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Virtual Corrections to ZH Production via Gluon Fusion



Motivation & Background 

Higgs precision, why corrections to  are interesting 

Setup of Calculation 

Tensor decomposition/ handling  / integral reduction 

Numerical calculation of multi-loop Feynman integrals  
Sector decomposition  

Evaluating amplitudes with pySecDec (new release coming soon) 

Results & Comparisons
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Higgs Couplings

Incredible progress has been made in establishing properties of the Higgs Boson
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Higgs Production & Decay
ATLAS-CONF-2020-027
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Figure 18: Charged MSSM Higgs branching ratios as functions of the charged Higgs mass within the
mmod+

h scenario [137] for two values of tgβ obtained by a combination of FeynHiggs [121] and Hdecay

[54]. From Ref. [66].
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Figure 19: Diagrams contributing to gg → H at lowest order.

masses. Gluon radiation leads to two-parton final states with invariant energy ŝ ≥ M2
H in the gg, gq

and qq channels at NLO. In general the hadronic cross section can be split into seven parts [68, 108,
70, 139, 140],

σ(pp → H +X) = σ0

[
1 + C

αs

π

]
τH

dLgg

dτH
+∆σgg +∆σgq +∆σqq̄ +∆σqq +∆σqq′ (162)

where the finite parts of virtual corrections C and the real corrections ∆σgg, ∆σgq and ∆σqq̄ (same-
flavour quark-antiquark initial states) start to contribute at NLO, while ∆σqq (same-flavour quark-quark
and antiquark-antiquark initial states) and ∆σqq′ (different-flavour quark and antiquark initial states)
appear for the first time at NNLO. The renormalization scale µR of αs and the factorization scale µF

of the parton densities are fixed properly, in general at µR = µF = MH/2. The quark-loop mass has
been identified with the pole mass MQ, while the QCD coupling αs and the parton density functions
are defined in the MS scheme with five active flavours.

We define the NLO K factor as the ratio

KNLO =
σNLO

σLO
(163)
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3.2 Vector-boson fusion: qq → qqV ∗V ∗ → qqH

3.2.1 Standard Model

H

q

q

W,Z

W,Z

Figure 24: Diagram contributing to qq → qqV ∗V ∗ → qqH at lowest order.

At the LHC the second important Higgs production channel is the vector-boson-fusion (VBF) mech-
anism (see Fig. 24) [17, 170]. For intermediate Higgs masses the vector-boson-fusion cross section is
about one order of magnitude smaller than the gluon-fusion one. The cross section can be approx-
imated by the t-channel diagrams of the type shown in Fig. 24 within ∼ 1% accuracy, i.e. without
any colour-cross talk between the quark lines, while interference effects for identical quark flavours and
s-channel contributions are at the per-cent level after subtracting the corresponding Higgs-strahlung
component from the s-channel contributions [171]. Within the structure-function approach the leading
order partonic vector-boson-fusion cross section [17] can be cast into the form (V = W,Z):
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(175)

where dPS3 denotes the three-particle phase space of the final-state particles, MP the proton mass, P1,2

the proton momenta and q1,2 the momenta of the virtual vector bosons V ∗. The functions Fi(x, µ2
F ) (i =

1, 2, 3) are the usual structure functions from deep-inelastic scattering processes at the factorization scale
µF :

F1(x, µ
2
F ) =

∑

q

(v2q + a2q)[q(x, µ
2
F ) + q̄(x, µ2

F )]

F2(x, µ
2
F ) = 2x

∑

q

(v2q + a2q)[q(x, µ
2
F ) + q̄(x, µ2

F )]

52

h,Hq̄

q

W,Z

W,Z

Figure 30: Diagram contributing to qq̄ → V ∗ → h/H + V at lowest order.
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Figure 31: Typical diagrams contributing to qq̄/gg → tt̄H at lowest order.

threshold effects are strongly diminished. The main parts of the QCD corrections originate from regions
significantly above the production threshold and can be approximated by a fragmentation approach
involving first producing a tt̄ pair supplemented by the t → tH fragmentation in the high-energy
limit [191, 194]. Although this provides a bad approximation for the magnitude of the cross section
itself it leads to a reasonable estimate of the relative QCD corrections [191]. The full NLO results have
recently been implemented in the Powheg box [195], matched to Sherpa [196] and generated within the
Mg5 amc@nlo framework [193] thus offering NLO event generators matched to parton showers. The
NLO result has recently been improved by a soft and collinear gluon resummation based on the SCET
approach starting from the boosted final-state particle triplet11 [198] leading to a further increase of the
cross section by 5-10%. The residual scale dependence is reduced to the level of 5− 10%. Recently the
electroweak corrections have been calculated for tt̄H production [199]. They range a the per-cent level
and are thus small. Moreover, off-shell top-quark effects have been determined at NLO in QCD [200]
with leptonic top-quark decays and turn out to be small for the inclusive tt̄H cross section. However,
they play a role in certain regions of phase space and are thus of relevance for distributions.

bb̄H production. Higgs bremsstrahlung off bottom quarks does not play a significant role for the
SM Higgs boson, but yields an important constraint on the bottom Yukawa coupling. Its total cross
section is of similar size as the tt̄H production cross section. The results of tt̄H production can be
taken over for bb̄H production. However, they have to be transformed to the four-flavour-scheme (4FS)
in order to avoid artificial large logarithms initiated by the bottom mass in the combination of the
virtual and real corrections at NLO. In this way finite bottom-mass effects can be taken into account
consistently. The NLO QCD corrections are positive and large. There is a decrease by about 10% due

11The recent alternative approach using conventional threshold resummation techniques does not yield a sizeable con-
tribution beyond NLO [197] due to the strong threshold suppression.
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section is of similar size as the tt̄H production cross section. The results of tt̄H production can be
taken over for bb̄H production. However, they have to be transformed to the four-flavour-scheme (4FS)
in order to avoid artificial large logarithms initiated by the bottom mass in the combination of the
virtual and real corrections at NLO. In this way finite bottom-mass effects can be taken into account
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Crucial to have accurate theory 
predictions for comparison to data
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Higher Order Computations

PDFs/ Input parameters Hard Scattering 
Matrix Element

d� =

Z
dxadxbf(xa)f(xb)d�̂ab(xa, xb)FJ +O ((⇤/Q)m)

<latexit sha1_base64="ABC189kDu7fZoYbXpXuPsmQC62s="></latexit><latexit sha1_base64="ABC189kDu7fZoYbXpXuPsmQC62s="></latexit><latexit sha1_base64="ABC189kDu7fZoYbXpXuPsmQC62s="></latexit><latexit sha1_base64="ABC189kDu7fZoYbXpXuPsmQC62s="></latexit>

Non-perturbative 
effects ~ few %

↵s ⇠ 0.1
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Typically: NLO ~ 10% correction, NNLO ~ 1% correction
With

However, there are important exceptions: 
•Higgs Boson production (NLO ~100%, NNLO ~10%, N3LO ~ 2%) 
•New partonic channels can open (e.g.  ) 

•Distributions can be modified substantially (even if        is stable)

gg → ZH
and

�tot
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QCD Factorisation Formula
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Overview of pp → ZH

