({Th, doTa}) + P21(2,€)T (2, €) + ep22(2, €)da T (2, €)

Where K(z,€) 3 p2icq1,2} (2, €) :J> P2.icq1,2y(z) € K(z)*

» This means that if we want for instance to solve the system up to the 15
order in €, we need to give an expansion of j (z,€) Zn ljn x)e™ up to
the 3™ order in e

Io(z,€) ~ 5T (x,€)

L (- Tol@) + edi(x) + € Ta(x) + ETs(x) + )

+ 2 Jo(@) + Lu(@) + Fa(@) + | eJ (o) |+

Answer: To compare two uncouplings, we compare the e—orders for the Bls
appearing in the inhomogeneous part of the HODE and in the LFs: the less the
expansion orders are, the better is the uncoupling
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Question: What uncouplings are we comparing?

Nikolai Fadeev 19/48 -



Clustering the system
Ziircher scheme

GauB scheme

Finding the best uncouplings

Question: What uncouplings are we comparing?
» Simple version: permute cyclically the Mls vector
I(z,€) = (fl(x, €. In(x, e)) with the permutation o = (1---n), so that
we uncouple first in Z1, then in Zs, etc. until Z,.

o We compare the n resulting uncouplings through e—orders comparison.
e Minimizes the number of HODEs (only one per uncoupling), but not optimal
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Finding the best uncouplings

Question: What uncouplings are we comparing?
» Simple version: permute cyclically the Mls vector
I(z,€) = (fl(x, €. In(x, e)) with the permutation o = (1---n), so that
we uncouple first in Z1, then in Zs, etc. until Z,.
o We compare the n resulting uncouplings through e—orders comparison.
e Minimizes the number of HODEs (only one per uncoupling), but not optimal
» Advanced version: uncouple cyclically as above, but choose in a recursive way

the best equations (HODEs or LFs) at each step for each MI among the n?
available equations

o Increases potentially the number of initial conditions (ICs) required, but
improves the e—orders
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Example:
> We have a system of size n = 3, with Mls Tiz1,2,3(z,€) and 4 Bls
Ti=1,....a(x,€)
> From now on, a couple (J;,m;) means that in the HODE /one of the LFs we
encounter a factor of the form

m; 041'(33'76) 7

Ji(x, €) with ai;(x,€), Bi(z,€) € K[z, €] and €1 ai(x, €), Bi(z, €)

ﬁi(m7 E)

Nikolai Fadeev
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Example:
> We have a system of size n = 3, with Mls Tiz1,2,3(z,€) and 4 Bls
;7]':1,,,,,4(21776)

> From now on, a couple (J;,m;) means that in the HODE /one of the LFs we
encounter a factor of the form

mi Zlgi’gi(aﬂ,e) with «;(z,€), Bi(z,€) € K[z, €] and €1 a;(z, €), Bi(z, €)

Mls TN T2 T3 T
HODE(Z) =27 | 0 1 o0 0
L=f@)=I" 0o 0o o o
L=fE)=I"]-1 o a1

HODE(Z) =2 | -1 0o 1 -1
Li=h@)=1" |2 a1 0o -2
Is = f3(I2) = ii” 0 0 0 0
HODE(Z;)=Z{ | 0 1 o o
Ti=fE)=2% | 0 0o 0 o0
=f@=2 |0 1 0o o
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> First we select the best HODE between the three equations ﬁH), féH) and
.

0 1 0 o0
M a1 0 1
M 0 1 0 0
n{™
™
n™"
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> First we select the best HODE between the three equations ﬁH), féH) and
.

™ o 1 0 o0
M1 0 1 -1

2
i o0 1 0
ngH) 1
ngH) 0
néH) 1
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> First we select the best HODE between the three equations ﬁH), féH) and

.

Hh T T T
™ o 1 0 o0
Mo a1 0 1 4
" o 1 0
nt 1 2
00
n 1 2
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> First we select the best HODE between the three equations ﬁH), féH) and

.

S Fo T Ta
™ o 1 0 o0
Mo a1 0 1 4
M 0 1 0 0
1 2 2
n 0 0 1
n 1 2 2
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scheme

> First we select the best HODE between the three equations ﬁH), féH) and

.

Hh T T T
™ o 1 0 o0
Mo a1 0 1 4
M 0 1 0 0
D1 2 2 (3
0 0 11
1 2 2 (3)
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> First we select the best HODE between the three equations ﬁH), féH) and

.

S B T T
0 1 0 o0
M a1 0 1
M 0 1 0 0
1 2 2 (3
n 0 0 11
M1 2 2 (3

H)

This means that there are 2 possibilities: i'i and féH). We'll have to

examine both of them.
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HODE (I)
L=f(I) HODE (I2)
JH P F
I 0o 0o o0 o0
M a1 0 1
ngl) 2
n<2H) 1
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HODE (I)
L=f(I) HODE (I2)

Hh F Tz Ta
I 0o 0o o0 o0
M a1 0 1
niP 2 2
a0 1 2
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HODE (I)
L= f2(0) HODE (I2)
S T T T
M 0 0o o0 o
im0 1 a1
nd) 2 2 (3
n 0 1 20 2
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HODE (I) HODE (1)

L= f2(0) HODE () L= (D) W

Hh F Tz Ta
I 0o o o o : / N ]
_? I=fa (Ih) HODE (Is)
M1 0 1 4
nd) 2 2 (3
a0 1 20 2
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HODE (I)
/ N\ / N\
= na(R) HODE () ho= () W

Hh F Tz Ta / AN
=(1
Ié ) 0 0 0 0 L=7s (1) HODE (Is)
M1 0 1 4 S
) 5 2 (3 . T T2 T3 Ja
2y Vo1 0 a1
Ty 1 2 2 ~(3H)
7 0 1 0 0
(7
i)
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HODE (I)
/ N\ / N\
= na(R) HODE () ho= () W

S F T Ta / \
~(1
Ié ) 0 0 0 0 L=7s (1) HODE (Is)
M a1 0 1 4 5 4 7
ngl) 2 2 @ . 1 2 3 4
H g 1 9 5 1 -1 0o -1 -1
Ny FUH) g 1 0 0
3
ngm 0
ngm 1
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HODE (I)

