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MODEL

The larger question - What are the fundamental building blocks of Nature?
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WHY PRECISION PHYSICS?

• No striking evidence for new physics so far at the LHC (modulo LHCb recent finding)

• Best hope: try to reveal new physics through deviations of the SM

• To exploit this possibility, abundant amount of data will be collected at LHC

• The exploitation of these data requires highly accurate theoretical predictions

Precision Physics

We are still in the early stages of LHC physics:
<latexit sha1_base64="ZP3O68slxdMeVAv4T8n4m5xT2Uw=">AAAB+nicdZDLSsNAFIYn9VbrLdWlm8EiuLEktlq7K7pxWcFeoI1lMp20QyeTMDNRSoxv4saFIm59Ene+jZM2gor+MPDxn3M4Z343ZFQqy/owcguLS8sr+dXC2vrG5pZZ3G7LIBKYtHDAAtF1kSSMctJSVDHSDQVBvstIx52cp/XODRGSBvxKTUPi+GjEqUcxUtoamEW7Ur+P+8KHnptcx4d2MjBLVtmyrEq1DjOoZXBsQzsFrRLI1ByY7/1hgCOfcIUZkrJnW6FyYiQUxYwkhX4kSYjwBI1ITyNHPpFOPDs9gfvaGUIvEPpxBWfu94kY+VJOfVd3+kiN5e9aav5V60XKO3ViysNIEY7ni7yIQRXANAc4pIJgxaYaEBZU3wrxGAmElU6roEP4+in8H9pHZfukbF9WS42zLI482AV74ADYoAYa4AI0QQtgcAsewBN4Nu6MR+PFeJ235oxsZgf8kPH2CVbLk2w=</latexit>

139 fb�1
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DIVERGENCES
Feynman graphs with closed loops is associated to unconstrained momenta

<latexit sha1_base64="GhuODxDLTds26zONMm7PqCiDaBo=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5KUoi6LblxWsA9o0jKZTNqhk5kwMxFKyNaNv+LGhSJu/QN3/o3Tx0JbD1w4nHMv994TJIwq7TjfVmFtfWNzq7hd2tnd2z+wD4/aSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsH4Zup3HohUVPB7PUmIH6MhpxHFSBtpYEOPcg29SCKchf36OM8qNS+h5/167uFQaDWwy07VmQGuEndBymCB5sD+8kKB05hwjRlSquc6ifYzJDXFjOQlL1UkQXiMhqRnKEcxUX42+ySHZ0YJYSSkKXPXTP09kaFYqUkcmM4Y6ZFa9qbif14v1dGVn1GepJpwPF8UpQxqAaexwJBKgjWbGIKwpOZWiEfIpKJNeCUTgrv88ipp16ruRdW9q5cb14s4iuAEnIIKcMElaIBb0AQtgMEjeAav4M16sl6sd+tj3lqwFjPH4A+szx/K1ZnE</latexit>Z
d4k

(2⇡)4
· · ·

e.g. Electron self-energy in QED

UV divergent

<latexit sha1_base64="mI9W8C8vVaHkxJdTJULVksLNn6Q="></latexit>Z
d4k

(2⇡)4
1

k2(k + p1)2(k + p1 + p2)2(k � p4)2

IR (soft & collinear) divergent

<latexit sha1_base64="8HotZ7L9jIC+JMZElREUEsd2+jQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUGPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rXuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD1H2M9Q==</latexit>

k
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REGULARISATION

<latexit sha1_base64="DCdjVbpZedJ2oQxJ5TSu4cRUjK0=">AAACJ3icbVBbSwJBGJ21m9nN6rGXIQkMSnZVrJdC6qVHg7zA7iKz46iDs7PLzGwgi/+ml/5KL0FF1GP/pHFVKu3AwOF857vM8UJGpTLNTyO1tLyyupZez2xsbm3vZHf3GjKIBCZ1HLBAtDwkCaOc1BVVjLRCQZDvMdL0BtfjevOeCEkDfqeGIXF91OO0SzFSWmpnLzsXZeioAMZOMswWPc+NrYKZ4MT8IZVSsVIyR/nyadEhoaQs4MejdjY3s8BFMhuTA1PU2tkXpxPgyCdcYYaktC0zVG6MhKKYkVHGiSQJER6gHrE15cgn0o2T00bwSCsd2A2EflzBRP3dESNfyqHvaaePVF/O18bifzU7Ut1zN6Y8jBTheLKoGzGocxmHBjtUEKzYUBOEBdW3QtxHAmGlo83oEKz5Ly+SRrFgVQrWbTlXvZrGkQYH4BDkgQXOQBXcgBqoAwwewBN4BW/Go/FsvBsfE2vKmPbsgz8wvr4BuSKg8A==</latexit>

d = 4 ! (4� 2✏)1 2

<latexit sha1_base64="iOM5n4dWkpByraJfSlwC8rMjtu8="></latexit>Z ⇤

d4k · · · ⇠ log

✓
⇤

m

◆
Regularisation of integrals

A procedure to identify the nature of divergences

Ideal candidate: dimensional regularisation

“Pauli - Villars method”

• Not suitable for multi-loop: many fictitious particles needed

• Equivalent to introducing a fictitious particle

• Not suitable for non-abelian

• analytic continuation with small +ve parameter such that we live infinitesimally close

   to the original one
• respect gauge invariance
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DIMENSIONAL REGULARISATION
• Divergences appears as poles in <latexit sha1_base64="17bLqlsVda94s2KAR9rOXv08h+g=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ2Yc2rorunFZwT6gHUomzbShmWRMMkIp/Qk3LhRx6++482/MtBVU9MCFwzn3cu89UcqZNgh9OCura+sbm4Wt4vbO7t5+6eCwpWWmCG0SyaXqRFhTzgRtGmY47aSK4iTitB2Nr3K/fU+VZlLcmklKwwQPBYsZwcZKnR5NNeNS9Etl5F7UKn5QgchFqOr5Xk78anAeQM8qOcpgiUa/9N4bSJIlVBjCsdZdD6UmnGJlGOF0VuxlmqaYjPGQdi0VOKE6nM7vncFTqwxgLJUtYeBc/T4xxYnWkySynQk2I/3by8W/vG5m4lo4ZSLNDBVksSjOODQS5s/DAVOUGD6xBBPF7K2QjLDCxNiIijaEr0/h/6Tlu17FRTdBuX65jKMAjsEJOAMeqII6uAYN0AQEcPAAnsCzc+c8Oi/O66J1xVnOHIEfcN4+Aa6GkGc=</latexit>✏

• Loop integrals can be expressed in terms of analytic functions of space-time dimension d

<latexit sha1_base64="/EyDBZ8uCuL1YI0ZbfwsJvFvN5Q="></latexit>

⇠ log

✓
⇤

m

◆
⇠ 1

✏

• Action is dimensionless in QFT
<latexit sha1_base64="qCQN3hDmG+niGZKyDOuOyWlRH5o=">AAAB83icdZDLSsNAFIYn9VbrrerSzWARXJWJVqsLoejGhYsK9gJJKJPJpB06mYSZiVBCX8ONC0Xc+jLufBsnbQQV/WHg4z/ncM78fsKZ0gh9WKWFxaXllfJqZW19Y3Orur3TVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/vsrrvXsqFYvFnZ4k1IvwULCQEayN5TqZSzCHN1PvIhhUa6iOEDpunMMCmgWc2NDOwagGCrUH1Xc3iEkaUaEJx0o5Nkq0l2GpGeF0WnFTRRNMxnhIHYMCR1R52ezmKTwwTgDDWJonNJy53ycyHCk1iXzTGWE9Ur9ruflXzUl1eOZlTCSppoLMF4UphzqGeQAwYJISzScGMJHM3ArJCEtMtImpYkL4+in8H7pHdfu0jm4btdZlEUcZ7IF9cAhs0AQtcA3aoAMISMADeALPVmo9Wi/W67y1ZBUzu+CHrLdPmDuRZw==</latexit>

[L] = d

To keep dimensionless gauge coupling (essential for renormalisability)
<latexit sha1_base64="rfIpC0rg08rpMOIHBE1r+A5yaIc="></latexit>

e0 ⌘ µ✏ẽ0(µ)

auxiliary mass scale/renormalisation scale dimensionless

Physical quantities should be independent of this scale
Renormalization group equation

• L-loop UV div integral:
<latexit sha1_base64="nlZTwVj/oovltESzfcz1odG0nnc=">AAAB/XicbVDLSsNAFL3xWesrPnZugkVwVRIRdVl048JFBfuAJpbJdNIOncyEmYlQQ/BX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkTRpV23W9rYXFpeWW1tFZe39jc2rZ3dptKpBKTBhZMyHaIFGGUk4ammpF2IgmKQ0Za4fBq7LceiFRU8Ds9SkgQoz6nEcVIG6lr7/uRRDjz8swniaJM8PubvGtX3Ko7gTNPvIJUoEC9a3/5PYHTmHCNGVKq47mJDjIkNcWM5GU/VSRBeIj6pGMoRzFRQTa5PneOjNJzIiFNce1M1N8TGYqVGsWh6YyRHqhZbyz+53VSHV0EGeVJqgnH00VRyhwtnHEUTo9KgjUbGYKwpOZWBw+QiUObwMomBG/25XnSPKl6Z1Xv9rRSuyziKMEBHMIxeHAONbiGOjQAwyM8wyu8WU/Wi/VufUxbF6xiZg/+wPr8AfvdlZI=</latexit>

1

✏L

• L-loop IR div integral:
<latexit sha1_base64="vQ/Vp+OCbSAkmbneaTEwS/imsYw=">AAACAHicdZDLSgMxFIYzXmu9jbpw4SZYBFdlplaru6IbFy4q2At0asmkmTY0kwxJRijDbHwVNy4UcetjuPNtzLQjqOgPgY//nMPJ+f2IUaUd58Oam19YXFourBRX19Y3Nu2t7ZYSscSkiQUTsuMjRRjlpKmpZqQTSYJCn5G2P77I6u07IhUV/EZPItIL0ZDTgGKkjdW3d71AIpy4aeKRSFEm+G1SuUrTvl1yyo7jHFXPYA61HI5d6GZgVAK5Gn373RsIHIeEa8yQUl3XiXQvQVJTzEha9GJFIoTHaEi6BjkKieol0wNSeGCcAQyENI9rOHW/TyQoVGoS+qYzRHqkftcy869aN9bBaS+hPIo14Xi2KIgZ1AJmacABlQRrNjGAsKTmrxCPkElEm8yKJoSvS+H/0KqU3ZOye10t1c/zOApgD+yDQ+CCGqiDS9AATYBBCh7AE3i27q1H68V6nbXOWfnMDvgh6+0TgNyXAQ==</latexit>

1

✏2L
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TODAY’S FOCUS AND GOAL

Flavour-singlet axial quantity

Way to get rid of UV singularities: UV Renormalisation

Massive vector boson

Pseudo-scalar
<latexit sha1_base64="mJDTMCnlehhAIdkRpY46hyNP6JE=">AAAB73icdZDLSgMxFIYz9VbrrerSTbAIrsqMtlZ3RTcuK9gLtEM5k2ba0CQzJhmhDH0JNy4UcevruPNtTNsRVPSHwMd/ziHn/EHMmTau++HklpZXVtfy64WNza3tneLuXktHiSK0SSIeqU4AmnImadMww2knVhREwGk7GF/N6u17qjSL5K2ZxNQXMJQsZASMtTq9IQgB/Wq/WHLLruueVi5wBrUMqh72ZmBVQpka/eJ7bxCRRFBpCAetu54bGz8FZRjhdFroJZrGQMYwpF2LEgTVfjrfd4qPrDPAYaTskwbP3e8TKQitJyKwnQLMSP+uzcy/at3EhOd+ymScGCrJ4qMw4dhEeHY8HjBFieETC0AUs7tiMgIFxNiICjaEr0vx/9A6KXtnZfemUqpfZnHk0QE6RMfIQzVUR9eogZqIII4e0BN6du6cR+fFeV205pxsZh/9kPP2CfBZj+k=</latexit>�5

.