HAWK (NLO QCD + NLO EW)
Denner, Dittmaier, Kallweit, Mück 14

vh@nnlo (NNLO QCD + NLO EW)
Harlander, Klappert, Liebler, Simon 18;  
Brein, Harlander, Zirke 12

Drell-Yan piece ( )NNLO
Brein, Djouadi, Harlander 03; 
Ferrera, Grazzini, Tramontano 14;  
See also: Kumara, Mandal, Ravindran 14

Available in various codes:

GENEVA (NNLL′+NNLO with PS)
Alioli, Broggio, Kallweit, Lim, Rottoli 19

(a) (b)
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pp ! ZH, MCFM 8.0.1

gg ! ZH, vh@nnlo

bb̄ ! ZH, vh@nnlo

(c) (d)

Figure 3: Example of transverse momentum distributions in (a) and (b) and invariant mass
distributions in (c) and (d) for VH production in the SM at the LHC with

p
s = 13 TeV and

MH = 125 GeV; (a,c) Comparison of W
+
H (green), W

�
H (blue) and ZH production (red)

created with MCFM 8.0.1; (b,d) Comparison of full ZH (red), gluon-induced (magenta)
and bottom-induced ZH (cyan) production. All results are obtained at O(↵2

s), apart from
bb̄ ! ZH which is calculated at LO.

14

𝒪(α2
s ): DY, GF

LO: bb̄

Harlander, 
Klappert, 
Liebler, 
Simon 18

Gluon-fusion piece   piece ( )bb̄ NNLO

H

G0

Z
Z Z

H H

Ahmed, Ajjath, Chen, Dhani, 
Mukherjee, Ravindran 19 

+  piece with closed top loops (1-3%)qq̄

b

b̄

MCFM (NNLO QCD)
Campbell, Ellis, Williams 16
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Philipp Windischhofer

3− 2− 1− 0 1 2 3 4

VV JET flav. comp. uncert.

 shapeV
T

Z+jets p

 shape
bb

Z+jets m

Z+HF normalization (2-jet)

JES modelling 1

qqVH
1ΔQCD Scale 

Z+HF CR(Low)-SR extrapolation

qqVH
75ΔQCD Scale 

Z+HF normalization (3-jet)

 shapebbDiboson m

Z+HF CR(High)-SR extrapolation

ggZH
yΔQCD Scale 

ggZH
75ΔQCD Scale 

ggZH
1ΔQCD Scale 

b-jet tagging efficiency 0

0.1− 0.05− 0 0.05 0.1
µΔ

2− 1.5− 1− 0.5− 0 0.5 1 1.5 2

θΔ)/0θ - θPull: (
Normalisation

µ Postfit Impact on σ+1
µ Postfit Impact on σ-1

ATLAS  = 13 TeVs
-1139 fb

=125 GeVHm

Signal modelling: ggZH

!13

Signal

Cross-section (scale) 0.7% (qq), 25% (gg)

H ! bb̄ branching fraction 1.7%

Scale variations in STXS bins 3.0%–3.9% (qq ! WH), 6.7%–12% (qq ! ZH), 37%–100% (gg ! ZH)

PS/UE variations in STXS bins 1%–5% for qq ! V H, 5%–20% for gg ! ZH

PDF+↵S variations in STXS bins 1.8%–2.2% (qq ! WH), 1.4%–1.7% (qq ! ZH), 2.9%–3.3% (gg ! ZH)

mbb from scale variations M+S (qq ! V H, gg ! ZH)

mbb from PS/UE variations M+S

mbb from PDF+↵S variations M+S

p
V
T from NLO EW correction M+S

ggZH accounts only for ~10%  
of inclusive ZH cross section

ATLAS and CMS use ggZH@LO(QCD) from POWHEG  

Uncertainties still very important! ATLAS ZH

No full NLO calculation available

for the foreseeable future (?)


How to improve?

[2007.02873]

[2007.02873]

→          Large scale uncertainties
[inclusive calculation: NLO + NLL (QCD)]

Why Calculate ?gg → ZH

Philipp Windischhofer / ATLAS (LHCXSWG Meeting 9/11/2020)

The practical reason …

Table 8: Summary of the systematic uncertainties in the signal modelling. ‘PS/UE’ indicates parton shower/underlying
event. An ‘M+S’ symbol is used when a shape uncertainty includes a migration e�ect that allows relative acceptance
changes between regions. Instances where an uncertainty is considered independently in di�erent regions are detailed
in parenthesis. Where the size of an acceptance systematic uncertainty varies between regions, a range is displayed.

Signal

Cross-section (scale) 0.7% (@@), 25% (66)
� ! 11̄ branching fraction 1.7%
Scale variations in STXS bins 3.0%–3.9% (@@ ! ,�), 6.7%–12% (@@ ! /�), 37%–100% (66 ! /�)
PS/UE variations in STXS bins 1%–5% for @@ ! +�, 5%–20% for 66 ! /�

PDF+US variations in STXS bins 1.8%–2.2% (@@ ! ,�), 1.4%–1.7% (@@ ! /�), 2.9%–3.3% (66 ! /�)
<11 from scale variations M+S (@@ ! +�, 66 ! /�)
<11 from PS/UE variations M+S
<11 from PDF+US variations M+S
?
+

T from NLO EW correction M+S

parameters (NP), ). Most of the uncertainties discussed in Section 7 are constrained with Gaussian or
log-normal probability density functions. The normalisations of the largest backgrounds, CC̄, , + HF
and / + HF, can be reliably determined by the fit, so they are left unconstrained in the likelihood. The
uncertainties due to the limited number of events in the simulated samples used for the background
predictions are included using the Beeston–Barlow technique [120]. As detailed in Ref. [121], systematic
variations that are subject to large statistical fluctuations are smoothed, and systematic uncertainties that
have a negligible impact on the final results are pruned away region-by-region (treating signal and control
regions separately).

The global likelihood fit comprises 14 signal regions, defined as the 2- and 3-jet categories in the two
high-?+T (150 < ?

+

T < 250 GeV and ?
+

T > 250 GeV) regions for the three channels, and in the medium-?+T
region (75 < ?

+

T < 150 GeV) for the 2-lepton channel. The 28 control regions are also input as event
yields in all fit configurations.

Three di�erent versions of the analysis are studied, which di�er in the distributions input to the fit.

• The nominal analysis, referred to as the multivariate analysis, uses the BDT+ � multivariate
discriminant output distributions as the inputs to the fit. Three di�erent POI configurations are
studied. Firstly, a single-POI fit measures `

11

+ �
, the signal strength that multiplies the SM Higgs

boson +� production cross-section times the branching fraction into 11̄. Secondly, a two-POI fit is
undertaken, which jointly measures the signal strengths of the ,� and /� components. Finally, a
five-POI fit version measures the signal cross-section multiplied by the � ! 11̄ and + ! leptons
branching fractions in the five STXS regions (see Table 4).

• The dÚet-mass cross-check analysis uses the <11 distributions, instead of the BDT+ � distributions,
as inputs to a single-POI fit to measure `

11

+ �
.