L= (h) HODE (L) L= £ (1) W

SH T Tz Ta / AN

(1

Ié ) 0 0 0 0 L=7s (1) HODE (Is)

M a1 0 1 4 5 4 7

D 4

"En 2 2O IR S

n 0o 1 2 2 3

2 I3(H> 0 1 0 0
n? 0 0
1 2
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HODE (I)
/ N\ / N\
= na(R) HODE () ho= () W

S F T Ta / \
(1
Ié ) 0 0 0 0 L=7s (1) HODE (1)
M a1 0 1 4 5 4 7
) 4
"z 2.2 0@ IR S
n o 1 2 2 3
2 I3(H> 0 1 0 0
n?’ 0 0 0
nf 1 2 3
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HODE (I)

L=f () HODE (k) B~ 12 (1) W
T

S F T T / AN

(1

Ié ) 0 0 0 0 L=7s (1) HODE (1)

M a1 0 1 5 5 7

M

"z 2.2 0@ IR S

n o 1 2 2 3

2 I3(H> 0 1 0 0
n” 0 0 0 0
w1 2 3 (@

First solution: HODE(Z,), Zo = fo(Z1), HODE(Z3)
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HODE (Is)
h=fi () HODE (I)
i S F T T
i® 0o 0o o0 o0
™ o0 1 0 o0
n{®
n{f
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Jr
i o 0o 0 o0
™ o0 1 0 o0
ng3) 1
ngH) 1
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HODE (Is)
I = fi (Is) HODE (I)
i S P T Ta
i o 0o 0 o0
™ o0 1 0 o0
n® 11
n 1 2
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HODE (Is)
I = fi (Is) HODE (I)
i S P T Ta
i o 0o 0 o0
™ o0 1 0 o0
P11 2
n 1 2 3
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HODE (Is)
L= (fs) HODE (fl)
] S F T T
i® 0o 0o o0 o0
™ 0 1 0 o0
1 1 2 3
1 2 3 (@
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HODE (I3) HODE (I3)
L= (k) HODE (1) L= HODE (Iy)

S F T T
i o 0o 0 o0 . / S N\ ;
i Lh=f(h) h=n(k)  HODE(L)
Al 0 1 0 0

1 1 2 3

1 2 3
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HODE (Is) HODE (I3)
L= fi (Is) HODE (I) L= f(F HODE (I)
S T T s / ‘ \\
7(3)
~Il 0 0 0 0 L= f:(0) I = f> (I) HODE ()
™ o0 1 0 o0 L
77»53) 1 1 2 3 1) jl j2 j3 j4
(H) 7 0 0 0 0
n 1 2 3 2
' ® A | 0
M 1 -1
nip
ng?
H
e
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HODE (Is) HODE (I3)
L= fi (Is) HODE (I) L= f(F HODE (I)
S T T s / ‘ \\
7(3)
~Il 0 0 0 0 L= f:(0) I = f> (I) HODE ()
™ o0 1 0 o0 L
77»53) 1 1 2 3 1) jl j2 j3 j4
(H) 7 0 0 0 0
n 1 2 3 2
' ® A | 0
M 1 -1
ngl) 1
ngg) 1
H
nliD

Nikolai Fadeev 23/48 = =



Clustering the system

Finding the best uncouplings

HODE (Is) HODE (I3)
5= 1 (5) HODE (1) hi= il HODE ()
Hh P T Ta / \\
7(3)
~Il 0 0 0 0 L= f:(0) I = f> (I) HODE ()
7™ 0 1 0 o0 -
77»53) 1 1 2 3 jl j2 j3 j4
W1 2 3 () Y o0 0 0 0
i o 1 0 o0
M o1 0 1 -1
ngl) 1
n® 1 2
0 0
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I = fi (Is) HODE (1) L=nh HODE (I)
. S T T T / \\
¥ o 0o o0 0 L=f(h) L=np(k)  HODE(L)
™ o0 1 0 o0 o
AR EEEE
(H) 5
mtor 23 o 1 0 0
M o1 0 1 -1
niP 11
n 1 2 2
a0 0 1
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I = fi (Is) HODE (1) L=nh HODE (I)

. Hh o T T / \\

¥ o 0o o0 0 L=f(h) L=np(k)  HODE(L)

™ o0 1 0 o0 o

AR p 33 h

() 5

mtor 23 o 1 0 0
M o1 0 1 -1
a1 1 1 2
n 12 2 (3
n 0 0 1 1

Second solution: HODE(Z:1), I = f2(Z3), HODE(Z3)
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Note: Doing this procedure means selecting the equations based only on the
e-orders. This might not be the actual optimal solution — HODE order,
recurrence order play also an important role
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Note: Doing this procedure means selecting the equations based only on the
e-orders. This might not be the actual optimal solution — HODE order,
recurrence order play also an important role

» Denoting with n. the best e—order cumulative index, ng the order of the
HODE (nqs = 0 if it's a LF) and n, the order of the recurence (n, =0 if it's a
LF), we have to compare and "minimize” lists of the form:

{_n€7 nd, nT}
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Finding the best uncouplings

Note: Doing this procedure means selecting the equations based only on the
e-orders. This might not be the actual optimal solution — HODE order,
recurrence order play also an important role

» Denoting with n. the best e—order cumulative index, ng the order of the

HODE (nqs = 0 if it's a LF) and n, the order of the recurence (n, =0 if it's a
LF), we have to compare and "minimize” lists of the form:

{_n€7 nd, nT}

We have included four weight functions:
@ Equal weight (default): fi({—ne,ng,nr}) = —ne + ng + nr
@ Only e-order: fao({—ne,ng,nr}) := —ne
© Only HODE order: f3({—ne,ng,nr}) :=ngqg
@ Only recurence order: f4({—ne,ng,nr}) :=n,
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Note: Doing this procedure means selecting the equations based only on the
e-orders. This might not be the actual optimal solution — HODE order,
recurrence order play also an important role
» Denoting with n. the best e—order cumulative index, ng the order of the
HODE (nqs = 0 if it's a LF) and n, the order of the recurence (n, =0 if it's a
LF), we have to compare and "minimize” lists of the form:

{_n€7 nd, nT}

We have included four weight functions:
@ Equal weight (default): fi({—ne,ng,nr}) = —ne + ng + nr
@ Only e-order: fao({—ne,ng,nr}) := —ne
© Only HODE order: f3({—ne,ng,nr}) :=ngqg
@ Only recurence order: f4({—ne,ng,nr}) :=n,
» The user can also define himself the weight function f and give it as an
optional argument to the main function
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The procedure described above can actually be improved even further: in this
recursive choice of equations, we prioritize the e—orders at the expense of the
number of IC (several HODEs each of order n possible) — can be improved

Nikolai Fadeev



Clustering the system
Ziircher scheme

Finding the best uncouplings

The procedure described above can actually be improved even further: in this
recursive choice of equations, we prioritize the e—orders at the expense of the
number of IC (several HODEs each of order n possible) — can be improved

> Uncouple cyclically the system S(Z1,...,Z,) to get n? equations (n HODEs
and n(n — 1) LFs)

Nikolai Fadeev 25 /48 = =



. Hne Clustering the system
Finding the best uncouplings Ziircher scheme

GauB scheme

The procedure described above can actually be improved even further: in this
recursive choice of equations, we prioritize the e—orders at the expense of the
number of IC (several HODEs each of order n possible) — can be improved
> Uncouple cyclically the system S(Z1,...,Z,) to get n? equations (n HODEs
and n(n — 1) LFs)
> Choose as before the best HODE by comparing the e—orders, as before (wlog
suppose the best HODE is Z;)
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The procedure described above can actually be improved even further: in this
recursive choice of equations, we prioritize the e—orders at the expense of the
number of IC (several HODEs each of order n possible) — can be improved

> Uncouple cyclically the system S(Z1,...,Z,) to get n? equations (n HODEs
and n(n — 1) LFs)

> Choose as before the best HODE by comparing the e—orders, as before (wlog
suppose the best HODE is Z;)

> The next equation we need to find is for Ts. This time, instead of the previous
choice, we uncouple the subsystem S1(Z2,...,Z,) & S(Z1,...,Z,) where Z;
is seen as a Bl

S Sl~

Mls: illiQ""lin — ~i—21..,,In~
Bls: j17...,jm — I1,j1...,jm

Nikolai Fadeev 25 /48 = =



Clustering the system
Ziircher scheme

GauB scheme

Finding the best uncouplings

The procedure described above can actually be improved even further: in this
recursive choice of equations, we prioritize the e—orders at the expense of the
number of IC (several HODEs each of order n possible) — can be improved

> Uncouple cyclically the system S(Z1,...,Z,) to get n? equations (n HODEs
and n(n — 1) LFs)

> Choose as before the best HODE by comparing the e—orders, as before (wlog
suppose the best HODE is Z;)

> The next equation we need to find is for Ts. This time, instead of the previous
choice, we uncouple the subsystem S1(Z2,...,Z,) & S(Z1,...,Z,) where Z;
is seen as a Bl

S S1

Mls: illiQ""lin — ~i—21..,,In~
Bls: j17...,jm — I1,j1...,jm

» Use the new HODE for fg, of order n — 1, instead of that obtained during the

original uncoupling

> Reiterate for 73, etc.
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Clustering the system
Ziircher scheme

GauB scheme

Finding the best uncouplings

» This time, we have the following choice tree:

HODE™ (I,)

I = fQ(n) (fl) HODE"V (jz)
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o N Clustering the systel
Finding the best uncouplings Z"H ring th ]

scheme

» This time, we have the following choice tree:

HODE™ (1)
:22 _ 2(n) (:Zl) HODE(H—l) (jg)

Is = iV (T) HODE"* (I3) Ty = 5"V ()
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Clustering the system

Finding the best uncouplings

» This time, we have the following choice tree:

HODE™ (I,)

X

T, = £ (In) HODE™" Y (

2)

7 - ) (@) HODE" (1) 1= g0 (3

Zi=f" (L)) “HODE" (L)  Ti=f"" (Is)

> In short: uncouple at step i in Z; by considering that all Zi,...,Z;_1 are Bls,
so that we reduce the orders of the HODEs
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Clustering the system
Ziircher scheme

GauB scheme

Finding the best uncouplings

When we get several "good” solutions according to this algorithm, we need to find
a way to select only one of them. How to do it?
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L " Clustering the syste
Finding the best uncouplings Z..“ iz m

scheme

When we get several "good” solutions according to this algorithm, we need to find
a way to select only one of them. How to do it?
» For each "good” uncoupling, let’s us denote with m;,; the e—order for the Bl
Ji(z,¢€), 1 < j < m appearing in the expression for the Ml Z;(z, ¢),
1 <1 <n, and write the orders matrix:

e

Example:
0o 1 0 oy J™ 0 1 0 oy g™
2 (1) 2(3)
=0 0 0 o) 7Y g0 10 o) 7P
o 1 0 o g o 1 0 o FH

Nikolai Fadeev 27/48 = =



Finding the best uncouplings

» Define the functions

o:M— Zmi’j
%)
o]l : M > /Tr(MT M)

And finally combine them in a function

N.{Mn,m(Z) — ZxR_
' M — (a(M), —||M]])

> We obtain the "best” solution by finding the "minimal” A (M), i.e. the
element that maximizes the sum of orders and minimizes their variance (in
this order)
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Clustering the system
Ziircher scheme

GauB scheme

Finding the best uncouplings

» One last improvement we can make to the Ziircher uncoupling is choosing
among all the possible remaining Mls at each step and not only one of them
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— " Cluste the syste
Finding the best uncouplings Zi LR e

» One last improvement we can make to the Ziircher uncoupling is choosing
among all the possible remaining Mls at each step and not only one of them
Example: Defining a shorter notation flgi‘] : fm( ), L (HZ) = HODE"(Z}),
for a system of order 3, here's the choice tree we would get

H ,3)
I(1 3) I(H 2)‘ I(l 3) iéH,z)
f§1,'{) :zéH 1) I(z 2) ‘ i§1,3) :zéH,l) i§3’2) ‘
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Clustering the system