.

.

• Axial anomaly
Our goal

Taushif Ahmed Renormalisation of flavour-singlet axial-vector current 8
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ISSUE OF CHIRAL QUANTITY

DR preserves Lorentz & gauge invariance but not chiral invariance

Algebraically, impossible to define d-dimensional       algebra with 
<latexit sha1_base64="1HbveT5JU6V0eK6wHlVYfExiar0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Rj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rAT3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiOOPGw==</latexit>�

<latexit sha1_base64="UW/gPGcmXLkHP96w7SCXq5kANJw="></latexit>

{�µ, �⌫} = 2⌘µ⌫ , µ = 0, 1, · · · d� 1

<latexit sha1_base64="lytIndSSfTasKujjESFSC0HcpAM="></latexit>

P± =
1

2
(1± �5) inherently 4-dimensional

satisfying both

<latexit sha1_base64="YljfD546AT6OcQn3fEOhQwHSIhY=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAILqQk4m0jFN24rGAv0MRwMp22Q2eSMDMRSii48VXcuFDErS/hzrdx2mahrT8MfPznHM6cP0w4U9pxvq25+YXFpeXCSnF1bX1j097arqs4lYTWSMxj2QxBUc4iWtNMc9pMJAURctoI+9ejeuOBSsXi6E4PEuoL6EaswwhoYwX2rpd5XRAC7j2RHk0wOPWG+NIJ7JJTdsbCs+DmUEK5qoH95bVjkgoaacJBqZbrJNrPQGpGOB0WvVTRBEgfurRlMAJBlZ+NbxjiA+O0cSeW5kUaj93fExkIpQYiNJ0CdE9N10bmf7VWqjsXfsaiJNU0IpNFnZRjHeNRILjNJCWaDwwAkcz8FZMeSCDaxFY0IbjTJ89C/bjsnpXd25NS5SqPo4D20D46RC46RxV0g6qohgh6RM/oFb1ZT9aL9W59TFrnrHxmB/2R9fkD7fqXDA==</latexit>

{�µ, �5} = 0

<latexit sha1_base64="Cu6oUcoScS7FqVYqqnkkFDRSMuw="></latexit>

Tr[�µ�⌫�⇢���5] = �4i"µ⌫⇢�

[Hooft, Veltman ’72]

1. 

2. 

’t Hooft–Veltman prescription

Kreimer,  Körner and Schilcher (KKS) scheme

Breitenlohner-Maison

4D rules

[Hooft, Veltman ’72]

[Breitenlohner-Maison ’77]

Taushif Ahmed Renormalisation of flavour-singlet axial-vector current 9



’THV / BM PRESCRIPTION
<latexit sha1_base64="Cu6oUcoScS7FqVYqqnkkFDRSMuw="></latexit>

Tr[�µ�⌫�⇢���5] = �4i"µ⌫⇢�’t Hooft–Veltman prescription: is preserved
<latexit sha1_base64="BgIB+0OZV9PEFPauZPBqTZp4yPU=">AAACGXicbZDLSgMxFIYzXmu9VV26CRZBEMqMiLoRim5cVrAX6NRyJk3b0GRmSM4IZehruPFV3LhQxKWufBvTC1hbfwj8fOccTs4fxFIYdN1vZ2FxaXllNbOWXd/Y3NrO7exWTJRoxssskpGuBWC4FCEvo0DJa7HmoALJq0HvelivPnBtRBTeYT/mDQWdULQFA7SomXP9DigF975KLlO/C0h/weA49VHIFp9mzVzeLbgj0XnjTUyeTFRq5j79VsQSxUNkEoype26MjRQ0Cib5IOsnhsfAetDhdWtDUNw00tFlA3poSYu2I21fiHREpydSUMb0VWA7FWDXzNaG8L9aPcH2RSMVYZwgD9l4UTuRFCM6jIm2hOYMZd8aYFrYv1LWBQ0MbZhZG4I3e/K8qZwUvLOCd3uaL15N4siQfXJAjohHzkmR3JASKRNGHskzeSVvzpPz4rw7H+PWBWcys0f+yPn6AVHRoSE=</latexit>

�µ = �̂µ + �̃µ

4 (d-4)d

Algebraically consistent, but violates gauge invariance i.e. modifies Ward identities

additional spurious terms

Add an extra            dimensional finite counterterms                 
<latexit sha1_base64="gOo4SUzZnDYuoKnHx6f6eZqWDaI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4scy0Ul0W3bisYB/QDiWT3mlDM8mYZApl6He4caGIWz/GnX9j+hCr6IELh3Pu5R5OEHOmjet+OJmV1bX1jexmbmt7Z3cvv3/Q0DJRFOpUcqlaAdHAmYC6YYZDK1ZAooBDMxheT/3mCJRmUtyZcQx+RPqChYwSYyX/rNQZEQWxZlyKbr7gFd0ZsPtNKuVSpeziL6uAFqh18++dnqRJBMJQTrRue25s/JQowyiHSa6TaIgJHZI+tC0VJALtp7PQE3xilR4OpbIjDJ6pyxcpibQeR4HdjIgZ6N/eVPzLaycmvPRTJuLEgKDzR2HCsZF42gDuMQXU8LElhCpms2I6IIpQY3vKLZfwP2mUil6l6N6eF6pXizqy6Agdo1PkoQtURTeohuqIonv0gJ7QszNyHp0X53W+mnEWN4foB5y3T7d/khQ=</latexit>�2"

Violation

issue

remedy

“Evanescent”            dimensional space 
<latexit sha1_base64="gOo4SUzZnDYuoKnHx6f6eZqWDaI=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4scy0Ul0W3bisYB/QDiWT3mlDM8mYZApl6He4caGIWz/GnX9j+hCr6IELh3Pu5R5OEHOmjet+OJmV1bX1jexmbmt7Z3cvv3/Q0DJRFOpUcqlaAdHAmYC6YYZDK1ZAooBDMxheT/3mCJRmUtyZcQx+RPqChYwSYyX/rNQZEQWxZlyKbr7gFd0ZsPtNKuVSpeziL6uAFqh18++dnqRJBMJQTrRue25s/JQowyiHSa6TaIgJHZI+tC0VJALtp7PQE3xilR4OpbIjDJ6pyxcpibQeR4HdjIgZ6N/eVPzLaycmvPRTJuLEgKDzR2HCsZF42gDuMQXU8LElhCpms2I6IIpQY3vKLZfwP2mUil6l6N6eF6pXizqy6Agdo1PkoQtURTeohuqIonv0gJ7QszNyHp0X53W+mnEWN4foB5y3T7d/khQ=</latexit>�2"

Larin’s prescription: Avoid dimensional splitting 

<latexit sha1_base64="UEgxoAg5NpsSz1BHebe3Na3jJIg="></latexit>

{�̂µ, �5} = 0, [�̃µ, �5] = 0, {�̃µ, �5} 6= 0

<latexit sha1_base64="xmnmeIvkbC67KMZiCOXLO9aDN7s=">AAACKHicdZDLSgMxFIYz9VbrrerSTbAILqTM1NbqQiy6cVnBXqAzlkyatqHJzJBkhDLM47jxVdyIKNKtT2KmnYLXA4GP/z8nyfndgFGpTHNiZBYWl5ZXsqu5tfWNza389k5T+qHApIF95ou2iyRh1CMNRRUj7UAQxF1GWu7oKvFb90RI6nu3ahwQh6OBR/sUI6Wlbv7CjuwB4hx1K0cpRDYPYzuGv5y7uXMOSzYJJGXJDQWzaJrmcfkMplBNoWJBKwFdBZBWvZt/sXs+DjnxFGZIyo5lBsqJkFAUMxLn7FCSAOERGpCORg9xIp1oumgMD7TSg31f6OMpOFW/TkSISznmru7kSA3lTy8R//I6oeqfOhH1glARD88e6ocMKh8mqcEeFQQrNtaAsKD6rxAPkUBY6WxzOoT5pvB/aJaK1knRuikXapdpHFmwB/bBIbBAFdTANaiDBsDgATyBV/BmPBrPxrsxmbVmjHRmF3wr4+MTqKWm+A==</latexit>

{�5, �µ}{�5, �µ} = 2✏

<latexit sha1_base64="j0cUCb69lOd6Nht7t+Wz1NIDZ3g="></latexit>

(1 + �5)�µ(1 + �5)�↵(1� �5)�
µ(1� �5)

=� 8✏(1 + �5)�↵

Our goal

[Larin ’93]

<latexit sha1_base64="6gzCWJUkeeZkAi17IAUrX8dmv3U=">AAACB3icbZDLSgMxFIYzXmu9VV0KEiyCCykz4m1ZdOOygr1AZyxn0rQNTTJjkhHK0J0bX8WNC0Xc+grufBvTdhba+kPg4z/ncHL+MOZMG9f9dubmFxaXlnMr+dW19Y3NwtZ2TUeJIrRKIh6pRgiaciZp1TDDaSNWFETIaT3sX43q9QeqNIvkrRnENBDQlazDCBhrtQp7fup3QQi480VyNMHWqT/EvqT32G0Vim7JHQvPgpdBEWWqtApffjsiiaDSEA5aNz03NkEKyjDC6TDvJ5rGQPrQpU2LEgTVQTq+Y4gPrNPGnUjZJw0eu78nUhBaD0RoOwWYnp6ujcz/as3EdC6ClMk4MVSSyaJOwrGJ8CgU3GaKEsMHFoAoZv+KSQ8UEGOjy9sQvOmTZ6F2XPLOSt7NSbF8mcWRQ7toHx0iD52jMrpGFVRFBD2iZ/SK3pwn58V5dz4mrXNONrOD/sj5/AH2s5i3</latexit>

{�µ, �5} 6= 0

Taushif Ahmed Renormalisation of flavour-singlet axial-vector current 10



FLAVOUR SINGLET AXIAL CURRENT
Flavour-singlet axial current:

External Local (composite) operator

<latexit sha1_base64="r9hXVksH1U8pCJ2T7qzlao4rDY4="></latexit>

Jµ
5 (x) =

X
 ̄(x)�µ�5 (x)

• May not be Lorentz invariant

• Can be inserted into Green’s function

<latexit sha1_base64="JyCqHYTlFI8glUuL3cg2TnTWkh8=">AAAB7nicdZDLSgMxFIbP1Futt6pLN8EiuCozWq3uim7EVQV7gXYsmTRtQ5PMkGSEMvQh3LhQxK3P4863MdOOoKI/BD7+cw455w8izrRx3Q8nt7C4tLySXy2srW9sbhW3d5o6jBWhDRLyULUDrClnkjYMM5y2I0WxCDhtBePLtN66p0qzUN6aSUR9gYeSDRjBxlqt67ukK+Jpr1hyy67rHlfOUQbVDE485KVgVYJM9V7xvdsPSSyoNIRjrTueGxk/wcowwum00I01jTAZ4yHtWJRYUO0ns3Wn6MA6fTQIlX3SoJn7fSLBQuuJCGynwGakf9dS869aJzaDMz9hMooNlWT+0SDmyIQovR31maLE8IkFTBSzuyIywgoTYxMq2BC+LkX/Q/Oo7J2WvZtKqXaRxZGHPdiHQ/CgCjW4gjo0gMAYHuAJnp3IeXRenNd5a87JZnbhh5y3T6jZj8s=</latexit>

Jµ

Vacuum expectation value

Scattering amplitude

Observable

LSZ

All the Lorentz indices are to

be treated in d-dimensions!