• The diboson validation analysis, a measurement of the signal strength of the ,/ and // processes,
uses the BDT+ / output distributions. The SM Higgs boson is included as a background process
normalised to the predicted SM cross-section with an uncertainty of 50%, which conservatively
encompasses the previous measurement and uncertainty [33]. Two POI configurations are evaluated,

22

~10% of total cross section 

~100% scale uncertainty 
(and underestimated?)

ATLAS 2007.02873
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Why Calculate ? (II)gg → ZH
And another reason…

Provides new and interesting challenges: 
Amplitude depends on large number of scales  
Feynman Integrals appearing are non-trivial (internal masses, elliptic…) 

Can test our techniques to breaking point then develop new approaches! 
Can we find a basis of integrals with simple coefficients? 
How can we obtain a reduction to a finite basis (many dots/numerators)? 
Can we improve numerical performance near thresholds? …

s, t, m2
Z, m2

H, m2
T
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 in Gluon FusionZH

Full leading order  (loop induced)
Dicus, Kao 88; Kniehl 90

NLO in the limit of    (            ) 
(asymptotic expansion)

mt → ∞

Altenkamp, Dittmaier, Harlander, H. Rzehak, Zirke 12

Expansion around large top quark mass

Hasselhuhn, Luthe, Steinhauser 17
(  ) + Padé approx1/m8

t

Expansion around small top quark mass

Davies, Mishima, Steinhauser  20

H

G0

Z
Z Z

H HK ≈ 2

(  &  ) + Padé approx1/m10
t m32

t

Virtual Corrections:

Full numerical result
Chen, Heinrich, SPJ, Kerner, Klappert, Schlenk 20

Expansion around small  up to pT p4
T

Alasfar, Degrassi, Giardino, Gröber, Vitti 21



Setup & Amplitudes



Schematically: 

Amplitudes

+
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+ . . .
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Rational functions 
Large num. terms/ high degree 
Handled with specialist symbolic 
manipulation programs

Feynman integrals 
Analytically: Involved special functions 
(Polylogs, Elliptic…) 

In this work, we will compute them 
numerically

ℳμνρ = ∑
i

AiT
μνρ
i , Ai = ∑

k

Ci,k Ik

11

ℳμνρ ∼
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Decomposition: gg → ZH

Cross checked with conventional form factor decomposition at LO 
and at NLO with expansions

Idea: construct projectors for linearly polarised amplitudes in c.o.m frame, directly 
compute polarised amplitudes Chen 19

Polarisation vectors can be expressed (up to normalisation factors  ) in terms of 
external momenta:

𝒩i

Davies, Mishima, Steinhauser 20

Projectors are just products of pol. vecs.
<latexit sha1_base64="+jyYgM9EiAE3iI11+AJz6atKz7Q="></latexit>
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Diagrams: gg → ZH

H

G0

Z
Z Z

H H

Leading Order (1-loop) Diagrams

Box Triangle Goldstone

NLO (2-loop) Virtual Diagrams

t t, b t

Box
Triangle & 
Goldstone

1PR 
(start at 2-loop)

We compute in Feynman Gauge 

Keep the dependence on all EW 
couplings symbolic (can be varied)  

Set  mb = 0
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Dimensional Regularisation &  γ5

𝒱Vff̄
μ = i

e
2 sin θW cos θW

γμ (vt + atγ5)

Z-Fermion Vertex 
Contains vector  and axial-vector :∼ vt γμ ∼ atγμγ5

We use dimensional regularisation ( ) to regulate divergences appearing 
in loop integrals, however, one can’t retain all properties of  in  dimensions

d = 4 − 2ϵ
γ5 d ≠ 4

h,Hq̄

q

W,Z

W,Z

Figure 30: Diagram contributing to qq̄ → V ∗ → h/H + V at lowest order.

H

q

q̄

g

t

t̄

H

g

g

t

t̄

Figure 31: Typical diagrams contributing to qq̄/gg → tt̄H at lowest order.

threshold effects are strongly diminished. The main parts of the QCD corrections originate from regions
significantly above the production threshold and can be approximated by a fragmentation approach
involving first producing a tt̄ pair supplemented by the t → tH fragmentation in the high-energy
limit [191, 194]. Although this provides a bad approximation for the magnitude of the cross section
itself it leads to a reasonable estimate of the relative QCD corrections [191]. The full NLO results have
recently been implemented in the Powheg box [195], matched to Sherpa [196] and generated within the
Mg5 amc@nlo framework [193] thus offering NLO event generators matched to parton showers. The
NLO result has recently been improved by a soft and collinear gluon resummation based on the SCET
approach starting from the boosted final-state particle triplet11 [198] leading to a further increase of the
cross section by 5-10%. The residual scale dependence is reduced to the level of 5− 10%. Recently the
electroweak corrections have been calculated for tt̄H production [199]. They range a the per-cent level
and are thus small. Moreover, off-shell top-quark effects have been determined at NLO in QCD [200]
with leptonic top-quark decays and turn out to be small for the inclusive tt̄H cross section. However,
they play a role in certain regions of phase space and are thus of relevance for distributions.

bb̄H production. Higgs bremsstrahlung off bottom quarks does not play a significant role for the
SM Higgs boson, but yields an important constraint on the bottom Yukawa coupling. Its total cross
section is of similar size as the tt̄H production cross section. The results of tt̄H production can be
taken over for bb̄H production. However, they have to be transformed to the four-flavour-scheme (4FS)
in order to avoid artificial large logarithms initiated by the bottom mass in the combination of the
virtual and real corrections at NLO. In this way finite bottom-mass effects can be taken into account
consistently. The NLO QCD corrections are positive and large. There is a decrease by about 10% due

11The recent alternative approach using conventional threshold resummation techniques does not yield a sizeable con-
tribution beyond NLO [197] due to the strong threshold suppression.

58

Z

Larin Scheme (ZH, ZZ) 
Sacrifice anti-commuting property of  

Fix Ward identities/ABJ anomaly:

γ5

Alternative schemes exist e.g: 
Kreimer Scheme (ZZ) 
Retain , but, sacrifice 
cyclicity of traces involving   

Define `reading point’ and 
carefully manipulate all traces

{γ5, γμ} = 0
γ5

J5
μ = Z5,ns J5

μ,B = Z5,ns [ i
3!

ϵμνρσψ̄γνγργσψ̄]
P5 = Z5,p P5

B = Z5,p [ i
4!