Finding the best uncouplings

Ziircher scheme
GauB scheme

» The second possible uncoupling scheme is the GauB scheme. The result
returned by OreSys in whole generality takes the following form:

GauB uncoupling (OreSys output)

HODE(Z;y , {37 }; {R:, diRi})
HODE (Z5, {d}Zss }; Ziy, {d1 Ziy }; {Rs, I R:})

HODE(Z:,, {d3Z;, };- - 1 Loy, {d3Zs, }; {Ri, 4 R:})

» Compared to the Ziircher uncoupling, GauB is more sensible to the order of
the equations for the uncoupling, so we simple uncouple in all the possible
ways, i.e. we get n! uncouplings
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Clustering the system

Finding the best uncouplings

Ziircher scheme
GauB scheme

» The second possible uncoupling scheme is the GauB scheme. The result
returned by OreSys in whole generality takes the following form:

GauB uncoupling (OreSys output)

HODE(Z;y , {37 }; {R:, diRi})
HODE (Z5, {d}Zss }; Ziy, {d1 Ziy }; {Rs, I R:})

HODE(Z:,, {d3Z;, };- - 1 Loy, {d3Zs, }; {Ri, 4 R:})

» Compared to the Ziircher uncoupling, GauB is more sensible to the order of
the equations for the uncoupling, so we simple uncouple in all the possible
ways, i.e. we get n! uncouplings

» Finally, we can combine both Ziircher and GauB uncouplings, i.e. at each step
choose among all available equations (HODE and LF from Ziircher and GauB)
for remaining Mls: this is actually the scheme that is ultimately used, because
it allows for the most freedom
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Finding the best uncouplings

her sc
GauB scheme

Because we get to do a lot of different uncouplings (2n — 1 for Ziircher and n! for
GauB), we have implemented different "speed” schemes:
> Slowest (greedy): The algorithm computes everything. Gives the best result,
but finishes in reasonable time only for rather small systems (up to order ~ 5,
and not too much subsystems, around ~ 10)
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Clustering the system

Finding the best uncouplings

Ziircher scheme
GauB scheme

Because we get to do a lot of different uncouplings (2n — 1 for Ziircher and n! for
GauB), we have implemented different "speed” schemes:
> Slowest (greedy): The algorithm computes everything. Gives the best result,
but finishes in reasonable time only for rather small systems (up to order ~ 5,
and not too much subsystems, around ~ 10)
> Intermediate (optimal): The algorithm computes the Ziircher uncouplings
with an upper time limit defined by the first uncoupling. For the GauB part, it
computes the average Ziircher time and limits the time for GauB uncouplings.
Faster, but a little bit less optimal
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Clustering the system

Finding the best uncouplings

Ziircher scheme
GauB scheme

Because we get to do a lot of different uncouplings (2n — 1 for Ziircher and n! for
GauB), we have implemented different "speed” schemes:

> Slowest (greedy): The algorithm computes everything. Gives the best result,
but finishes in reasonable time only for rather small systems (up to order ~ 5,
and not too much subsystems, around ~ 10)

> Intermediate (optimal): The algorithm computes the Ziircher uncouplings
with an upper time limit defined by the first uncoupling. For the GauB part, it
computes the average Ziircher time and limits the time for GauB uncouplings.
Faster, but a little bit less optimal

> Fastest (lenient): The algorithm computes in parallel the Ziircher and the
GauB schemes and only gets the one that finishes first. Mostly for test
purposes, or for exceptionally big systems for which the other schemes take
too much time

Mathematica: All of this is implemented in our (beta) package SystemAnalysis
into an algorithm called bestUncpl, that returns the best uncouplings (i.e. the
collection of best HODEs/LFs) for Ziircher and GauB schemes in a list

Nikolai Fadeev 31/48 = =



Local extraction of the e —orders
Global tion and trees

Computing the € —orders for the whole system

Building trees in different schemes

Recap:
» We clustered the system into smaller irreducible subsystems

» We uncoupled them in Ziircher and GauB scheme and, using the method
described above, obtained a set of "best” equations e—order-wise
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Local extraction of the e —orders
Global ection and trees

Computing the € —orders for the whole system

Building trees in different schemes

Recap:
» We clustered the system into smaller irreducible subsystems

» We uncoupled them in Ziircher and GauB scheme and, using the method
described above, obtained a set of "best” equations e—order-wise

What remains to do?

» Compute for each subsystem in a symbolic way the order up to which we need
to give the Bls in order to solve the system up to the user-required order in
the Mls

» Using these results, compute the real e—order correction for each Bl in a
recursive way for the whole system
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Computing the € —orders for the whole system

Recap:
» We clustered the system into smaller irreducible subsystems
» We uncoupled them in Ziircher and GauB scheme and, using the method
described above, obtained a set of "best” equations e—order-wise
What remains to do?

» Compute for each subsystem in a symbolic way the order up to which we need
to give the Bls in order to solve the system up to the user-required order in
the Mls

» Using these results, compute the real e—order correction for each Bl in a
recursive way for the whole system

Why?
» A non-irreducible system clusters non-trivially into several subsystems

> This gives rise to induced Bls (IBIs) in the subsystems, i.e. Mls that become
locally Bls, and therefore the dependence of fundamental Bls (FBIs) might
depend not only on the Mls where they appear, but also on other subsystems’
Mls which have in the RHS the Bls' Mls as IBls
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Local extraction of the e —orders

al correction and trees

Computing the € —orders for the whole system

trees in different schemes

» First, we extract the different e—order corrections in a completely general and
symbolic way and make them into Mathematica rules.

Toy example 1: System in two variables 71, Z5, with one Bl 7, with the following
uncoupling (for simplicity’s sake, the dependence in z is suppressed):

HODE(Zy) = —26%(1 — 2¢3) 7 (z) + €77 (x)
B 14 _ 19
I = 5 Ti(x) + 71{ -3¢ T (x)
Initialisation:

(jlv a‘) (i% b)
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Local extraction of the e —orders

al correction and trees

Computing the € —orders for the whole system

trees in different schemes

» First, we extract the different e—order corrections in a completely general and
symbolic way and make them into Mathematica rules.