<latexit sha1_base64="847tZX3CjtXD02DGRepDPVySx84=">AAACCHicdVC7TsMwFHXKq5RXgJEBiwqJAVVJC4WxgoWxSPQhNSFyXKe1ajvBdpCqKCMLv8LCAEKsfAIbf0P6QBQER7rS8Tn36voeP2JUacv6MHJz8wuLS/nlwsrq2vqGubnVVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsfnI/81i2RiobiSg8j4nLUEzSgGOlM8sxdJ3F6iHN0nTg8Tg8nD+/YSR1BbqDlmUW7ZI0BrW9SrZSrFQt+WUUwRd0z351uiGNOhMYMKdWxrUi7CZKaYkbSghMrEiE8QD3SyahAnCg3GR+Swv1M6cIglFkJDcfq7ESCuFJD7medHOm++u2NxL+8TqyDUzehIoo1EXiyKIgZ1CEcpQK7VBKs2TAjCEua/RXiPpII6yy7wmwI/5NmuWRXS9blUbF2No0jD3bAHjgANjgBNXAB6qABMLgDD+AJPBv3xqPxYrxOWnPGdGYb/IDx9gmSJ5mt</latexit>

{�µ, �5} 6= 0

Prescription
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pure        ren constant

finite ren constant: determined by demanding the restoration of

OPERATOR RENORMALISATION

Green Correlation Function suffers from additional UV divergences 

Need Operator Renormalisation
[Akyeampong, R. Delbourgo]

<latexit sha1_base64="g49Px7NHyk9iUDpAiw6Mw9d6CnA=">AAAB/XicdVBLSwMxGMz6rPW1Pm5egkXwVHa1Wr0VvXgRKtoHdJeSTdM2NMkuSVaoy+Jf8eJBEa/+D2/+G7PtCio6EBhm5ku+TBAxqrTjfFgzs3PzC4uFpeLyyuraur2x2VRhLDFp4JCFsh0gRRgVpKGpZqQdSYJ4wEgrGJ1nfuuWSEVDcaPHEfE5GgjapxhpI3Xt7cSTHHqhyWRXwOTyOk27dskpO45zWDmFOanm5MiFbkYMSiBHvWu/e70Qx5wIjRlSquM6kfYTJDXFjKRFL1YkQniEBqRjqECcKD+ZbJ/CPaP0YD+U5ggNJ+r3iQRxpcY8MEmO9FD99jLxL68T6/6Jn1ARxZoIPH2oHzOoQ5hVAXtUEqzZ2BCEJTW7QjxEEmFtCiuaEr5+Cv8nzYOye1x2riql2lleRwHsgF2wD1xQBTVwAeqgATC4Aw/gCTxb99aj9WK9TqMzVj6zBX7AevsEu2+Vag==</latexit>

MS

Our goal

<latexit sha1_base64="23aRgTIT5T9HpZz0dYW0llMxAIg=">AAAB6nicdZDNSgMxFIXv1L9a/6ou3QSL4KpktFrdFd2Iq4q2FtuhZNK0Dc1khiQjlKGP4MaFIm59Ine+jZl2BBU9EPg4915y7/EjwbXB+MPJzc0vLC7llwsrq2vrG8XNraYOY0VZg4YiVC2faCa4ZA3DjWCtSDES+ILd+qPztH57z5Tmobwx44h5ARlI3ueUGGtd33Uvu8USLmOMDyunKINqBkcuclOwKkGmerf43umFNA6YNFQQrdsujoyXEGU4FWxS6MSaRYSOyIC1LUoSMO0l01UnaM86PdQPlX3SoKn7fSIhgdbjwLedATFD/buWmn/V2rHpn3gJl1FsmKSzj/qxQCZE6d2oxxWjRowtEKq43RXRIVGEGptOwYbwdSn6H5oHZfe4jK8qpdpZFkcedmAX9sGFKtTgAurQAAoDeIAneHaE8+i8OK+z1pyTzWzDDzlvnz30jcc=</latexit>

ZJ

<latexit sha1_base64="Hzr9HMYPrPdi5tMgh6m/FGlc7ck="></latexit>

=
X

Zf
5 Zms

5  ̄B
�i

3!
✏µ⌫⇢��⌫�⇢��  B

<latexit sha1_base64="Wpgb+6KPT6T9CrmAoacSpLxEt8g="></latexit>

[Jµ
5 ]R =

X
ZJ  ̄B(x) �

µ�5  B(x)

Symmetrisation to restore the Hermiticity

[Moch, Vermaseren, Vogt, ‘15]

axial Ward identity or ABJ anomalous WI
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ANOMALY
Quantum breakdown of a classical symmetry

• Non-gauge symmetries

- scale invariance

- global symmetries

At the origin of interesting physical phenomena:
<latexit sha1_base64="YhJ19NYyQ05kZpYgSHgTpUOxIms=">AAACBnicdVBLSwMxGMz6rPW16lGEYBE8SNnVavVW9OKxgn1Ady3ZbNqGJpslyQpl6cmLf8WLB0W8+hu8+W/Mtiuo6EDCMPN9JDNBzKjSjvNhzczOzS8sFpaKyyura+v2xmZTiURi0sCCCdkOkCKMRqShqWakHUuCeMBIKxheZH7rlkhFRXStRzHxOepHtEcx0kbq2jteTG8c6GkBvT7iHE3vAw+HQquuXXLKjuMcVc5gTqo5OXahmxGDEshR79rvXihwwkmkMUNKdVwn1n6KpKaYkXHRSxSJER6iPukYGiFOlJ9OYozhnlFC2BPSnEjDifp9I0VcqREPzCRHeqB+e5n4l9dJdO/UT2kUJ5pEePpQL2HQhM46gSGVBGs2MgRhSc1fIR4gibA2zRVNCV9J4f+keVh2T8ruVaVUO8/rKIBtsAv2gQuqoAYuQR00AAZ34AE8gWfr3nq0XqzX6eiMle9sgR+w3j4BoteYnw==</latexit>

⇡0 ! ��, · · ·

• Local/gauge symmetries
- gauge symmetry

- gravitational anomaly

These are very dangerous - must be cancelled - else theory would become inconsistent
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ANOMALY: SCALE INVARIANCE

Massless         theory: invariant under scale transformation
<latexit sha1_base64="XO4W0+fSyENUmELJeqlDX1875lE=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EiuCozWq3uim5cVrAXaMeSSdM2NpMMSUYoQ9/BjQtF3Po+7nwbM+0IKvpD4OM/55Bz/iDiTBvX/XByC4tLyyv51cLa+sbmVnF7p6llrAhtEMmlagdYU84EbRhmOG1HiuIw4LQVjC/TeuueKs2kuDGTiPohHgo2YAQbazW79RG7rfSKJbfsuu5x5RxlUM3gxENeClYlyFTvFd+7fUnikApDONa647mR8ROsDCOcTgvdWNMIkzEe0o5FgUOq/WS27RQdWKePBlLZJwyaud8nEhxqPQkD2xliM9K/a6n5V60Tm8GZnzARxYYKMv9oEHNkJEpPR32mKDF8YgETxeyuiIywwsTYgAo2hK9L0f/QPCp7p2XvulKqXWRx5GEP9uEQPKhCDa6gDg0gcAcP8ATPjnQenRfndd6ac7KZXfgh5+0TR7OO8g==</latexit>

�4

This invariance is broken by quantum corrections: regularisation & renormalisation

introduces an energy scale that breaks scale invariance

Running of coupling constant

Physics at different scales do not look same

QCD: asymptotic freedom & confinement
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ANOMALY: CHIRAL INVARIANCE
Abelian gauge theory

Lagrangian is invariant under two-independent global symmetries

Noether current

Classically

• vector current is exactly conserved

Do these two symmetries remain in quantum theory?

?

?<latexit sha1_base64="bMCB2z0nFHRE4cV7PuWqI7KAPfA=">AAACEHicdVDLSsNAFJ34rPUVdelmsIiuSqKt1YVQdCOuKtgHNDFMppN26GQSZiZCCf0EN/6KGxeKuHXpzr9x0kZQ0QMD555zL3fu8WNGpbKsD2Nmdm5+YbGwVFxeWV1bNzc2WzJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2h+eZ374lQtKIX6tRTNwQ9TkNKEZKS56558RIKIqY54QJdBjifUbg5Y2uvCp0xLQ+tTyzZJUtyzqsnMCc1HJStaGdEY0SyNHwzHenF+EkJFxhhqTs2las3DRbhhkZF51EkhjhIeqTrqYchUS66eSgMdzVSg8GkdCPKzhRv0+kKJRyFPq6M0RqIH97mfiX101UcOymlMeJIhxPFwUJgyqCWTqwRwXBio00QVhQ/VeIB0ggrHSGRR3C16Xwf9I6KNtHZfuqUqqf5XEUwDbYAfvABjVQBxegAZoAgzvwAJ7As3FvPBovxuu0dcbIZ7bADxhvn59BnE8=</latexit>

@µhJµ
5 i = 0

<latexit sha1_base64="tiLfL4AaCNkmHz3uYlYQ35RGELg=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4KhmtVhdC0Y24qmBboTOWTJq2oUlmSDJCGfoBbvwVNy4UcesHuPNvzLQjqOiBwLnn3MvNPUHEmTYIfTi5mdm5+YX8YmFpeWV1rbi+0dRhrAhtkJCH6jrAmnImacMww+l1pCgWAaetYHiW+q1bqjQL5ZUZRdQXuC9ZjxFsrNQplrwIK8Mw73gihh7Hss8pvLixlacmxQmyXaiMENqvHMOMVDNy4EI3JRYlkKHeKb573ZDEgkpDONa67aLI+Em6iHA6LnixphEmQ9ynbUslFlT7yeSYMdyxShf2QmWfNHCifp9IsNB6JALbKbAZ6N9eKv7ltWPTO/ITJqPYUEmmi3oxhyaEaTKwyxQlho8swUQx+1dIBlhhYmx+BRvC16Xwf9LcK7uHZfeyUqqdZnHkwRbYBrvABVVQA+egDhqAgDvwAJ7As3PvPDovzuu0NedkM5vgB5y3T5Yvm1M=</latexit>