ϵμνρσψ̄γμγνγργσψ̄]
Z5,ns = 1 + αs(−4CF) + …
Z5,p = 1 + αs(−8CF) + …

Larin, Vermaseren 91; Larin 93 

Kreimer 90; Korner, Kreimer, Schilcher 92



Dealing with the Integrals
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Feynman Integrals

Baikov 96

<latexit sha1_base64="CX/ndwtkijuWn6gvZjGdNCQufYw="></latexit>

I =

Z
ddk1 . . . d

dkl
1

QN
i=1 (q

2
i �m2

i )
⌫
i

<latexit sha1_base64="6nERv8g+9rBt6g5OI2Q5ySKAzLo="></latexit>

I ⇠
Z

dz1...dzN
1

QN
i=1 z⌫i

i

P
d�L�E�1

2

Baikov Representation

Feynman Parametrisation
<latexit sha1_base64="ERj5um/RXpbe7HctxgGk2ocFKBQ="></latexit>

I ⇠
Z 1

0

NY

j=1

dxj x⌫1�1
j . . . x⌫N�1

j �(1�
NX

i=1

xi)
UN⌫�(L+1)d/2

FN⌫�Ld/2

Lee-Pomeransky Representation

Lee, Pomeransky 13

…

Feynman integrals have many faces, each make different properties manifest… 
Switching the representation of our integrals allows us to understand/simplify/
complete the calculation

<latexit sha1_base64="6M6nno+qIjLw7nNI1ZISw/Ze+is="></latexit>

I ⇠
Z 1

0

NY

j=1

dxj x⌫1�1
j . . . x⌫N�1

j G�D/2

G = U + F

…

…
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Example:

Produce linear relations between integrals Tkachov 81; Chetyrkin 81

Can perform e.g. Gaussian elimination on system of equations 
Relate integrals to a smaller set of Master integrals

D1 = p2

D2 = (p+ k1)
2

D3 = (p+ k1 + k2)
2

sI102 + (d� 3)I101 = 0

sI201 + (d� 3)I101 = 0

k21 = k22 = 0, k23 = s

) I111 =
�2(d� 3)

s(d� 4)
I101

I↵1↵2↵3 =

Z
ddp

i⇡d/2

1

D↵1
1 D↵2

2 D↵3
3 (d� 4)I111 � I102 � I201 = 0

IBP Identities:

Reduction (IBPs)

Integration by parts Identities: loop/external momentum
<latexit sha1_base64="9T9rvVXAv4ZoEjRkU2EZQWvyvDc="></latexit>Z

ddk1 · · · ddkl
@

@kµi
[vµI(k1, . . . , kl; p1, . . . , pm)] = 0



We have freedom regarding which integrals we choose as a basis (Master Integrals) 

The choice impacts: 

1) Complexity of the coefficients in the amplitude 
2) Difficulty of computing the integrals 

Always possible to pick a basis of finite integrals using: 

• Dimension Shifts 
• Dots 
• Numerator Insertions (optional, used for ) 

The finite basis greatly improves numerical performance 

In fact, the integral basis choice can make the difference between the problem 
being possible/impossible (see reason 1 or reason 2 above)

gg → ZZ

18

Finite Integrals

Panzer 14; von Manteuffel, Panzer, Schabinger 15

Tarasov 96; Lee 10
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Master Integral Basis ( )gg → ZH
To select our master integrals, we took the following pragmatic approach: 
1) Consider quasi-finite integrals (prefer finite integrals) 

                         

2) Choose a basis in which the -dependence of denominators factorises from 
the kinematic dependence (in practice we achieve this by brute force 
neglecting subsectors, public tools are available                                               ) 

                                         

3) Prefer simple denominator factors 
4) Prefer computing fewer orders in epsilon for each master (found a basis in 

which all 7-propagator integrals start contributing only at ) 
5) Prefer simpler numerators (check number of terms/file size) 

Steps 2-5 reduced the size of amplitude by factor of 5 
Largest coefficient (double-tadpole) 150 MB  5 MB 

I =
I−2

ϵ2
+

I−1

ϵ
+ I0 + … → I′ � = I′ �0 + …

d

N(s, t, d)
D(s, t, d)

I + … →
N′�(s, t, d)

D′�1(d)D′�2(s, t)
I′� + …

ϵ−1

→

Smirnov, Smirnov 20; Usovitsch 20

See also: Matthias Kerner, Loops and Legs Proceedings 2018 
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!
+ fN+1 P = 0

20

Baikov Representation (used only for )gg → ZZ
General scalar integral can also be written as Baikov 96

IBPs become
<latexit sha1_base64="RS4WdU7dmVfnStQemXxrl7XGlvk="></latexit>

0 =

Z
dz1...dzN

NX

i=1

@

@zi

 
fi

1
QN

i=1 z⌫i
i

P
d�L�E�1

2

!

0 =

Z
dz1...dzN

NX

i=1

✓
@fi
@zi

+
d� L� E � 1

2P
fi

@P

@zi
� ⌫i

fi
zi

◆
1

QN
i=1 z⌫i

i

P
d�L�E�1

2

Dimension shift Dots (doubled propagators)
No dimension shifted integrals, few dots in amplitudes 
IBPs generate such integrals  (unnecessarily) huge linear system to solve→

Impose `Syzygy’ Constraints

<latexit sha1_base64="9Kp1pFIOGvf0ma8OQ+rkbvwxpug="></latexit>

fi ⇠ zi

Larsen, Zhang 15;  

Abreu, Febres Cordero, Ita, Page, 
Zeng 17; 

Boehm, Georgoudis, Larsen, 
Schoenemann, Zhang 17, 18; 

 No dimension shift→

 No doubled props.→

<latexit sha1_base64="Ay1c8Nd938OtKIR5W5k48IT5N70="></latexit>

I = N
Z

dz1...dzN
1

QN
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Reduction 

Even with these tools, still too difficult to obtain fully symbolic amplitudes 

Fix mass ratios ZZ:  and ZH: 
m2

z

m2
t

=
5
18

m2
z

m2
t

=
23
83

,
m2

H

m2
t

=
12
23

Need tools to actually solve these systems of equations…

ZZ Computation ZH Computation

FinRed 
+ Syzygy Solver

von Mantueffel (Private) Kira 2 + FireFly Maierhöfer, Usovitsch, Uwer 18;  
Klappert, Lange, P. Maierhöfer, 
Usovitsch 20; Klappert, Lange 
20; Klappert, Klein, Lange 20

Agarwal, von Mantueffel 

See e.g: von Mantueffel, Schabinger 14; Peraro 16

Master Integrals: 264 Master Integrals: 452

Both toolchains extensively rely on the use of finite fields
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Finite Integrals (example from )gg → ZZ
Finite         Order      Rel Err           Timing (s)ϵ

Linear combination 
(numerator insertion)

No
4 − 2ϵ

4 − 2ϵ

6 − 2ϵ

6 − 2ϵ

No

Yes

Yes

Yes
pySecDec + QMC 
Nvidia Tesla V100

2 ⋅ 10−30

0

1

1

1

4 ⋅ 10−2

8 ⋅ 10−6

8 ⋅ 10−4

1 ⋅ 10−4

45

63

60

55

18

Figures & Timings: Bakul Agarwal
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Computing Integrals Numerically

pySecDec - automated tool for numerically computing Feynman Integrals

Input:     or   I = ∫ ddk1 ⋯ ddkl
1

(k2
1 − m2)((k1 − k2)2 − m2)⋯

G =

Feynman Parametrise

𝒰 = x1x3 + x1x4 + x1x5 + …
ℱ = − p2x1x2x3 − p2x1x2x4 − …

p

q1 q2

q4 q3

q5

Figure 4: A two-loop two-point graph.