Toy example 1: System in two variables 71, Z5, with one Bl 7, with the following
uncoupling (for simplicity’s sake, the dependence in z is suppressed):

HODE(Zy) = —26%(1 — 2¢3) 7 (z) + €77 (x)
14 19

To = —7i1 (z) + %i{ — 36" 7 ()

Initialisation: B ~
(Zh,a) (Z2,b)

HODE corrections: ~
(Z1, max(a,b — 14))
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Local extraction of the e —orders

al correction and trees

Computing the € —orders for the whole system

trees in different schemes

» First, we extract the different e—order corrections in a completely general and
symbolic way and make them into Mathematica rules.

Toy example 1: System in two variables 71, Z5, with one Bl 7, with the following
uncoupling (for simplicity’s sake, the dependence in z is suppressed):

HODE(Zy) = —2¢" (1 — 2¢3) 7 (z) + €77 (x)
14 19

To = —7i1 (z) + %i{ — 36" 7 ()

Initialisation: B ~
(Zh,a) (Z2,b)

HODE corrections: ~
(Z1, max(a,b — 14))

J correction:
max [max(a,b — 14) — 8,
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Local extraction of the e —orders

al correction and trees

Computing the € —orders for the whole system

trees in different schemes

» First, we extract the different e—order corrections in a completely general and
symbolic way and make them into Mathematica rules.

Toy example 1: System in two variables 71, Z5, with one Bl 7, with the following
uncoupling (for simplicity’s sake, the dependence in z is suppressed):

HODE(Zy) = —2¢" (1 — 2¢3) 7 (z) + €77 (x)
14 19

j-z = —7f1 (I) + %i{ — 3619j(m)

Initialisation: B N
(Il, a) (I‘Z-, b)

HODE corrections: ~
(Z1, max(a,b — 14))

J correction:
max [max(a, b — 14) — 8,b — 19]
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Local extraction of the e —orders
Global tion and trees

Computing the € —orders for the whole system

Building trees in different schemes

Problem: This only works if we choose equations from the simple n Ziircher, but if
we choose from GauB and sub-Ziircher uncouplings, this adds a recursive
dependence of the Bls e-orders on the chosen equations

Nikolai Fadeev



Computing the € —orders for the whole system

Problem: This only works if we choose equations from the simple n Ziircher, but if
we choose from GauB and sub-Ziircher uncouplings, this adds a recursive
dependence of the Bls e-orders on the chosen equations

Toy example 2: Let's take as system of order n = 4 with 4 Mls f-:l,m,;; and 2
Bls Ji=1,2, with the following chosen equations:

HODE(7)) = eJ+ €T
HODE(7:) = €201+ 2% + 7
Iy = 3N +eB3 T+ 3 +»
I, = D+ ot el + T+ M
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Local extraction of the e —orders

al correction and trees

Computing the € —orders for the whole system

trees in different schemes

Problem: This only works if we choose equations from the simple n Ziircher, but if
we choose from GauB and sub-Ziircher uncouplings, this adds a recursive
dependence of the Bls e-orders on the chosen equations

Toy example 2: Let's take as system of order n = 4 with 4 Mls i'izl,m,;; and 2
Bls Ji=1,2, with the following chosen equations:

HODE(7)) = eJ+ €T
HODE(7:) = €201+ 2% + 7
Iy = 3N +eB3 T+ 3 +»
I = etJi+ T+l + e+ M

Initialization: (7, a), (Z2,b), (Zs,c), (Z4,d)

» We have to update recursively the e-orders, from the last to the first equation,
let us show how it works explicitely for J1
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Local extraction of the e —orders

tion and trees

Computing the € —orders for the whole system

ing trees in different schemes

@ Updating with 4™ equation (7, = c®a 7, 4+ B1 gy 4 V47, 4 47, 4 enaZy)

( ) :max( 7b_74))
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Local extraction of the e —orders

‘ Global correction and trees
Computing the € —orders for the whole system : '
© M Building trees in different schemes

@ Updating with 4™ equation (7, = c®a 7, 4+ B1 gy 4 V47, 4 47, 4 enaZy)

( ) _max( 7b_74))
(Za,dy = max(d,b— d4))
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Local extraction of the e —orders

N Global correction and trees
Computing the € —orders for the whole system i : '
S 7 Building trees in different schemes

© Updating with 4" equation (2o = 4y + PaFy + 74

(Z1,a1 = max(a,b —~4))
(~, = max(d, b — d4))
(Zs,c1 = max(c,b — n4))

+ P47, 4 <”4i3)
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Local extraction of the e —orders
. Global tion and tree:
Computing the € —orders for the whole system > 1o and frees

Buildir

trees in different schemes
@ Updating with 4™ equation (7, = c®a 7, 4+ B1 gy 4 V47, 4 47, 4 enaZy)
(Z1,00 =max(a,b—74))  (Zo,b1 = b— aa)
(Za,dy = max(d,b— d4))
(1'37 Cc1 max(c, b— 774))

(L1, 1), (Zo,br), (Zs,cr), (

) )
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Local extraction of the e —orders
Global tion and trees

Computing the € —orders for the whole system Buildir

trees in different schemes

@ Updating with 4™ equation (7, = c®a 7, 4+ B1 gy 4 V47, 4 47, 4 enaZy)
(Z1,a1 = max(a,b =) (Za,b1 = b — )
(~, = max(d, b — d4))
(1'37 1= max(c, b— 774))
( ) )' (j27b1)v (ig,(ﬂ), ( ) )
@ Updating with 3th equation (Z3 = ¢35y + P35y + V37, + 3317,)

( ) :max( 561773))
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Local extraction of the e —orders

Global correction and trees

Computing the € —orders for the whole system

es in different schemes

@ Updating with 4™ equation (7, = c®a 7, 4+ B1 gy 4 V47, 4 47, 4 enaZy)
(Z1,01 = max(a,b =) (Zz,b1 = b — aa)
(~, = max(d, b — d4))
(1'37 1= max(c, b— 774))
( ) )' (j27b1)v (ig,(ﬂ), ( ) )