@µhJµi = 0 Necessary for consistency (e.g. charge conservation)

• chiral symmetry is not conserved

<latexit sha1_base64="Uguzfnwv0IgBO3UDaVDh7qhnCaU=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgqmS0Wt0V3bisYB/QDiWTZtrQZGZIMkIZ+hFuXCji1u9x59+YaUdQ0QOBwzn3knuOHwuuDcYfTmFpeWV1rbhe2tjc2t4p7+61dZQoylo0EpHq+kQzwUPWMtwI1o0VI9IXrONPrjO/c8+U5lF4Z6Yx8yQZhTzglBgrdSTqmwjhQbmCqxjj09olykk9J2cucjNiUYEczUH5vT+MaCJZaKggWvdcHBsvJcpwKtis1E80iwmdkBHrWRoSybSXzs+doSOrDFEQKftCg+bq942USK2n0reTkpix/u1l4l9eLzHBhZfyME4MC+nioyARyEbMsqMhV4waMbWEUMXtrYiOiSLU2IZKtoSvpOh/0j6puudV97ZWaVzldRThAA7hGFyoQwNuoAktoDCBB3iCZyd2Hp0X53UxWnDynX34AeftE4HZjwk=</latexit>

m ! 0
<latexit sha1_base64="HT6+QpLhJX8IM80WS6esWgTMbCQ=">AAAB6HicdZDLSgNBEEVrfMb4irp00xgEV2FGo9GFEHTjMgHzgGQIPZ2apE3Pg+4eIQz5AjcuFHHrJ7nzb+wkI6johYbDrSq66nqx4Erb9oe1sLi0vLKaW8uvb2xubRd2dpsqSiTDBotEJNseVSh4iA3NtcB2LJEGnsCWN7qe1lv3KBWPwls9jtEN6CDkPmdUG6t+2SsU7ZJt2yflC5JBJYNThzhTMCpCplqv8N7tRywJMNRMUKU6jh1rN6VScyZwku8mCmPKRnSAHYMhDVC56WzRCTk0Tp/4kTQv1GTmfp9IaaDUOPBMZ0D1UP2uTc2/ap1E++duysM40Riy+Ud+IoiOyPRq0ucSmRZjA5RJbnYlbEglZdpkkzchfF1K/ofmcck5Kzn1crF6lcWRg304gCNwoAJVuIEaNIABwgM8wbN1Zz1aL9brvHXBymb24Iest0/HM4zu</latexit>=

<latexit sha1_base64="DxRnnC39dnsTJpNf5bhkgGHA/n0=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuCoZrVZ3RTcuW7AXaIeSSdM2NpMZkoxQhj6BGxeKuPWR3Pk2ZtoRVPSHwMd/ziHn/H4kuDYYfzi5peWV1bX8emFjc2t7p7i719JhrChr0lCEquMTzQSXrGm4EawTKUYCX7C2P7lO6+17pjQP5a2ZRswLyEjyIafEWKuB+8USLmOMTyuXKINqBmcuclOwKkGmer/43huENA6YNFQQrbsujoyXEGU4FWxW6MWaRYROyIh1LUoSMO0l80Vn6Mg6AzQMlX3SoLn7fSIhgdbTwLedATFj/buWmn/VurEZXngJl1FsmKSLj4axQCZE6dVowBWjRkwtEKq43RXRMVGEGptNwYbwdSn6H1onZfe87DYqpdpVFkceDuAQjsGFKtTgBurQBAoMHuAJnp0759F5cV4XrTknm9mHH3LePgGzf4zh</latexit>

0

Quantum

Using Schwinger-Dyson equation

Adler ’69, ’70
Bell - Jackiw  ’69ABJ anomaly
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ANOMALY: CHIRAL INVARIANCE
Source

<latexit sha1_base64="uI1f/a7IL2+SOKr0/9ZcLftN8LY=">AAAB7nicdZDLSgMxFIbPeK31VnXpJlgEV2VGW6u7ohtxVcFeoB1LJk3b0CQzJBmhDH0INy4UcevzuPNtzLQjqOgPgY//nEPO+YOIM21c98NZWFxaXlnNreXXNza3tgs7u00dxorQBgl5qNoB1pQzSRuGGU7bkaJYBJy2gvFlWm/dU6VZKG/NJKK+wEPJBoxgY63W9V1XxL1Kr1B0S67rnpTPUQbVDCoe8lKwKkKmeq/w3u2HJBZUGsKx1h3PjYyfYGUY4XSa78aaRpiM8ZB2LEosqPaT2bpTdGidPhqEyj5p0Mz9PpFgofVEBLZTYDPSv2up+VetE5vBmZ8wGcWGSjL/aBBzZEKU3o76TFFi+MQCJorZXREZYYWJsQnlbQhfl6L/oXlc8k5L3k25WLvI4sjBPhzAEXhQhRpcQR0aQGAMD/AEz07kPDovzuu8dcHJZvbgh5y3TxD6j2c=</latexit>

Jµ
5

<latexit sha1_base64="HmXkaDH0EFog2iiipENS+9HCLcU=">AAAB7HicdZDNSsNAFIVv6l+tf1WXbgaL4KokWq3uim7EVQXTFtpYJtNJO3QyCTMToYQ+gxsXirj1gdz5Nk7aCCp6YODj3HuZe48fc6a0bX9YhYXFpeWV4mppbX1jc6u8vdNSUSIJdUnEI9nxsaKcCepqpjntxJLi0Oe07Y8vs3r7nkrFInGrJzH1QjwULGAEa2O513c9kfTLFbtq2/Zx7RzlUM/hxEFOBkYVyNXsl997g4gkIRWacKxU17Fj7aVYakY4nZZ6iaIxJmM8pF2DAodUeels2Sk6MM4ABZE0T2g0c79PpDhUahL6pjPEeqR+1zLzr1o30cGZlzIRJ5oKMv8oSDjSEcouRwMmKdF8YgATycyuiIywxESbfEomhK9L0f/QOqo6p1XnplZpXORxFGEP9uEQHKhDA66gCS4QYPAAT/BsCevRerFe560FK5/ZhR+y3j4B5AyOwA==</latexit>

J⌫

<latexit sha1_base64="K8jTsTxhpp6cdQvBBsqcMLn1lrk=">AAAB7XicdZDNSgMxFIXv1L9a/6ou3QSL4KrMaLW6K7oRVxVsK7RjyaRpG5tJhiQjlKHv4MaFIm59H3e+jZl2BBU9EPg4915y7wkizrRx3Q8nNze/sLiUXy6srK6tbxQ3t5paxorQBpFcqpsAa8qZoA3DDKc3kaI4DDhtBaPztN66p0ozKa7NOKJ+iAeC9RnBxlrNy9uOGspuseSWXdc9rJyiDKoZHHnIS8GqBJnq3eJ7pydJHFJhCMdatz03Mn6ClWGE00mhE2saYTLCA9q2KHBItZ9Mt52gPev0UF8q+4RBU/f7RIJDrcdhYDtDbIb6dy01/6q1Y9M/8RMmothQQWYf9WOOjETp6ajHFCWGjy1gopjdFZEhVpgYG1DBhvB1Kfofmgdl77jsXVVKtbMsjjzswC7sgwdVqMEF1KEBBO7gAZ7g2ZHOo/PivM5ac042sw0/5Lx9AqWBjzA=</latexit>

J⇢

Famous triangle diagram

• 1-loop exact: Adler-Bardeen theorem ’69

do not contribute to anomaly

Linearly divergent integral: contribution depends on how we label loop momentum

ambiguous: chose mom routing such that
vector Ward identity holds true

True meaning of anomaly: we can’t conserve simultaneously both vector and axial WI

• Anomaly arises if a symmetry of action is not a symmetry of functional measure [Fujikawa ’79]
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GREEN CORRELATION FUNCTION

• Calculate amputed Green’s function with these operators insertion

Strategy to fix
<latexit sha1_base64="RBohH2L6mqC8S6cV0PAAPnaorYg=">AAACGnicdVBJS8NAGJ241rpFPXoZLIIHKUlXvRW9eKxgF2xjmEwn7dDJwsxEKCG/w4t/xYsHRbyJF/+N0zTFBX0w8Hjv2+Y5IaNCGsaHtrC4tLyymlvLr29sbm3rO7ttEUQckxYOWMC7DhKEUZ+0JJWMdENOkOcw0nHG51O/c0u4oIF/JSchsTw09KlLMZJKsnWzn87o8aFjxWbRSHFsfJFauVQrG8n1TewmdlxNoK0XUrtcOYUZqWekasL5iALI0LT1t/4gwJFHfIkZEqJnGqG0YsQlxYwk+X4kSIjwGA1JT1EfeURYcXpWAg+VMoBuwNXzJUzV7x0x8oSYeI6q9JAcid/eVPzL60XSPbFi6oeRJD6eLXIjBmUApznBAeUESzZRBGFO1a0QjxBHWKo08yqE+U/h/6RdKpq1onFZKTTOsjhyYB8cgCNggjpogAvQBC2AwR14AE/gWbvXHrUX7XVWuqBlPXvgB7T3T4QnnNA=</latexit>

Zf
5

• Demand Anomaly equation

<latexit sha1_base64="qmql1LTzyDzOa1hI2C0uoSOAaek="></latexit>

h⌦|T̂ [[@µJ
µ
5 (y)]R Aµ1

a (x)Aµ2
a (0)] |⌦i = asnfTF h⌦|T̂

h
[FF̃ ]R Aµ1

a (x)Aµ2
a (0)

i
|⌦i

<latexit sha1_base64="6cyPDsbVSHrctVDvcyWeuRbUQbU=">AAACGXicdVBJS8NAGJ3UrdYt6tHLYBE8SEna2uqtKBSPFewCSSiTybQdOlmYmQgl9G948a948aCIRz35b5ymKS7og4HHe982z40YFdIwPrTc0vLK6lp+vbCxubW9o+/udUQYc0zaOGQh77lIEEYD0pZUMtKLOEG+y0jXHV/O/O4t4YKGwY2cRMTx0TCgA4qRVFJfN+x0hsWHrpOYJSPFifFFapVyrWJMm7akzCOw2deLqVupnsOM1DNyasLFhCLI0Orrb7YX4tgngcQMCWGZRiSdBHFJMSPTgh0LEiE8RkNiKRognwgnSa+awiOleHAQcvUCCVP1e0eCfCEmvqsqfSRH4rc3E//yrFgOzpyEBlEsSYDniwYxgzKEs5igRznBkk0UQZhTdSvEI8QRlirMggph8VP4P+mUS2atZF5Xi42LLI48OACH4BiYoA4a4Aq0QBtgcAcewBN41u61R+1Fe52X5rSsZx/8gPb+CVE7nB8=</latexit>

FF̃
<latexit sha1_base64="esYP2RuZNmx7xBMPa5/I9Zk6hdA="></latexit>

@µJ
µ
5

Our goal
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GREEN CORRELATION FUNCTION