Figure 5: The set of spanning trees for the two-loop two-point graph of fig. 4.

Since we have to remove l edges from G to obtain a spanning tree and (l+ 1) edges to obtain
a spanning 2-forest, it follows that U and F are homogeneous in the Feynman parameters of
degree l and (l+ 1), respectively. From the fact, that an internal edge can be removed at most
once, it follows that U and F0 are linear in each Feynman parameter. Finally it is obvious from
eq. (27) that each monomial in the expanded form of U has coefficient +1.

Let us look at an example. Fig. 4 shows the graph of a two-loop two-point integral. We take
again all internal masses to be zero. The set of all spanning trees for this graph is shown in fig. 5.
There are eight spanning trees. Fig. 6 shows the set of spanning 2-forests for this graph. There
are ten spanning 2-forests. The last example in each row of fig. 6 does not contribute to the graph
polynomial F , since the momentum sum flowing through all cut lines is zero. Therefore we have
in this case s(T1,T2) = 0. In all other cases we have s(T1,T2) = p2. We arrive therefore at the graph
polynomials

U = (x1+ x4)(x2+ x3)+(x1+ x2+ x3+ x4)x5,

F = [(x1+ x2)(x3+ x4)x5+ x1x4(x2+ x3)+ x2x3(x1+ x4)]
(

−p2

µ2

)

. (32)

5 The matrix-tree theorem
In this section we introduce the Laplacian of a graph. The Laplacian is a matrix constructed
from the topology of the graph. The determinant of a minor of this matrix where the i-th row

11

Resolve Singularities (Sector Decomposition)

Code publicly available (GitHub), widely used and well tested

Borowka, Heinrich, Jahn, SPJ, Kerner, Langer, Magerya, Põldaru, Schlenk, Villa, Zirke

$ python generate_elliptic2L_euclidean.py
$ CXX=nvcc SECDEC_WITH_CUDA=sm_70 make -C elliptic2L_euclidean
$ time python integrate_elliptic2L_euclidean.py
+ (2.47074199140731560e-01 +/- 4.36075599805171355e-16) + O(eps)

real 0m2.576s

C++ library ready for numerical integration

Output:

https://github.com/gudrunhe/secdec
https://github.com/gudrunhe/secdec
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Use Quasi-Monte Carlo (QMC) integration             error scaling 

Implemented in CUDA, evaluated on GPUs

O(n�1)
Li, Wang, Yan, Zhao 15; Review: Dick, Kuo, Sloan 13;

compute once
integralcoeff.

Entire 2-loop amplitude evaluated with a single code

Dynamically set target precision for each sector, minimising time to 
obtain amplitude to requested precision:

T =
X

i

ti + �̄

 
�2 �

X

i

�2
i

!
, �i ⇠ t�e

i

�̄ � Lagrange multiplier

� � precision goal

�i � error estimate

Amplitude Evaluation
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New release (soon):  can evaluate entire amplitudes 
Let’s see how this works in a simple example 1-loop 4-photon amp.:

Amplitude Evaluation (II)

import pySecDec as psd

### Integral definitions ###

I = [

# one loop bubble (u)
psd.loop_integral.LoopIntegralFromGraph(
internal_lines = [[0,[1,2]],[0,[2,1]]],
external_lines = [['p1',1],['p2',2]],
replacement_rules = [('p1*p1', 'u'),('p2*p2', 'u'),('p1*p2', 'u')]),

# one loop bubble (t)
psd.loop_integral.LoopIntegralFromGraph(
internal_lines = [[0,[1,2]],[0,[2,1]]],
external_lines = [['p1',1],['p2',2]],
replacement_rules = [('p1*p1', 't'),('p2*p2', 't'),('p1*p2', 't')]),

# one loop box (in 6 dimensions)
psd.loop_integral.LoopIntegralFromGraph(
internal_lines = [['0',[1,2]],[0,[2,3]],[0,[3,4]],[0,[4,1]]],
external_lines = [['p1',1],['p2',2],['p3',3],['p4',4]],
replacement_rules = [

('p1*p1', 0), ('p2*p2', 0),
('p3*p3', 0), ('p4*p4', 0),
('p3*p2', 'u/2'), ('p1*p2', 't/2'),
('p1*p4', 'u/2'), ('p1*p3', '-u/2-t/2'),
('p2*p4', '-u/2-t/2'), ('p3*p4', 't/2')

],
dimensionality= '6-2*eps'
),

# one loop box (in 8 dimensions)
# ...

)

]

Step 1: Define Integrals Step 2: Define Coefficients

Usual pySecDec Syntax

Regulators Variables

Supports: 
Multiple regulators & variables 
Coeffs with poles in regulators 
Multiple amplitudes at once

from pySecDec.code_writer.sum_package import Coefficient

### Coefficients definitions ###

coeff = [
# M++--
[

# bubble (u) coefficient
Coefficient(['-8*(t-u)'],['-u-t'],['eps'],['t','u']),

# bubble (t) coefficient
Coefficient(['-8*(u-t)'],['-u-t'],['eps'],['t','u']),

# box6 coefficient
Coefficient(['-8*(t**2+u**2)'],['-u-t'],['eps'],['t','u']),

# box8 coefficient
Coefficient(['-8*3*(2*eps)'],['1'],['eps'],['t','u'])

]
]

Numerator Denominator
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Amplitude Evaluation (III)
Step 3: Generate Step 4: Integrate

#! /usr/bin/env python
from pySecDec.loop_integral import LoopPackage
from pySecDec.code_writer import sum_package

# import integrals and coefficients
import integrals
import coefficients

# 4-photon amplitude M++--

if __name__ == '__main__':

# define input to loop_package
package_generators = []
names = ['bubble_u', 'bubble_t', 'box_6', 'box_8']
for name, integral in zip(names, integrals.I):

package_generators.append(
LoopPackage(

name = name,
loop_integral = integral,
requested_orders = [0]
)

)

# generate code sum of (int * coeff)
sum_package(

'yyyy1L',
package_generators,
regulators = ['eps'],
requested_orders = [0],
real_parameters = ['t','u'],
coefficients = coefficients.coeff,
complex_parameters = []

)

List of 
requested 
integrals

Pass 
integrals & 
coefficients

import math
from pySecDec.integral_interface import IntegralLibrary

if __name__ == "__main__":

# load c++ library
amp = IntegralLibrary('yyyy1L/yyyy1L_pylink.so')

# choose Qmc integrator
amp.use_Qmc()

# integrate
_, _, result = amp([-1.3,-0.8]) # t, u

# print result
print('Numerical Result:', result)

Usual pySecDec Syntax

Step 5: Generate, Compile, Run, …, Profit!