@ Updating with 3th equation (Z3 = ¢35y + P35y + V37, + 3317,)

( ) = maX( ;€1 — 73))
( ydo =max(di,c1 — d3))
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Local extraction of the e —orders

ction and trees

Computing the € —orders for the whole system

es in different schemes

@ Updating with 4™ equation (7, = c®a 7, 4+ B1 gy 4 V47, 4 47, 4 enaZy)
(Z1,01 = max(a,b =) (Zz,b1 = b — aa)
(~, = max(d, b — d4))
(1'37 1= max(c, b— 774))
( ) )' (j27b1)v (ig,(ﬂ), ( ) )
@ Updating with 3th equation (Zs = 8.7, + P37y + 187, + 937,)
(100 = max(os, 1 — ) (Fayca = 1 — aa)
(Zaydo = max(di,c1 — d3))

( ) )' (j27bl)v (j-3vc2)' ( ) )
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Local extraction of the e —orders

ction and trees

Computing the € —orders for the whole system

es in different schemes

@ Updating with 4™ equation (7, = c®a 7, 4+ B1 gy 4 V47, 4 47, 4 enaZy)
(Z1,01 = max(a,b =) (Zz,b1 = b — aa)
(L1, dy = max(d,b — d4))
(1'37 1= max(c, b— 774))
( ) )' (j27b1)v (ig,(ﬂ), ( ) )
@ Updating with 3th equation (Z3 = ¢35y + P35y + V37, + 3317,)
(Z1,00 = max(ar,e1 = 73))  (Ts,c2 = 1 — @)
(Zaydo = max(di,c1 — d3))
( ) )’ (j27bl)' (j-3vc2)’ ( ) )
@ Updating with 2°¢ equation (HODE(7,) = @27y + B2 dy + 727,
(Z1, a5 = max(az, d> — 72))
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Local extraction of the e —orders

ction and trees

Computing the € —orders for the whole system

es in different schemes

@ Updating with 4™ equation (7, = c®a 7, 4+ B1 gy 4 V47, 4 47, 4 enaZy)
(Z1,01 = max(a,b =) (Zz,b1 = b — aa)
(~, = max(d, b — d4))
(1'37 1= max(c, b— 774))
( ) )' (j27b1)v (ig,(ﬂ), ( ) )
@ Updating with 3th equation (Z3 = ¢35y + P35y + V37, + 3317,)
(Z1,00 =max(ar,c1 —73))  (Is,c2 = 1 — as)
(Zaydo = max(di,c1 — d3))
( ) )’ (j27bl)' (j-3vc2)’ ( ) )
@ Updating with 2°¢ equation (HODE(7,) = @27y + B2 dy + 727,
(Z1, 05 = max(az, dz —y2)) (L1, ds = do — )
(Z1,a3), (Z2,01), (Zs,c2), (L4, ds)
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Local extraction of the e —orders

ction and trees

Computing the € —orders for the whole system

es in different schemes

@ Updating with 4™ equation (7, = c®a 7, 4+ B1 gy 4 V47, 4 47, 4 enaZy)
(71,01 = max(a,b— 1))  (Za,b1 = b — a4)
(~, = max(d, b — d4))
(Zs, c1 = max(c,b — n4))
( ) )v (j27b1)v (j-3701)r ( ) )
@ Updating with 3'® equation (Z3 = ¢35y + P35y + V37, + 3317,)
(Z1,a> = max(a1,c1 —73)) (fg,Cg =c1 —a3)
(Zaydo = max(di,c1 — d3))
( ) )' (j27bl)v (j-3vc2)' ( ) )
@ Updating with 2™ equation (HODE(7,) = @2 7; + 8275 4 727, )
(71, a5 = max(az, d2 — 72)) ( » A3 = — a2)
(Z1,05), (Zoyb1), (T3, e2), (L1, ds)
© Updating with 1% equation (HopE(7,) = <217, + f1.75)

0
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Local extraction of the e —orders

ction and trees

Computing the € —orders for the whole system

es in different schemes

@ Updating with 4™ equation (7, = c®a 7, 4+ B1 gy 4 V47, 4 47, 4 enaZy)
( ) :max( 7b—’}/4)) (j-z,bl :b—Oé4)
(~, = max(d, b — d4))
(Zs, c1 = max(c,b — n4))
( ) )v (j27b1)v (j-3701)r ( ) )
@ Updating with 3th equation (Z3 = ¢35y + P35y + V37, + 3317,)
(71,00 =max(a1,c1 —7y3))  (Is,c2 =1 — az)
(Zaydo = max(di,c1 — d3))
( ) )' (j27bl)v (j-3vc2)' ( ) )
@ Updating with 2™ equation (HODE(7,) = @2 7; + 8275 4 727, )
(71, a5 = max(az, d2 — 72)) ( » A3 = — a2)
(Z1,05), (Zoyb1), (T3, e2), (L1, ds)
© Updating with 1% equation (HopE(7,) = <217, + f1.75)
0 ( ) = - al)
( ) )' (i27b1)v (j3702)r ( ) )
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Local extraction of the e —orders

ction and trees

Computing the € —orders for the whole system

es in different schemes

@ Updating with 4*® equation (Zo = ¢4y + PaFy + V4T, + 947, 4 enaZg)
(71,01 = max(a,b— 1))  (Za,b1 = b — a4)
(~, = max(d, b — d4))
(Zs, c1 = max(c,b — n4))
( ) )v (j27b1)v (j-3701)r ( ) )
@ Updating with 3'® equation (Z3 = ¢35y + P35y + V37, + 3317,)
(71,00 =max(a1,c1 —7y3))  (Is,c2 =1 — az)
(Zaydo = max(di,c1 — d3))
( ) )' (j27bl)v (j-3vc2)' ( ) )
@ Updating with 2™ equation (HODE(7,) = @2 7; + 8275 4 727, )
(71, a5 = max(az, d2 — 72)) ( » A3 = — a2)
(Z1,05), (Zoyb1), (T3, e2), (L1, ds)
© Updating with 1% equation (HopE(7,) = <217, + f1.75)
0 ( ) = - al)
( ) )' (i27b1)v (j3702)r ( ) )
The correction for J; is:
max(au, b1, ca,ds)
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Local extraction of the e —orders
Global tion and trees