• Calculate amputed Green’s function with these operators insertion

Strategy to fix
<latexit sha1_base64="RBohH2L6mqC8S6cV0PAAPnaorYg=">AAACGnicdVBJS8NAGJ241rpFPXoZLIIHKUlXvRW9eKxgF2xjmEwn7dDJwsxEKCG/w4t/xYsHRbyJF/+N0zTFBX0w8Hjv2+Y5IaNCGsaHtrC4tLyymlvLr29sbm3rO7ttEUQckxYOWMC7DhKEUZ+0JJWMdENOkOcw0nHG51O/c0u4oIF/JSchsTw09KlLMZJKsnWzn87o8aFjxWbRSHFsfJFauVQrG8n1TewmdlxNoK0XUrtcOYUZqWekasL5iALI0LT1t/4gwJFHfIkZEqJnGqG0YsQlxYwk+X4kSIjwGA1JT1EfeURYcXpWAg+VMoBuwNXzJUzV7x0x8oSYeI6q9JAcid/eVPzL60XSPbFi6oeRJD6eLXIjBmUApznBAeUESzZRBGFO1a0QjxBHWKo08yqE+U/h/6RdKpq1onFZKTTOsjhyYB8cgCNggjpogAvQBC2AwR14AE/gWbvXHrUX7XVWuqBlPXvgB7T3T4QnnNA=</latexit>

Zf
5

• Demand Anomaly equation

Axial gluon current: Chern-Simons 3-form
<latexit sha1_base64="lxtGzH/GD3usdGV2ox0EhlPXqds="></latexit>

FF̃ = @µK
µ

= @µ

✓
�4 ✏µ⌫⇢�

✓
Aa

⌫@⇢A
a
� + gs

1

3
fabcAa

⌫A
b
⇢A

c
�

◆◆

• Not gauge invariant

• Advantage: less number of gauge fields

Correlation function with operator insertion

• Simplify by choosing zero momentum insertion

<latexit sha1_base64="yaiC8IgZvTMWh7EJeI6FT2dvHAQ="></latexit>
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Z
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5 (y)A
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a (0)] |⌦i|amp

<latexit sha1_base64="WYHR82KGQzN4kbSTZgUjuA75d5M="></latexit>

�µµ1µ2

rhs (p1, p2) ⌘
Z

d4xd4y e�ip1·x�iq·y h⌦|T̂ [Kµ(y)Aµ1
a (x)Aµ2

a (0)] |⌦i|amp

off-shell gluons

<latexit sha1_base64="uxR4l4PKH1SzLqBFt8h74c+nSgM="></latexit>

g(p1) + g(p2) ! Kµ(q)

Our goal

<latexit sha1_base64="6u0r2+VCuQXaXDkZ2fuyrPEslhE="></latexit>

g(p1) + g(p2) ! Jµ
5 (q)
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COMPUTATION

Projector

Feynman diagrams

<latexit sha1_base64="uxR4l4PKH1SzLqBFt8h74c+nSgM="></latexit>

g(p1) + g(p2) ! Kµ(q)

<latexit sha1_base64="FjyMaaatqi0nm9ng6HpKPW6JkCc=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4KpktFrdFd24rGAv0A4lk6ZtaCYZk4xShz6JGxeKuPVR3Pk2ZtoRVPSHwMd/zuGc/EHEmTYIfTi5hcWl5ZX8amFtfWOz6G5tN7WMFaENIrlU7QBrypmgDcMMp+1IURwGnLaC8UVab91SpZkU12YSUT/EQ8EGjGBjrZ5bvIFdxYYjg5WSdxD13BIqI4SOKmcwg2oGxx70UrAqgUz1nvve7UsSh1QYwrHWHQ9Fxk+wMoxwOi10Y00jTMZ4SDsWBQ6p9pPZ4VO4b50+HEhlnzBw5n6fSHCo9SQMbGeIzUj/rqXmX7VObAanfsJEFBsqyHzRIObQSJimAPtMUWL4xAImitlbIRlhhYmxWRVsCF8/hf9D87DsnZTRVaVUO8/iyINdsAcOgAeqoAYuQR00AAExeABP4Nm5dx6dF+d13ppzspkd8EPO2ydu2ZLz</latexit>

q ! 0

1-loop

4-loop

2-loop

3-loop

• l.h.s. is loop induced

4-loop calculation!

l.h.s.

r.h.s.

[Nogueira]

<latexit sha1_base64="6u0r2+VCuQXaXDkZ2fuyrPEslhE="></latexit>

g(p1) + g(p2) ! Jµ
5 (q)
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COMPUTATION
• In-house FORM code:

SU(N) color algebra
Lorentz algebra

Dirac algebra } in d-spacetime dimensions

[Vermaseren]FORM: computer algebra

<latexit sha1_base64="C8Z7euqzgFvR25Kz0LE/nIr/rms=">AAAB6nicdZDNSgMxFIXv1L9a/6ou3QSL4KpktFrdFd24rGhroR1KJs20oZnMkGSEMvQR3LhQxK1P5M63MdOOoKIHAh/n3kvuPX4suDYYfziFhcWl5ZXiamltfWNzq7y909ZRoihr0UhEquMTzQSXrGW4EawTK0ZCX7A7f3yZ1e/umdI8krdmEjMvJEPJA06JsdYN6bv9cgVXMcbHtXOUQz2HExe5GVhVIFezX37vDSKahEwaKojWXRfHxkuJMpwKNi31Es1iQsdkyLoWJQmZ9tLZqlN0YJ0BCiJlnzRo5n6fSEmo9ST0bWdIzEj/rmXmX7VuYoIzL+UyTgyTdP5RkAhkIpTdjQZcMWrExAKhittdER0RRaix6ZRsCF+Xov+hfVR1T6vuda3SuMjjKMIe7MMhuFCHBlxBE1pAYQgP8ATPjnAenRfndd5acPKZXfgh5+0TIwyNtg==</latexit>a1

<latexit sha1_base64="0lIoaTM3JHehZM728gMUFZ11iDE=">AAAB6nicdZDLSsNAFIZP6q3WW9Slm8EiuCpJrVZ3RTcuK9oLtKFMppN26GQSZiZCCX0ENy4UcesTufNtnLQRVPSHgY//nMOc8/sxZ0o7zodVWFpeWV0rrpc2Nre2d+zdvbaKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MlVVu/cU6lYJO70NKZeiEeCBYxgbaxbPKgO7LJTcRznpHaBcqjncOoiNwOjMuRqDuz3/jAiSUiFJhwr1XOdWHsplpoRTmelfqJojMkEj2jPoMAhVV46X3WGjowzREEkzRMazd3vEykOlZqGvukMsR6r37XM/KvWS3Rw7qVMxImmgiw+ChKOdISyu9GQSUo0nxrARDKzKyJjLDHRJp2SCeHrUvQ/tKsV96zi3tTKjcs8jiIcwCEcgwt1aMA1NKEFBEbwAE/wbHHr0XqxXhetBSuf2Ycfst4+ASSQjbc=</latexit>a2

<latexit sha1_base64="G86BMT6zFA4Z5RCg66GuL61hGko=">AAAB6nicdZDLSsNAFIZP6q3WW9Slm8EiuCqJrVZ3RTcuK9oLtKFMppN26GQSZiZCCX0ENy4UcesTufNtnLQRVPSHgY//nMOc8/sxZ0o7zodVWFpeWV0rrpc2Nre2d+zdvbaKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MlVVu/cU6lYJO70NKZeiEeCBYxgbaxbPKgO7LJTcRynWrtAOdRzOHWRm4FRGXI1B/Z7fxiRJKRCE46V6rlOrL0US80Ip7NSP1E0xmSCR7RnUOCQKi+drzpDR8YZoiCS5gmN5u73iRSHSk1D33SGWI/V71pm/lXrJTo491Im4kRTQRYfBQlHOkLZ3WjIJCWaTw1gIpnZFZExlphok07JhPB1Kfof2icV96zi3tTKjcs8jiIcwCEcgwt1aMA1NKEFBEbwAE/wbHHr0XqxXhetBSuf2Ycfst4+ASYUjbg=</latexit>a3

<latexit sha1_base64="rY2XLry6BKbM6tQsWedtwq4a37o=">AAAB6nicdZDNSgMxFIXv1L9a/6ou3QSL4KpktFrdFd24rGhroR1KJs20oZnMkGSEMvQR3LhQxK1P5M63MdOOoKIHAh/n3kvuPX4suDYYfziFhcWl5ZXiamltfWNzq7y909ZRoihr0UhEquMTzQSXrGW4EawTK0ZCX7A7f3yZ1e/umdI8krdmEjMvJEPJA06JsdYN6df65QquYoyPa+coh3oOJy5yM7CqQK5mv/zeG0Q0CZk0VBCtuy6OjZcSZTgVbFrqJZrFhI7JkHUtShIy7aWzVafowDoDFETKPmnQzP0+kZJQ60no286QmJH+XcvMv2rdxARnXsplnBgm6fyjIBHIRCi7Gw24YtSIiQVCFbe7IjoiilBj0ynZEL4uRf9D+6jqnlbd61qlcZHHUYQ92IdDcKEODbiCJrSAwhAe4AmeHeE8Oi/O67y14OQzu/BDztsnJ5iNuQ==</latexit>a4

<latexit sha1_base64="ivvIlkFXVx/GyBED51syFomqZ1Y=">AAAB6nicdZDLSsNAFIZP6q3WW9Slm8EiuCqJtlZ3RTcuK9oLtKFMppN26GQSZiZCCX0ENy4UcesTufNtnLQRVPSHgY//nMOc8/sxZ0o7zodVWFpeWV0rrpc2Nre2d+zdvbaKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MlVVu/cU6lYJO70NKZeiEeCBYxgbaxbPKgN7LJTcRzntHqBcqjnUHORm4FRGXI1B/Z7fxiRJKRCE46V6rlOrL0US80Ip7NSP1E0xmSCR7RnUOCQKi+drzpDR8YZoiCS5gmN5u73iRSHSk1D33SGWI/V71pm/lXrJTo491Im4kRTQRYfBQlHOkLZ3WjIJCWaTw1gIpnZFZExlphok07JhPB1Kfof2icV96zi3lTLjcs8jiIcwCEcgwt1aMA1NKEFBEbwAE/wbHHr0XqxXhetBSuf2Ycfst4+ASkcjbo=</latexit>a5
<latexit sha1_base64="A3gFthnmaxcmveHUId9vqjI6Z64=">AAAB6nicdZDLSsNAFIZP6q3WW9Slm8EiuCqJ1lZ3RTcuK9oLtKFMppN26GQSZiZCCX0ENy4UcesTufNtnLQRVPSHgY//nMOc8/sxZ0o7zodVWFpeWV0rrpc2Nre2d+zdvbaKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MlVVu/cU6lYJO70NKZeiEeCBYxgbaxbPKgN7LJTcRzntHqBcqjncOYiNwOjMuRqDuz3/jAiSUiFJhwr1XOdWHsplpoRTmelfqJojMkEj2jPoMAhVV46X3WGjowzREEkzRMazd3vEykOlZqGvukMsR6r37XM/KvWS3Rw7qVMxImmgiw+ChKOdISyu9GQSUo0nxrARDKzKyJjLDHRJp2SCeHrUvQ/tE8qbq3i3lTLjcs8jiIcwCEcgwt1aMA1NKEFBEbwAE/wbHHr0XqxXhetBSuf2Ycfst4+ASqgjbs=</latexit>a6