Uses all GPUs/
CPUs on machine

$ python3 generate_yyyy1L.py
$ export CXX=nvcc
$ export SECDEC_WITH_CUDA_FLAGS="-gencode arch=compute_70,code=sm_70"
$ make -C yyyy1L -j 8
$ time python3 integrate_yyyy1L.py
> Numerical Result:
+ ((4.44089209850062616e-16,0.00000000000000000e+00)
+/- (2.30780196667706177e-16,0.00000000000000000e+00))*eps^-1

+ ((-2.84315958344628044e+01,-1.77910044838014154e-10)
+/- (4.25673251664533604e-09,2.41058630701162800e-09))

+ O(eps)

real 0m0.764s
user 0m2.884s
sys 0m0.188s

Timings on laptop CPU
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Amplitude Evaluation (IV)

A peak behind the curtain (enabled by setting verbose=True)
#
# Compute a first estimate of each integral (n: 50789 x 32 samples of integral)
# Note: each order of each sector is computed separately (and can be known to a different precision)
#
computing integrals to satisfy mineval 50000
integral 1/16: bubble_u_sector_1_order_0, time: 0.0 s  res: (0,0) +/- (0,0) -> (1,0) +/- (8.89904e-17,0), n: 0 -> 50789
integral 2/16: bubble_u_sector_1_order_1, time: 0.0 s  res: (0,0) +/- (0,0) -> (2.22314,0) +/- (1.9927e-15,0), n: 0 -> 50789
integral 3/16: bubble_t_sector_1_order_0, time: 0.0 s  res: (0,0) +/- (0,0) -> (1,0) +/- (9.00691e-17,0), n: 0 -> 50789
integral 4/16: bubble_t_sector_1_order_1, time: 0.0 s  res: (0,0) +/- (0,0) -> (1.73764,0) +/- (2.19938e-15,0), n: 0 -> 50789
...

#
# Estimate amplitude(s) using integral results
#
amplitude0 =  + ((0,0) +/- (2.41174e-16,0))*eps^-1 + ((-28.4316,-1.6741e-09) +/- (4.06609e-09,2.39249e-09)) + O(eps)

#
# Examine contribution of each integral to err. of amp. and estimate how many samples we need (n: known -> required)
# Note: not all sectors will be recomputed, different sectors will be computed to different precisions
#
sum: sum_eps^0, term: WINTEGRAL, integral 5: box_6_sector_1_order_0, current integral result: (0.478203,4.5158e-11) +/- 
(2.31205e-10,4.72335e-11), contribution to sum error: 2.0946e-09, increase n:  50789 -> 968960972
sum: sum_eps^0, term: WINTEGRAL, integral 15: box_8_sector_5_order_0, current integral result: (0.0173611,-5.39441e-13) +/- 
(3.16251e-12,1.29608e-12), contribution to sum error: 1.64054e-10, increase n: 50789 -> 193374172
…

#
# Iterate until we obtain the desired precision
# Note: reason for iteration is printed (long running/run away jobs can be debugged straightforwardly)
# 
run further refinements: true
computing integrals to satisfy error goals on sums: epsrel 1e-14, epsabs 1e-14
...



Results gg → ZH
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Finite Virtual Correction

46 gg ! hz at next-to-leading order

performed. It is connected to ↵
(6)
S with six flavors by the match-

ing relation [75]

↵
(5)
S (µ) = ↵

(6)
S (µ)

"

1-
↵
(6)
S (µ)

6⇡
ln

✓
µ2

M2
t

◆
+O

�
↵2
S

�
#

.

(4.27)

In addition this is necessary to be consistent with current PDF sets,
which use five active flavors.

4.3.2 Real Corrections

t

(a)

t

(b)

t

(c)

t, b

Z∗, G0

(d)

t, b

Z∗, G0

(e)

t, b

Z∗, G0

(f)

Figure 12: Real emission diagrams for gg ! HZ.

The real emission corrections to gg ! HZ are obtained by attaching
external gluon lines to the LO diagrams and calculating the absolute
square of the sum for each partonic subchannel. Figure 12 shows
exemplary diagrams, where it is understood that crossed diagrams
have to be considered as well.

Again we find that the diagrams where the Higgs is coupled di-
rectly to the quark loop (Figs. 12a to 12c) vanish in the limit Mt ! 1,
Mb ! 0. In contrast to the virtual corrections, the transverse polariza-
tion modes of the Z propagator do not vanish, so that bottom-quark
loops, which cannot be simplified by asymptotic expansion, have to
be evaluated in the diagrams of types 12d to 12f. The most compli-
cated ones are the box diagrams 12d. Furry’s theorem does not sim-
plify matters much because the color structure is not symmetric when
the orientation of the loop is changed. If a, b, and c denote the color
indices of the three gluons and ta representation matrices of SU(3),

<latexit sha1_base64="eZNxbgcYjG62p4ZUyjhEAtngAo4="></latexit>
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Schematically,

Virtual part ( ) and real part ( ) not separately finite for  

However, we can define a finite virtual contribution as follows: 
1) UV renormalize:  in   & top quark mass in  scheme 
2) IR structure well known at NLO, subtract divergences 

dσV dσR ϵ → 0

αs MS OS

Reals (not included in our work yet)
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A Few Conventions

Expand the helicity amplitudes in   

Compute the square/interference 

Renormalization scale set to  
Electroweak coupling  
(can easily vary couplings/scales)

αS

μ2
R = s

e2 = 4πα = 1

𝒜fin
λ1λ2λ3

= ( αs

4π ) 𝒜(0),fin
λ1λ2λ3

+ ( αs

4π )
2

𝒜(1),fin
λ1λ2λ3

+ …

ℬ =
1
4 ∑

λ1λ2λ3

|𝒜(0),fin
λ1λ2λ3

|2 ,

𝒱 =
1
4 ∑

λ1λ2λ3

2 Re (𝒜*(0),fin
λ1λ2λ3

𝒜(1),fin
λ1λ2λ3)

  amplitude depends 
on two kinematic variables 
(after fixing masses) 

Choose: 

 

 - angle in c.o.m frame 
between -axis and 

2 → 2

s = (p1 + p2)2

θz
p2 p3

g(p2)

Z(p3)

θz

We present results for the Born and Born-Virtual interference helicity amplitudes
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Evaluation of the Amplitude
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Again,   amplitude depends on two kinematic variables (after fixing masses) 
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Evaluation of the Amplitude (Timing)

Each phase-space point evaluated with 2 x Nvidia Tesla V100 GPUs 
Precision goal set to 0.3% for each (linearly polarised) amplitude 

Timing/ point: 
Min: 45 mins,     Max:  24 hr (wall-clock), ~65 hr (high-energy),     Median: 3.5 hr

Worst performance near to ,  thresholds, high-energy and forward scatteringZH tt̄
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Aside: Expansion by Regions

One option for dealing with these numerically unstable high-energy/threshold 
regions is expansion by regions (not used in our ZH calculation) 

Idea: expand integrals around some small parameter, e.g.  