Computing the € —orders for the whole system

Building trees in different schemes

» This generalizes very easily if there are derivatives of the Mls/Bls, e.g. if the
second equation of the example was

- . <)
HODE(7)) = €*2 1 + €2 Jo + €21, + €72
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Local extraction of the e —orders
Global tion and trees

Computing the € —orders for the whole system

Building trees in different schemes

» This generalizes very easily if there are derivatives of the Mls/Bls, e.g. if the
second equation of the example was

- . <)
HODE(7)) = €*2 1 + €2 Jo + €21, + €72

Then at step 3 the correction would be

( ) = max( ) - 72, - 751))
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Local extraction of the e —orders

" . al correction and trees
Computing the € —orders for the whole system .
© 7 g trees in different schemes

» Let us use this recursive algorithm with the toy example 1 as a sanity check:

HODE(7,) = —2¢%(1 — 23T + 77’
614 19

_ £ € 51 919
=gt 37T

Initialization: (/1,a), (7-,0)
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Local extraction of the e —orders
Global tion and trees

Computing the € —orders for the whole system

Building trees in different schemes

» Let us use this recursive algorithm with the toy example 1 as a sanity check:

HODE(7,) = —2¢%(1 — 23T + 77’
614 19

_ £ € 51 919
=gt 37T

Initialization: (/1,a), (7-,0)

@ Updating with 274 equation:
( ’ = max( » U 14))

Nikolai Fadeev



Local extraction of the e —orders
Global correction and trees

Computing the € —orders for the whole system

Building trees in different schemes

» Let us use this recursive algorithm with the toy example 1 as a sanity check:

HODE(7,) = —2¢%(1 — 23T + 77’
614 19

_ £ € 51 919
=gt 37T

Initialization: (/1,a), (7-,0)

@ Updating with 274 equation:
( ’ = max( U 14)) ( ’ =v= 19)
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Local extraction of the e —orders
Global correction and trees

Computing the € —orders for the whole system

Building trees in different schemes

» Let us use this recursive algorithm with the toy example 1 as a sanity check:

HODE(7,) = —2¢%(1 — 23T + 77’
614 19

_ £ € 51 919
=gt 37T

Initialization: (/.,a), (Z2,0)
@ Updating with 274 equation:
( ’ = max( U 14)) ( ’ =v= 19)
@ Updating with 15 equation:
0
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Building trees in different schemes

» Let us use this recursive algorithm with the toy example 1 as a sanity check:

HODE(7,) = —2¢%(1 — 23T + 77’
614 19

_ £ € 51 919
=gt 37T

Initialization: (/.,a), (Z2,0)
@ Updating with 274 equation:
( ’ = max( » U 14)) ( ) =0-= 19)
@ Updating with 15 equation:
@ ( ) = - 8)
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» Let us use this recursive algorithm with the toy example 1 as a sanity check:

HODE(7,) = —2¢%(1 — 23T + 77’
614 19

__€¢ € 51 919
=gt 37T

Initialization: (/1,a), (7-,0)

@ Updating with 274 equation:

(Z1,01 = max(a,b —14))  (Z2,b1 =b —19)
@ Updating with 15 equation:
0 ( ’ = - 8)
J : max(as,b1) = max(max(a,b — 14) — 8,h —19) v
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» Let us use this recursive algorithm with the toy example 1 as a sanity check:

HODE(7,) = —2¢%(1 — 23T + 77’
614 19

_ £ € 51 919
=gt 37T

Initialization: (/1,a), (7-,0)

@ Updating with 274 equation:

(Z1,01 = max(a,b —14))  (Z2,b1 =b —19)
@ Updating with 15 equation:
0 ( ’ = - 8)
J : max(as,b1) = max(max(a,b — 14) — 8,h —19) v

Mathematica: A subfunction in our package does this computation and returns a
symbolic "function-rule” that we need for the next step. In our example, the rule
would look like:

{{Z1,a_},{Z2,b_}} — {{{Z1, max(a,b — 14)}, {Z3,b}}, {{{T, max [max(a,b — 14) — 8,b — 19]}} }}
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Now that we have the local correction rules, we are almost done:

@ We identify what we call the root Mls (RMls), i.e. the Mls that do not
appear as IBls in any equation, since these won't get any retro-correction and
define in a sense the "root” of the correction trees
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Now that we have the local correction rules, we are almost done:

@ We identify what we call the root Mls (RMls), i.e. the Mls that do not
appear as IBls in any equation, since these won't get any retro-correction and
define in a sense the "root” of the correction trees

@ We apply the aforementioned correction rules recursively on the RMls, which
gives rise to a tree where the roots are the RMls, the nodes are the IBls and
the treetops are the FBls
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g trees in different schemes

Now that we have the local correction rules, we are almost done:

@ We identify what we call the root Mls (RMls), i.e. the Mls that do not
appear as IBls in any equation, since these won't get any retro-correction and
define in a sense the "root” of the correction trees

@ We apply the aforementioned correction rules recursively on the RMls, which
gives rise to a tree where the roots are the RMls, the nodes are the IBls and
the treetops are the FBls

Note: It is clear that this procedure terminates as each step will either:
> Add a new variable (Ml or Bl) — there is only a finite number of them
» Nothing happens, but that means the algorithm is finished
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Example:

> We have an initial system of order n = 5, i.e. the Mls are Z;(z, ),
1€ {1,...,5}, and there is one FBI J

» Suppose the system splits into three irreducible subsystems:

Mils (Full) Dependence

Iy 11,72,13,14,T5; T
1s,13 12,13,74,T5; T
I4,I5 I4,I5§j
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Example:

> We have an initial system of order n = 5, i.e. the Mls are Z;(z, ),
1€ {1,...,5}, and there is one FBI J

» Suppose the system splits into three irreducible subsystems:

Mils (Full) Dependence

Iy 11,72,13,14,T5; T
1s,13 12,13,74,T5; T
I4,I5 I4,I5§j

> We have only one RMI in this case: Z;
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» We suppose that after the computation of the local e—order corrections, we
obtain the following rules:

{{Z1,a1}} — {({{Z0, O3} {2, B} AT, BV, AT, BV Y AT, B3, AT A1 1
{2, a2}, {Ts, as}} — {{Z2, 05}, {5, 503}, ({0, BV ), ATs, B2 Y, AT AP 11
{{Zs,as}, {Zs, a5}y — {{{Zs, 087} {Zs5, a3} {H{T AP 1)

Where the agj), ,BZ.(j)m(j) are functions of the a;
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h (1)
1
él) (1) .
1
o 2l Y
j-2 j—3 | | j—4 f5 j
(2)
v 3)
oy %
8
I, Ts J J
7(3)
J

Note: The corrections are applied in a recursive way, i.e. following a branch we
need to compose the ai”/,@f])/v(j) functions from the outermost node all the way
down to the root.
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Note: The corrections are applied in a recursive way, i.e. following a branch we
need to compose the ai”/,@f])/v(j) functions from the outermost node all the way
down to the root. Example:

Vo8 0 8y (@)

Nikolai Fadeev 41/48 = =



Local extraction of the € —orders
Global correction and trees
Building trees in different schemes

Computing the € —orders for the whole system

» We collect in this way all the corrections at the end of the branches, and we
get the following list:
Yo B 0BV, 4@ 0V 0B, AP opl, 4D oph 4M
Leorr - 7(3) o ﬁém o Bél), 7(3) o ﬁf) o ﬁ§1)7
7@ 0B, 7@ o B,

» Since we have to satisfy all of these corrections, i.e. 7 will effectively get at
some step of the computations e coefficients to the power of each element of
this list, we simply return max(Lcor) as the e—order correction for [
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» We collect in this way all the corrections at the end of the branches, and we
get the following list:

Yo o pM 4@ oMo, 4P ogl 4o 4D
Leor : 7(3) o ﬁéz) o Bél), 7(3) o ﬁéQ) o ﬁ§1)7
7@ o B, 7@ o B,

» Since we have to satisfy all of these corrections, i.e. 7 will effectively get at
some step of the computations e coefficients to the power of each element of
this list, we simply return max(Lcor) as the e—order correction for [

> |t suffices to replace now all the symbolic orders by the actual orders given as
input by the user in order to get the corrections for the Bls
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Notes:

» In the case of several sets of RMIs, i.e. several trees, we would have to return
the maximum maximorum of all the lists L; corr, i.e. max(max(L;,corr))
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Notes:

» In the case of several sets of RMIs, i.e. several trees, we would have to return
the maximum maximorum of all the lists L; corr, i.e. max(max(L;,corr))

» Actually, it might happen that some subsystem contains an incomplete set of
IBls, i.e. only some of the Mls that make up the main variables of another
subsystem. In this case, we simply compute "reduced” rules by replacing the
missing variables symbolic a;’ by their real values, given as input by the user.

Example: Supposing that Ts is missing for the IBI, we compute the following
reduced rule:

{2, a0} {5,053} = {{{Z0, 07} (T, 0"} LT 1)
¢
{Za,a0}} = {{{Z0, 0} {Zs, 08”1 AT Y

input
5—ag

Nikolai Fadeev 43/48 = =



Computing the € —orders for the whole system

Remark: Since we computed the local symbolic rule in the GauB and Ziircher
schemes, there are actually different trees that we can build:
» Purely GauB: We apply recursively the local GauB rules to the RMls to build
the tree
» Purely Ziircher: We apply recursively the local Ziircher rules to the RMIs to
build the tree

» Combined Ziircher and GauB: We apply recursively the local combined rules to
the RMIs to build the tree
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Remark: Since we computed the local symbolic rule in the GauB and Ziircher
schemes, there are actually different trees that we can build:
» Purely GauB: We apply recursively the local GauB rules to the RMls to build
the tree
» Purely Ziircher: We apply recursively the local Ziircher rules to the RMIs to
build the tree

» Combined Ziircher and GauB: We apply recursively the local combined rules to
the RMIs to build the tree

> Mixed scheme: Given the list of Ziircher rules Ly = (rZ,r%,--- ,rZ) and that
of GauB Lg — (r&, 7S, -+ ,rS), we intertwine them in all the possible ways,
ie.:
z Z z G z z z G z G G G
(711 s T2y 77111)’(711 yT2 arn)a(rl s T2y arn)a"' a(rl s T2y arn)

Then we construct a tree for each of these intertwined lists, replace the symbolic
orders by the real ones and select the best tree (the lowest average correction)
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Examples of system computations results:

(n; subsystems,Bl) | Bl orders (Carsten) | BI orders (NF)
(3;1;4) (1,0,0,1) (1,0,0,1)
(48;19;7) (5,2,4,1,1,4,0) | (3,2,3,1,1,3,0)
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Examples of system computations results:

(n; subsystems,Bl) | Bl orders (Carsten) | BI orders (NF)
(3;1;4) (1,0,0,1) (1,0,0,1)
(48;19;7) (5,2,4,1,1,4,0) | (3,2,3,1,1,3,0)

» Main application: faster solving and speed up for the large momentum method

To do:
» Intensive testing of the algorithm to debug the problems and make sure that
it's really giving the optimal solution!
> Speed up some (resilient) parts of the algorithm: uncoupling, converting
OreSys output into a usable form,...
» In relation with the previous point, use parallelization to make computations
faster
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Examples of system computations results:

(n; subsystems,Bl) | Bl orders (Carsten) | BI orders (NF)
(3;1;4) (1,0,0,1) (1,0,0,1)
(48;19;7) (5,2,4,1,1,4,0) | (3,2,3,1,1,3,0)

» Main application: faster solving and speed up for the large momentum method

To do:
» Intensive testing of the algorithm to debug the problems and make sure that
it's really giving the optimal solution!
> Speed up some (resilient) parts of the algorithm: uncoupling, converting
OreSys output into a usable form,...
» In relation with the previous point, use parallelization to make computations
faster

Thank you!
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