<latexit sha1_base64="cIwiWPw61AiS3pRzQ41fCqvpcuk=">AAAB6nicdZDNSgMxFIXv1L9a/6ou3QSL4KpktFrdFd24rGhroR1KJs20oZnMkGSEMvQR3LhQxK1P5M63MdOOoKIHAh/n3kvuPX4suDYYfziFhcWl5ZXiamltfWNzq7y909ZRoihr0UhEquMTzQSXrGW4EawTK0ZCX7A7f3yZ1e/umdI8krdmEjMvJEPJA06JsdYN6df75QquYoyPa+coh3oOJy5yM7CqQK5mv/zeG0Q0CZk0VBCtuy6OjZcSZTgVbFrqJZrFhI7JkHUtShIy7aWzVafowDoDFETKPmnQzP0+kZJQ60no286QmJH+XcvMv2rdxARnXsplnBgm6fyjIBHIRCi7Gw24YtSIiQVCFbe7IjoiilBj0ynZEL4uRf9D+6jqnlbd61qlcZHHUYQ92IdDcKEODbiCJrSAwhAe4AmeHeE8Oi/O67y14OQzu/BDztsnLCSNvA==</latexit>a7

<latexit sha1_base64="pQLXbYPkl6GDB6GpmY1wMEkJwR4=">AAAB6nicdZDLSsNAFIZP6q3WW9Slm8EiuCqJVlt3RTcuK9oLtKFMppN26GQSZiZCCX0ENy4UcesTufNtnLQRVPSHgY//nMOc8/sxZ0o7zodVWFpeWV0rrpc2Nre2d+zdvbaKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MlVVu/cU6lYJO70NKZeiEeCBYxgbaxbPKgP7LJTcRzntHqBcqjlcOYiNwOjMuRqDuz3/jAiSUiFJhwr1XOdWHsplpoRTmelfqJojMkEj2jPoMAhVV46X3WGjowzREEkzRMazd3vEykOlZqGvukMsR6r37XM/KvWS3RQ91Im4kRTQRYfBQlHOkLZ3WjIJCWaTw1gIpnZFZExlphok07JhPB1Kfof2icV97zi3lTLjcs8jiIcwCEcgws1aMA1NKEFBEbwAE/wbHHr0XqxXhetBSuf2Ycfst4+AS2ojb0=</latexit>a8
<latexit sha1_base64="hhCSAo5IXzWN7Xjh1DCtoaXGbOI=">AAAB6nicdZDLSsNAFIZP6q3WW9Slm8EiuCqJVmt3RTcuK9oLtKFMppN26GQSZiZCCX0ENy4UcesTufNtnLQRVPSHgY//nMOc8/sxZ0o7zodVWFpeWV0rrpc2Nre2d+zdvbaKEkloi0Q8kl0fK8qZoC3NNKfdWFIc+px2/MlVVu/cU6lYJO70NKZeiEeCBYxgbaxbPKgP7LJTcRzntFpHOdRyOHORm4FRGXI1B/Z7fxiRJKRCE46V6rlOrL0US80Ip7NSP1E0xmSCR7RnUOCQKi+drzpDR8YZoiCS5gmN5u73iRSHSk1D33SGWI/V71pm/lXrJTq48FIm4kRTQRYfBQlHOkLZ3WjIJCWaTw1gIpnZFZExlphok07JhPB1Kfof2icV97zi3lTLjcs8jiIcwCEcgws1aMA1NKEFBEbwAE/wbHHr0XqxXhetBSuf2Ycfst4+AS8sjb4=</latexit>a9

<latexit sha1_base64="H9Gtfm12P4GEyStlj+POrbtLmOs=">AAAB7XicdZDLSgMxFIbP1Futt6pLN8EiuCoZrVZ3RTcuK9gLtEPJpJk2mpkMSUYoQ9/BjQtF3Po+7nwbM+0IKvpD4OM/55Bzfj8WXBuMP5zCwuLS8kpxtbS2vrG5Vd7eaWuZKMpaVAqpuj7RTPCItQw3gnVjxUjoC9bx7y6zeueeKc1ldGMmMfNCMop4wCkx1mqTQeri6aBcwVWM8XHtHOVQz+HERW4GVhXI1RyU3/tDSZOQRYYKonXPxbHxUqIMp4JNS/1Es5jQOzJiPYsRCZn20tm2U3RgnSEKpLIvMmjmfp9ISaj1JPRtZ0jMWP+uZeZftV5igjMv5VGcGBbR+UdBIpCRKDsdDbli1IiJBUIVt7siOiaKUGMDKtkQvi5F/0P7qOqeVt3rWqVxkcdRhD3Yh0NwoQ4NuIImtIDCLTzAEzw70nl0XpzXeWvByWd24Yect09Wy478</latexit>a10

<latexit sha1_base64="OPj+glcv2SGmUVqJNQ1qVYn1o0s=">AAAB6HicdZDLSgNBEEVr4ivGV9Slm8YguAozGo3ugm5cJmAekAyhp1NJ2vQ86O4RwpAvcONCEbd+kjv/xp5kBBW90HC4VUVXXS8SXGnb/rByS8srq2v59cLG5tb2TnF3r6XCWDJsslCEsuNRhYIH2NRcC+xEEqnvCWx7k+u03r5HqXgY3OpphK5PRwEfcka1sRq8XyzZZdu2TyuXJINqBmcOcVIwKkGmer/43huELPYx0ExQpbqOHWk3oVJzJnBW6MUKI8omdIRdgwH1UbnJfNEZOTLOgAxDaV6gydz9PpFQX6mp75lOn+qx+l1Lzb9q3VgPL9yEB1GsMWCLj4axIDok6dVkwCUyLaYGKJPc7ErYmErKtMmmYEL4upT8D62TsnNedhqVUu0qiyMPB3AIx+BAFWpwA3VoAgOEB3iCZ+vOerRerNdFa87KZvbhh6y3TwnyjRo=</latexit>

i

<latexit sha1_base64="G2TOG0qOra7wDGy4xh/W58K8TnQ=">AAAB6HicdZBNSwMxEIZn61etX1WPXoJF8FR2tVq9Fb14bMG2QruUbDrbps1+kGSFsvQXePGgiFd/kjf/jWm7goq+EHh4Z4bMvF4suNK2/WHllpZXVtfy64WNza3tneLuXktFiWTYZJGI5J1HFQoeYlNzLfAulkgDT2DbG1/P6u17lIpH4a2exOgGdBBynzOqjdUY9Yolu2zb9mnlkmRQzeDMIc4MjEqQqd4rvnf7EUsCDDUTVKmOY8faTanUnAmcFrqJwpiyMR1gx2BIA1RuOl90So6M0yd+JM0LNZm73ydSGig1CTzTGVA9VL9rM/OvWifR/oWb8jBONIZs8ZGfCKIjMrua9LlEpsXEAGWSm10JG1JJmTbZFEwIX5eS/6F1UnbOy06jUqpdZXHk4QAO4RgcqEINbqAOTWCA8ABP8GyNrEfrxXpdtOasbGYffsh6+wQLdo0b</latexit>

j

<latexit sha1_base64="g6NLbWdJ8NDp+ji01qRCORi5ZDg=">AAAB6HicdZDLSgNBEEVr4ivGV9Slm8YguAozGo3ugm5cJmAekAyhp1NJ2vQ86O4RwpAvcONCEbd+kjv/xp5kBBW90HC4VUVXXS8SXGnb/rByS8srq2v59cLG5tb2TnF3r6XCWDJsslCEsuNRhYIH2NRcC+xEEqnvCWx7k+u03r5HqXgY3OpphK5PRwEfcka1sRqTfrFkl23bPq1ckgyqGZw5xEnBqASZ6v3ie28QstjHQDNBleo6dqTdhErNmcBZoRcrjCib0BF2DQbUR+Um80Vn5Mg4AzIMpXmBJnP3+0RCfaWmvmc6farH6nctNf+qdWM9vHATHkSxxoAtPhrGguiQpFeTAZfItJgaoExysythYyop0yabggnh61LyP7ROys552WlUSrWrLI48HMAhHIMDVajBDdShCQwQHuAJnq0769F6sV4XrTkrm9mHH7LePgEM+o0c</latexit>

k

<latexit sha1_base64="4tpat9ii/MlBgWBeVqqPBfZz3IU=">AAAB6HicdZDLSgNBEEVr4ivGV9Slm8YguAozGo3ugm5cJmAekAyhp1NJ2vQ86O4RwpAvcONCEbd+kjv/xp5kBBW90HC4VUVXXS8SXGnb/rByS8srq2v59cLG5tb2TnF3r6XCWDJsslCEsuNRhYIH2NRcC+xEEqnvCWx7k+u03r5HqXgY3OpphK5PRwEfcka1sRqiXyzZZdu2TyuXJINqBmcOcVIwKkGmer/43huELPYx0ExQpbqOHWk3oVJzJnBW6MUKI8omdIRdgwH1UbnJfNEZOTLOgAxDaV6gydz9PpFQX6mp75lOn+qx+l1Lzb9q3VgPL9yEB1GsMWCLj4axIDok6dVkwCUyLaYGKJPc7ErYmErKtMmmYEL4upT8D62TsnNedhqVUu0qiyMPB3AIx+BAFWpwA3VoAgOEB3iCZ+vOerRerNdFa87KZvbhh6y3Tw5+jR0=</latexit>

l

<latexit sha1_base64="UQ/4o7yfncKQigahzct30C0uMwE="></latexit>

⇠fa1a3a4fa2a3a5T a4
ij T a8

jk T
a6
kl T

a5
li fa7a8a9fa6a7a10�a9a10

=
1

4
�a1a2(N �N3)
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Tricky: Upon taking                  limit, should give a valid basis
<latexit sha1_base64="FjyMaaatqi0nm9ng6HpKPW6JkCc=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4KpktFrdFd24rGAv0A4lk6ZtaCYZk4xShz6JGxeKuPVR3Pk2ZtoRVPSHwMd/zuGc/EHEmTYIfTi5hcWl5ZX8amFtfWOz6G5tN7WMFaENIrlU7QBrypmgDcMMp+1IURwGnLaC8UVab91SpZkU12YSUT/EQ8EGjGBjrZ5bvIFdxYYjg5WSdxD13BIqI4SOKmcwg2oGxx70UrAqgUz1nvve7UsSh1QYwrHWHQ9Fxk+wMoxwOi10Y00jTMZ4SDsWBQ6p9pPZ4VO4b50+HEhlnzBw5n6fSHCo9SQMbGeIzUj/rqXmX7VObAanfsJEFBsqyHzRIObQSJimAPtMUWL4xAImitlbIRlhhYmxWRVsCF8/hf9D87DsnZTRVaVUO8/iyINdsAcOgAeqoAYuQR00AAExeABP4Nm5dx6dF+d13ppzspkd8EPO2ydu2ZLz</latexit>

q ! 0

COMPUTATION
• In-house FORM code:

SU(N) color algebra
Lorentz algebra

Dirac algebra } in d-spacetime dimensions

[Vermaseren]FORM: computer algebra

• Scalar products are converted to inverse of propagators
<latexit sha1_base64="R53d+c3+LCxYdYuwKqpCc2EbZtA="></latexit>

2k1 · p1 = (k1 + p1)
2 � k21 � p21

Need set of 18 propagators to form a complete basis: 12 real prop + 6 ISP: integral family
D1

D12

46 integral families

• Linear transformations on loop momentum: Feynman diagrams are recast to belong
to one of the integral families

<latexit sha1_base64="EoaLfCDpkE3mQemaQhwP0mDaojI="></latexit>

ki !
4X

n=1

cnkn +
2X

m=1

lmpm
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COMPUTATION

• Linear transformations on loop momentum: Feynman diagrams are recast to belong
to one of the integral families

<latexit sha1_base64="EoaLfCDpkE3mQemaQhwP0mDaojI="></latexit>

ki !
4X

n=1

cnkn +
2X

m=1

lmpm

<latexit sha1_base64="jzbuXcLiUjLaSfUJFQ8J3QbAqBY="></latexit>Z
ddk

(2⇡)d
1

(k � p1 � p2)2(k � p1)2

<latexit sha1_base64="1gPk0GYhAWO7BBuaj0ClGJmRe4s="></latexit>Z
ddk

(2⇡)d
1

(k � p2)2k2

<latexit sha1_base64="hKxRxpE7csB4vtaEuN19dP+7A48=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiCUBKtVndFNy4r2AekoUymk3bIJBNmboQS+hluXCji1q9x5984aSOo6IGBwzn3MvccPxFcg21/WAuLS8srq6W18vrG5tZ2ZWe3o2WqKGtTKaTq+UQzwWPWBg6C9RLFSOQL1vXD69zv3jOluYzvYJIwLyKjmAecEjCSG+I+SBweJwNnUKnaNdu2T+uXuCCNgpw52MmJQRUVaA0q7/2hpGnEYqCCaO06dgJeRhRwKti03E81SwgNyYi5hsYkYtrLZidP8aFRhjiQyrwY8Ez9vpGRSOtJ5JvJiMBY//Zy8S/PTSG48DIeJymwmM4/ClKBTcw8Px5yxSiIiSGEKm5uxXRMFKFgWiqbEr6S4v9J56TmnNec23q1eVXUUUL76AAdIQc1UBPdoBZqI4okekBP6NkC69F6sV7nowtWsbOHfsB6+wQ8apCV</latexit>

k ! k + p1
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INTEGRATION-BY-PARTS IDENTITIES
Scalar Feynman integrals are not linearly independent [Chetyrkin, Tkachov]

<latexit sha1_base64="WxI8NoOyIPk5k50LDYzSJK09gO8="></latexit>

I(a1, a2, · · · , an) =
1

Da1
1 Da2

2 · · ·Dan
n

<latexit sha1_base64="KL7vD8n4jEVTNtlDvHGf1ySSV4M="></latexit>Z lY

↵=1

ddk↵
(2⇡)d

@

@kj,µ
(vµI(a1, a2, · · · , an)) = 0

q q

k

q-k

<latexit sha1_base64="akn5gbS+cuX3/QBZFWILGMw6PGs="></latexit>

I(a1, a2) =

Z
ddk

1

[k2 �m2]a1 [(q � k)2]a1

<latexit sha1_base64="7onjSWWnH8mr+zrj/EyHfTIAOiI="></latexit>

0 =

Z
ddk

@

@kµ
kµ

[k2 �m2]a1 [(q � k)2]a1
IBP

<latexit sha1_base64="i3jd9Qcs1ufWctdVzKBdThBWA3w="></latexit>

0 =(d� 2a1 � a2)I(a1, a2)� 2a1m
2I(a1 + 1, a2)� a2I(a1 � 1, a2 + 1)

+a2(q
2 �m2)I(a1, a2 + 1)
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INTEGRATION-BY-PARTS IDENTITIES
Scalar Feynman integrals are not linearly independent [Chetyrkin, Tkachov]

<latexit sha1_base64="WxI8NoOyIPk5k50LDYzSJK09gO8="></latexit>

I(a1, a2, · · · , an) =
1

Da1
1 Da2

2 · · ·Dan
n

<latexit sha1_base64="KL7vD8n4jEVTNtlDvHGf1ySSV4M="></latexit>Z lY

↵=1

ddk↵
(2⇡)d

@

@kj,µ
(vµI(a1, a2, · · · , an)) = 0

<latexit sha1_base64="xLnxouP/02LWOupAP3H4H/tUTAU=">AAACDnicdVDLSgMxFM3UV62vUZdugqXQLlpm+tRd0Y3LCrYV2loymUwbmnmQZIQyzBe48VfcuFDErWt3/o2ZdgQVPZBwcs693NxjBYwKaRgfWmZldW19I7uZ29re2d3T9w96wg85Jl3sM59fW0gQRj3SlVQych1wglyLkb41O0/8/i3hgvrelZwHZOSiiUcdipFU0lgvDB2OcGTGkZA31Rgun0W73Cipq1aKI7vcjMd63qgYhlGrn8KUtFLSMKGZEIU8SNEZ6+9D28ehSzyJGRJiYBqBHEWIS4oZiXPDUJAA4RmakIGiHnKJGEWLdWJYUIoNHZ+r40m4UL93RMgVYu5aqtJFcip+e4n4lzcIpXMyiqgXhJJ4eDnICRmUPkyygTblBEs2VwRhTtVfIZ4iFYhUCeZUCF+bwv9Jr1oxmxXzsp5vn6VxZMEROAZFYIIWaIML0AFdgMEdeABP4Fm71x61F+11WZrR0p5D8APa2ycPjJrV</latexit>

1

st2
(d� 5)(d� 3)

d� 6

<latexit sha1_base64="kgIDRAWc879y39UvoFG3eFFWIwM=">AAAB+nicdZDLSsNAFIYnXmu9pbp0M1iEurAk2lrdFd24rGAv0IYymUzaoZNJmJkoJeZR3LhQxK1P4s63cdJGUNEfBj7+cw7nzO9GjEplWR/GwuLS8spqYa24vrG5tW2WdjoyjAUmbRyyUPRcJAmjnLQVVYz0IkFQ4DLSdSeXWb17S4SkIb9R04g4ARpx6lOMlLaGZmngC4QTO01kCiveUf1waJatqmVZJ7VzmEMjh7oN7Qy0yiBXa2i+D7wQxwHhCjMkZd+2IuUkSCiKGUmLg1iSCOEJGpG+Ro4CIp1kdnoKD7TjQT8U+nEFZ+73iQQFUk4DV3cGSI3l71pm/lXrx8o/cxLKo1gRjueL/JhBFcIsB+hRQbBiUw0IC6pvhXiMdBZKp1XUIXz9FP4PneOqfVq1r2vl5kUeRwHsgX1QATZogCa4Ai3QBhjcgQfwBJ6Ne+PReDFe560LRj6zC37IePsEIieTRQ==</latexit>

1

s
(d� 5)

<latexit sha1_base64="gDzU9j6udYsyJqKwuRkTwIC7UTo=">AAACC3icdZDLSgMxFIYz9VbrbdSlm9AitIuWmbZaXQhFNy4r2Au0Q8mkmTY0cyHJCGUY1258FTcuFHHrC7jzbcy0I6jogZCP/z+H5Px2wKiQhvGhZZaWV1bXsuu5jc2t7R19d68j/JBj0sY+83nPRoIw6pG2pJKRXsAJcm1Guvb0IvG7N4QL6nvXchYQy0VjjzoUI6mkoZ4/uy0PHI5wVI0jEcMFF0flWilOrnopHuoFo2IYRq1+ClNopHBkQjMBVQWQVmuovw9GPg5d4knMkBB90wikFSEuKWYkzg1CQQKEp2hM+go95BJhRfNdYniolBF0fK6OJ+Fc/T4RIVeImWurThfJifjtJeJfXj+UzokVUS8IJfHw4iEnZFD6MAkGjignWLKZAoQ5VX+FeIJUGlLFl1MhfG0K/4dOtWIeV8yreqF5nsaRBQcgD4rABA3QBJegBdoAgzvwAJ7As3avPWov2uuiNaOlM/vgR2lvnyD7mdQ=</latexit>

= � 2

s

(d� 3)

(d� 4) master integrals

Memory and time expensive

For our problem: 500 GB RAM - 64 cores - 6 weeks (roughly)

<latexit sha1_base64="XDAI6TfK5/CitcAdZOhxxdoqilE=">AAAB8HicdZDLSgMxFIbPeK31VnXpJliEClJmarW6EIpudFfBXqQdSiZN29BkZkgyQhn6FG5cKOLWx3Hn25hpR1DRHwIf/zmHnPN7IWdK2/aHNTe/sLi0nFnJrq6tb2zmtrYbKogkoXUS8EC2PKwoZz6ta6Y5bYWSYuFx2vRGl0m9eU+lYoF/q8chdQUe+KzPCNbGursulA6dA3SOurm8XbRt+6h8hlKopHDsICcBozykqnVz751eQCJBfU04Vqrt2KF2Yyw1I5xOsp1I0RCTER7QtkEfC6rceLrwBO0bp4f6gTTP12jqfp+IsVBqLDzTKbAeqt+1xPyr1o50/9SNmR9Gmvpk9lE/4kgHKLke9ZikRPOxAUwkM7siMsQSE20yypoQvi5F/0OjVHROis5NOV+9SOPIwC7sQQEcqEAVrqAGdSAg4AGe4NmS1qP1Yr3OWuesdGYHfsh6+wQZD46n</latexit>

I(2, 1) =

<latexit sha1_base64="S1m6yGsz5hqMOEmzIo2egASFmZI=">AAAB9XicdZDLSsNAFIZPvNZ6q7p0M1gEN5bEVqsLoejGZQV7gTaWyWTSDp1cmJkoJeQ93LhQxK3v4s63cdJGUNEfBj7+cw7nzO9EnEllmh/G3PzC4tJyYaW4ura+sVna2m7LMBaEtkjIQ9F1sKScBbSlmOK0GwmKfYfTjjO+zOqdOyokC4MbNYmo7eNhwDxGsNLW7XnfE5gk1UM3TWQ6KJXNimma1doZyqGew7GFrAy0ypCrOSi9992QxD4NFOFYyp5lRspOsFCMcJoW+7GkESZjPKQ9jQH2qbST6dUp2teOi7xQ6BcoNHW/TyTYl3LiO7rTx2okf9cy869aL1beqZ2wIIoVDchskRdzpEKURYBcJihRfKIBE8H0rYiMsM5B6aCKOoSvn6L/oX1UsU4q1nWt3LjI4yjALuzBAVhQhwZcQRNaQEDAAzzBs3FvPBovxuusdc7IZ3bgh4y3T4uVko8=</latexit>