 

Integrate expanded integrals over full integration range, sum over all regions 

Concept can be systematically applied also in Feynman parameter space

m2/p2

(hard) : |k2 | ≫ m2,
1

(k + p)2(k2 − m2)2
→

1
(k + p)2 (k2)2 (1 + 2

m2

k2
+ …)

(soft) : |k2 | , |k ⋅ p | ≪ p2,
1

(k + p)2(k2 − m2)2
→

1
p2 (k2 − m2)2 (1 −

k2 + 2p ⋅ k
p2

+ …)

Beneke, Smirnov 98; Rakhmetov, Pak, Jantzen, Semenova, Becher, Neubert, Broggio, Ferroglia,… 
(See e.g. Jantzen 11 for an introduction)

m

= μ2ϵ ∫ dk
1

(k + p)2(k2 − m2)2
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Aside: Expansion by Regions (II)

Implemented in tools such as FIESTA/ ASY/ ASY2 

Available in next release of pySecDec

Smirnov 15;  
Smirnov, Smirnov, Tentyukov 09;

s m

Internal/Preliminary

Details in talk of: Gudrun Heinrich @ HU Berlin 28/06/21

Where we have a large 
ratio of scales ( ) the 
EBR result is much easier 

& faster to integrate

m2/s

~2 min

~1 day
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Comparison to Expansion (Large )mt
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Let us compare our result to the Born 
reweighted  expansion:1/m2n

t
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Vn =
B
Bn

eVn + V1PR

Per mille level agreement far 
below top quark threshold: 

 

Expansion breaks down at 
threshold, observe that it 
differs from our result 

Observation:  apparently 
worse than 

𝒱4/𝒱 = 0.9989

n = 1
n = 0

The amplitude has been expanded around large-  and computed analyticallymt
Hasselhuhn, Luthe, Steinhauser 17; Davies, Mishima, Steinhauser  20
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A Note on High-Energy Small Mass Expansions

Each form factor can be expanded in : 

1) Express amplitude in terms of Feynman integrals: 
 

2) Taylor expand around  and  :
 

3) IBP reduce Feynman integrals to master integrals: 
 

4) Compute master integrals in expansion around :  
 

Results expanded up to  
Expansion expected to be valid for: 

m2
z , m2

h , m2
t

I(m2
z , m2

h , m2
t )

m2
z = 0 m2

h = 0
I(0,0,m2
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z I′�(0,0,m2

t ) + …
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Cm,n (m2
t )m log(m2

t )n

m32
t

m2
z , m2

h ≪ m2
t ≪ s, | t | , |u |

Davies, Mishima, 
Steinhauser  20; 
Mishima 18
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Comparison to Expansion (Small )mt
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~2% level for  
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Currently investigating behaviour at 
moderate/ larger  (  effects? 
error propagation?)
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Helicity Amplitudes
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Possible to produce precise results for all helicity amplitudes also in kinematic limits!
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Comparison to Expansion
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We have entered the precision Higgs era 
• Over coming years, expect greater demand for precise theory predictions 

(required to exploit experimental measurements) 
• Detailed searches for deviations, e.g: differential measurements, constraining EFT 

couplings, off-shell measurements, … 

I have presented a calculation which underscores the usefulness of 
• Modern approaches to solving IBPs and integral basis choices 
• Numerical methods for solving Feynman integrals (new pySecDec release soon!) 

Next steps… 
• Put the pieces together in order to obtain complete NLO results  
• Incorporate into public tools for  (?) 

Thank you for listening!

pp → ZH

40

Conclusion



Backup



Results gg → ZZ
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Firstly: A Few Conventions

Expand the helicity amplitudes in   

Compute the square/interference 

We also define

αS

ℳfin
λ1λ2λ3λ4

= ( αs

2π ) ℳ(1)
λ1λ2λ3λ4

+ ( αs

2π )
2

ℳ(2)
λ1λ2λ3λ4

+ …

𝒱(1)
λ1λ2λ3λ4

= |ℳ(1)
λ1λ2λ3λ4

|2 ,

𝒱(2)
λ1λ2λ3λ4

= 2 Re (ℳ*(1)
λ1λ2λ3λ4

ℳ(2)
λ1λ2λ3λ4)

𝒱(i)
λ3λ4

=
1
4 ∑

λ1,λ2

𝒱(i)
λ1λ2λ3λ4

and 𝒱(i) = ∑
λ3,λ4

𝒱(i)
λ3λ4

  amplitude depends 
on two kinematic variables 
(after fixing masses) 

Choose: 

 

 - angle in c.o.m frame 
between -axis and 

2 → 2

s = (p1 + p2)2

θz
p1 p3

g(p1)

Z(p3)

θz

We present results for the Born and Born-Virtual interference helicity amplitudes
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Comparison to Expansion
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Expanded results from: Davies, Mishima, Steinhauser, Wellmann 20

Expansion can be likely be improved by fitting Padé approximants & conformal 
mapping, have not compared to these approaches (yet) Campbell, Ellis, Czakon, Kirchner 16
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Comparison to Expansion II
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The small  expansion assumes: 

 (all invariants in problem) 
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Helicity Amplitudes
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<latexit sha1_base64="D3SQXzLmboKx4Xe1oAJ52A1Wu1A="></latexit>

cos(✓z) = 0.1286

Agreement with 
small-  expansionmt

Agreement 
with large-  
expansion

mt

New information 
about intermediate 
region
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<latexit sha1_base64="Zq5J9IokfQ5xDUphIliCN+8hmRc="></latexit>p
s/mt = 1.426
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<latexit sha1_base64="lA6Pi2pOKe6PEvSabiPAGKceUME="></latexit>p
s/mt = 4.703

Ok agreement with 
small-  expansion 
for small 

mt
cos(θz)

Small-  expansion 
breaks down away 
from 

mt

cos(θz) ∼ 0



Numerical Integration



Goal: select points to minimise integration error

Monte Carlo: 
Randomly select sampling points 

Improves slowly with 

Quasi-Monte Carlo 
Select points with low discrepancy 

Poor performance for large 

50

Numerical Integration

I[f ] ⌘
Z

[0,1]d
dx f(x) ⇡ Q[f ] =

1

N

NX

i=1

wi f(xi)
<latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit><latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit><latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit><latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit>
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" ⇡ Var[f ]/
p

N, " ⇠ O(N�1/2)
<latexit sha1_base64="RWD097jvnOGXqorkF58ThDKiu7M="></latexit><latexit sha1_base64="RWD097jvnOGXqorkF58ThDKiu7M="></latexit><latexit sha1_base64="RWD097jvnOGXqorkF58ThDKiu7M="></latexit><latexit sha1_base64="RWD097jvnOGXqorkF58ThDKiu7M="></latexit>
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Both methods implemented in Cuba Hahn 04; Hahn14

"  DN ·Var[f ], " ⇠ O(logd(N)/N)
<latexit sha1_base64="mbHrGrmm8iWo6f8yj2e1E61T7CI="></latexit>



{}

- Random shift vec.

- Fractional part

n - # Lattice points

- # Random shiftsm
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- Generating vec.

Quasi-Monte Carlo (Rank 1 Lattices)

I[f ] ⇡ Q̄n,m[f ] ⌘ 1

m

m�1X

k=0

Q(k)
n [f ], Q(k)

n [f ] ⌘ 1

n

n�1X

i=0

f

✓⇢
iz

n
+�k

�◆

<latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit>

z
<latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit><latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit><latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit><latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit>

�k
<latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit>
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Unbiased error estimate computed using (10-50) random shifts
4 Shifts1 Shift

Quasi-Monte Carlo (QMC) in a Weighted Function Space 
First applications to loop integrals, see:  

                                             or better"  e� · ||f ||� , " ⇠ O(N�1)
<latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit>

Li, Wang, Yan, Zhao 15; de Doncker, Almulihi, 
Yuasa 17, 18; de Doncker, Almulihi 17;  
Kato, de Doncker, Ishikawa, Yuasa 18



" ⇠ O(n�1)
<latexit sha1_base64="dDPtvpe9UGvou0c4nULEiaggpVY="></latexit>
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<latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit><latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit><latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit><latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit>
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<latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit><latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit><latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit><latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit>

||f ||2� =
X

h2Zd

Q
j2u(h) |hj |2↵

�u(h)
|f̂(h)|2

<latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit>
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;6=u✓{1,...,d}

��u (2⇣(2↵�))|u|

1

A

1
�

<latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit>

Weighted Function Spaces

� 2 (1/(2↵), 1]
<latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit>

� 2 (1/2, 1]
<latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit>

Norm

Worst-case 
error

↵
<latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit>

, smoothness

Fourier Coefficient

Review: Dick, Kuo, Sloan 13

Generating vector    precomputed for a fixed number of lattice points, chosen to 
minimise the worst-case error, we use component-by-component (CBC) construction 

In our public code, we distribute lattice rules generated using product weights: 
                                    produced for a Korobov space with 

Nuyens 07

Sobolev Space 
Functions with square integrable first derivatives 

Korobov Space 
Periodic functions which are    
times differentiable in each variable

z
<latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit>

Assign weights      to each subset of dimensions�u
<latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit>

u ✓ {1, . . . , d}
<latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit>

↵
<latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit>

�u =
Y

i2u

�i, �i = 1/d
<latexit sha1_base64="wfSuEiDSuHFmc89r8hjyulkokgM="></latexit>

↵ = 2
<latexit sha1_base64="k1nnXnPR4A3tR4sV1b1LXg10qIo=">AAACHnicbVC7TgJBFL3rE/EFWtpsJCQWhOyiiVqYkNhYYiKPBDbk7uwAE2YfmZlFyIafsNXCr7Eztvo3DguFgCeZ5OTcx5x73IgzqSzrx9jY3Nre2c3sZfcPDo+Oc/mThgxjQWidhDwULRcl5SygdcUUp61IUPRdTpvu8H5Wb46okCwMntQkoo6P/YD1GEGlpVYHeTTAu0o3V7DKVgpzndgLUoAFat28AR0vJLFPA0U4Stm2rUg5CQrFCKfTbLETSxohGWKftjUN0KfSSVLHU7OoFc/shUK/QJmpmv0zkaAv5cR3daePaiBXazPxv1o7Vr0bJ2FBFCsakPlHvZibKjRn55seE5QoPtEEiWDarEkGKJAoHdLSJm/EIpm6LinUcZbGxBP47CTj+Q1ZnZm9mtA6aVTK9mW58nhVqN4u0svAGZzDBdhwDVV4gBrUgQCHF3iFN+Pd+DA+ja9564axmDmFJRjfv6jAob8=</latexit>

8
<latexit sha1_base64="K8r6+rogB9rHy7metbIAxelXHFQ=">AAACHXicbVDLTgJBEOzFF+IL9OhlIyHxQMgukuiRxItHTOSRwIb0zg4wYfaRmVmEbPgIr3rwa7wZr8a/cVg4CFjJJJWq7unuciPOpLKsHyOzs7u3f5A9zB0dn5ye5QvnLRnGgtAmCXkoOi5KyllAm4opTjuRoOi7nLbd8f3Cb0+okCwMntQsoo6Pw4ANGEGlpXZvEArkvJ8vWhUrhblN7BUpwgqNfsGAnheS2KeBIhyl7NpWpJwEhWKE03mu1IsljZCMcUi7mgboU+kk6cJzs6QVz9Sz9QuUmaq5Px0J+lLOfFdX+qhGctNbiP953VgN7pyEBVGsaECWgwYxN1VoLq43PSYoUXymCRLB9LImGaFAonRGaz95ExbJdOuyQp1meUo8gc9OMl3ekNOZ2ZsJbZNWtWLfVKqPtWK9tkovC5dwBddgwy3U4QEa0AQCY3iBV3gz3o0P49P4WpZmjFXPBazB+P4Fklqhuw==</latexit>

8
<latexit sha1_base64="K8r6+rogB9rHy7metbIAxelXHFQ=">AAACHXicbVDLTgJBEOzFF+IL9OhlIyHxQMgukuiRxItHTOSRwIb0zg4wYfaRmVmEbPgIr3rwa7wZr8a/cVg4CFjJJJWq7unuciPOpLKsHyOzs7u3f5A9zB0dn5ye5QvnLRnGgtAmCXkoOi5KyllAm4opTjuRoOi7nLbd8f3Cb0+okCwMntQsoo6Pw4ANGEGlpXZvEArkvJ8vWhUrhblN7BUpwgqNfsGAnheS2KeBIhyl7NpWpJwEhWKE03mu1IsljZCMcUi7mgboU+kk6cJzs6QVz9Sz9QuUmaq5Px0J+lLOfFdX+qhGctNbiP953VgN7pyEBVGsaECWgwYxN1VoLq43PSYoUXymCRLB9LImGaFAonRGaz95ExbJdOuyQp1meUo8gc9OMl3ekNOZ2ZsJbZNWtWLfVKqPtWK9tkovC5dwBddgwy3U4QEa0AQCY3iBV3gz3o0P49P4WpZmjFXPBazB+P4Fklqhuw==</latexit>

" ⇠ O(n�↵)
<latexit sha1_base64="KORGAlFwT/LP+zYbmPTofQ9Uhko="></latexit>
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Periodising Transforms

Lattice rules work especially well for continuous, smooth and periodic functions 
Functions can be periodized by a suitable change of variables: x = �(u)

<latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit>

I[f ] ⌘
Z

[0,1]d
dx f(x) =

Z

[0,1]d
du !d(u)f(�(u))

<latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit>

�(u) = (�(u1), . . . ,�(ud)), !d(u) =
dY

j=1

!(uj) and !(u) = �0(u)
<latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit>

Korobov transform: 
Sidi transform: 
Baker transform: 

!(u) = 6u(1� u), �(u) = 3u2 � 2u3

!(u) = ⇡/2 sin(⇡u), �(u) = 1/2(1� cos⇡t)

�(u) = 1� |2u� 1|
<latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit>
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Scaling

Monte Carlo scaling

Better than ``guaranteed” 
         scalingn�1

<latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit>

Example:  
Sector Decomposed HJ Integral 
(Note: example stolen from previous calculation)

Limited by machine 
precision (double)
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qmc: Performance

Note:  Performance gain highly dependent on integrand & hardware! 
Still room for further optimisations (both for CPU and GPU)

Device M Func. 
Evals/s Speedup

Xeon 6140 80.6 -

GTX1080 897 11x

Tesla V100 6710 83x

Accuracy limited by number of function evaluations 
Can accelerate this using Graphics Processing Units (GPUs)