=
3� d

s

<latexit sha1_base64="S1m6yGsz5hqMOEmzIo2egASFmZI=">AAAB9XicdZDLSsNAFIZPvNZ6q7p0M1gEN5bEVqsLoejGZQV7gTaWyWTSDp1cmJkoJeQ93LhQxK3v4s63cdJGUNEfBj7+cw7nzO9EnEllmh/G3PzC4tJyYaW4ura+sVna2m7LMBaEtkjIQ9F1sKScBbSlmOK0GwmKfYfTjjO+zOqdOyokC4MbNYmo7eNhwDxGsNLW7XnfE5gk1UM3TWQ6KJXNimma1doZyqGew7GFrAy0ypCrOSi9992QxD4NFOFYyp5lRspOsFCMcJoW+7GkESZjPKQ9jQH2qbST6dUp2teOi7xQ6BcoNHW/TyTYl3LiO7rTx2okf9cy869aL1beqZ2wIIoVDchskRdzpEKURYBcJihRfKIBE8H0rYiMsM5B6aCKOoSvn6L/oX1UsU4q1nWt3LjI4yjALuzBAVhQhwZcQRNaQEDAAzzBs3FvPBovxuusdc7IZ3bgh4y3T4uVko8=</latexit>

=
3� d

s

<latexit sha1_base64="izXEabaa4JLkDNvrdEbxAT89Pfo=">AAAB7XicdZDLSgMxFIYzXmu9VV26CRahgpSJVqu7ohvdVbAXaIeSSTNtbCYZkoxQhr6DGxeKuPV93Pk2ZtoRVPSHwMd/ziHn/H7EmTau++HMzS8sLi3nVvKra+sbm4Wt7aaWsSK0QSSXqu1jTTkTtGGY4bQdKYpDn9OWP7pM6617qjST4taMI+qFeCBYwAg21mpel9AhOugVim7Zdd3jyjnMoJrBCYIoBasiyFTvFd67fUnikApDONa6g9zIeAlWhhFOJ/lurGmEyQgPaMeiwCHVXjLddgL3rdOHgVT2CQOn7veJBIdaj0PfdobYDPXvWmr+VevEJjjzEiai2FBBZh8FMYdGwvR02GeKEsPHFjBRzO4KyRArTIwNKG9D+LoU/g/NozI6LaObSrF2kcWRA7tgD5QAAlVQA1egDhqAgDvwAJ7AsyOdR+fFeZ21zjnZzA74IeftE+cujgs=</latexit>

I(1, 1)
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INTEGRATION-BY-PARTS IDENTITIES
Scalar Feynman integrals are not linearly independent [Chetyrkin, Tkachov]

Amplitude is expressed in terms of only a few master integrals

Laporta algorithm

<latexit sha1_base64="WxI8NoOyIPk5k50LDYzSJK09gO8="></latexit>

I(a1, a2, · · · , an) =
1

Da1
1 Da2

2 · · ·Dan
n

<latexit sha1_base64="KL7vD8n4jEVTNtlDvHGf1ySSV4M="></latexit>Z lY

↵=1

ddk↵
(2⇡)d

@

@kj,µ
(vµI(a1, a2, · · · , an)) = 0

Millions of integrals Handful number of integrals: master integrals

FIRE

[Laporta]

LiteRed

Kira
Reduze

[Smirnov, Smirnov, Chukharev]

C++, Fully analytical

Mathematica, Fully analytical

[Klappert, Lange, Maierhöfer, Usovitsch]

[Manteuffel, Studerus]

[Lee]

FiniteField Technique
FiniteFlow

FireFly+Kira2

[Peraro]

[Manteuffel, Schabinger] [Peraro]

[Klappert, Lange, Maierhöfer, Usovitsch]C++, Numerical -> Analytical
Fire6 [Smirnov, Smirnov, Chukharev]
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MASTER INTEGRALS
~1.6 million scalar integrals are expressed in terms of 28 Master integrals

1 2

1 2

1 2 1 2 12 1
2

12 1 2 12 1 2 1 2 1 2

12
12 1 2 1 2

1 2 1 2
1 2 1 2

1 2

12

1 2

1 2

1 2
1 2

1
2

12

• Simplification algebraically: FORM, Mathematica and fermat [Lewis]

• Matrix elements: Just a few lines

[Baikov, Chetyrkin]

[Lee, Smirnov^2]

[Smirnov, Tentyukov]
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RENORMALISATION & OPERATOR MIXING
Renormalisation of axial-anomaly operator is not strictly multiplicative 

[Adler ’69]

<latexit sha1_base64="F0QVh0Gxg24y5LFEcdzH739Ybc4=">AAACKHicfVDLSgMxFM3UV62vqks3wSK4KjPaWl2IpW6kqyr2gTPjkEnTNjTzIMkIZejnuPFX3Igo0q1fYqYdQUW9EHI451zuvccNGRVS1ydaZm5+YXEpu5xbWV1b38hvbrVEEHFMmjhgAe+4SBBGfdKUVDLSCTlBnstI2x2eJ3r7jnBBA/9ajkJie6jv0x7FSCrKyZ+ZVoi4pIg5seVFY1i/nf5O2Xau4Cm8cerwH0vNyRf0oq7rh6UTmIJKCsoGNBKgqgDSajj5Z6sb4MgjvsQMCWEaeijtOBmAGRnnrEiQEOEh6hNTQR95RNjx9NAx3FNMF/YCrp4v4ZT92hEjT4iR5yqnh+RA/NQS8jfNjGTv2I6pH0aS+Hg2qBcxKAOYpAa7lBMs2UgBhDlVu0I8QBxhqbLNqRA+L4V/g9ZB0Tgq6pelQrWWxpEFO2AX7AMDVEAVXIAGaAIM7sEjeAGv2oP2pL1pk5k1o6U92+Bbae8fAo6mjw==</latexit>

[@µJ
µ
5 ]R = ZJ [@µJ

µ
5 ]B

BareRenormalised

operator ren Wave-function renormalisation of gauge fields

Gauge fixing parameter

Expressions from Feynman diagram

Fix by looking at UV poles of matrix elementGoal

strong coupling ren

operator ren

[Espriu, Tarrach ’82]
[Breitenlohner, Maison, Stelle ’84]
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RESULTS: 4-LOOP MATRIX ELEMENTS
<latexit sha1_base64="Gi0NRdeX8fyx6kC7K/j4wQQPCh4="></latexit>

Zf
5 M̄lhs = Zf

5

⇣
asM̄(1)

lhs + a2sM̄
(2)
lhs + a3sM̄

(3)
lhs + a4sM̄

(4)
lhs

⌘

<latexit sha1_base64="SD29eDRJghH3tsqbReSvn9O/w48="></latexit>

asnfTFZ
f
5Mrhs =

1

2
asnf

⇣
M(0)

rhs + asM(1)
rhs + a2sM

(2)
rhs + a3sM

(3)
rhs + a4sM

(4)
rhs

⌘

New result by us

2101.09479: with Chen, Czakon

<latexit sha1_base64="Dcl7va/GY9PXds+z9TKqSVY8wGo="></latexit>

C3
Anf

⇣2822
9

⇣3 � 500⇣5 +
14896805

1944
+

⇡4

30

⌘
+ C2

ACFnf

⇣57125
27

� 160⇣3
⌘

+C2
An

2
f

⇣
� 12752

9
⇣3 +

1600

3
⇣5 �

1063039

486
� ⇡4

5

⌘
+ CAC

2
Fnf

⇣
640⇣3 �

16952

27

⌘

+CACFn
2
f

⇣4864
9

⇣3 + 320⇣5 �
494545

162
+

4⇡4

15

⌘
+ CAn

3
f

⇣368
3

⇣3 +
31021

243

⌘

+C3
Fnf

⇣136
3

� 384⇣3
⌘
+ C2

Fn
2
f

⇣2048⇣3
3

� 640⇣5 �
3832

27

⌘
+ CFn

3
f

⇣19124
81

� 1024

9
⇣3
⌘

No quartic Casimirs since quadratic Casimirs start from 2-loop

<latexit sha1_base64="K0gZBa8OdyeSZUGiy8uUt41FDAI=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJFHVZdONGqGAf0MYwmU7aoZMHMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33uPFnEllWd9GYWl5ZXWtuF7a2Nza3jF391oySgShTRLxSHQ8LClnIW0qpjjtxILiwOO07Y2uJn77gQrJovBOjWPqBHgQMp8RrLTkmgdpj2CObrL7tFI7ydxUDGXmmmWrak2BFomdkzLkaLjmV68fkSSgoSIcS9m1rVg5KRaKEU6zUi+RNMZkhAe0q2mIAyqddHp9ho610kd+JHSFCk3V3xMpDqQcB57uDLAaynlvIv7ndRPlXzgpC+NE0ZDMFvkJRypCkyhQnwlKFB9rgolg+lZEhlhgonRgJR2CPf/yImmdVu2zqnVbK9cv8ziKcAhHUAEbzqEO19CAJhB4hGd4hTfjyXgx3o2PWWvByGf24Q+Mzx/zhZTo</latexit>

M(4)
rhs

Presence of quartic Casimirs

<latexit sha1_base64="r7lokNm3oQH5dTPsoB9x3yf1CGI=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQNyWRoi6LbtwIFewDmhgm02k7dDIJMxOhDFm48VfcuFDErR/hzr9x2mahrQcuHM65l3vvCRNGpXKcb6uwsrq2vlHcLG1t7+zu2fsHbRmnApMWjlksuiGShFFOWooqRrqJICgKGemE46up33kgQtKY36lJQvwIDTkdUIyUkQK7rL0QCag9jBi8ybJ7Xa2fZIFmI5kFdsWpOTPAZeLmpAJyNAP7y+vHOI0IV5ghKXuukyhfI6EoZiQreakkCcJjNCQ9QzmKiPT17IkMHhulDwexMMUVnKm/JzSKpJxEoemMkBrJRW8q/uf1UjW48DXlSaoIx/NFg5RBFcNpIrBPBcGKTQxBWFBzK8QjJBBWJreSCcFdfHmZtE9r7lnNua1XGpd5HEVQBkegClxwDhrgGjRBC2DwCJ7BK3iznqwX6936mLcWrHzmEPyB9fkDM7yX0Q==</latexit>

M̄(4)
lhs
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RESULTS: FINITE REN CONSTANT

New result by us

•             Larin in 1993
<latexit sha1_base64="MogRF5A7EJl+FQ74nuvf9A/Cj1g=">AAAB+HicdZDNSgMxFIUz9a/Wn466dBMsQt2UTK1Wd0U37qxgW6Edh0yatqGZzJBkhDr0Sdy4UMStj+LOtzHTjqCiBwIf597LvTl+xJnSCH1YuYXFpeWV/GphbX1js2hvbbdVGEtCWyTkobzxsaKcCdrSTHN6E0mKA5/Tjj8+T+udOyoVC8W1nkTUDfBQsAEjWBvLs4tJj2AOL6dl7Knb6oFnl1AFIXRYO4UZ1DM4cqCTglEJZGp69nuvH5I4oEITjpXqOijSboKlZoTTaaEXKxphMsZD2jUocECVm8wOn8J94/ThIJTmCQ1n7veJBAdKTQLfdAZYj9TvWmr+VevGenDiJkxEsaaCzBcNYg51CNMUYJ9JSjSfGMBEMnMrJCMsMdEmq4IJ4eun8H9oVyvOcQVd1UqNsyyOPNgFe6AMHFAHDXABmqAFCIjBA3gCz9a99Wi9WK/z1pyVzeyAH7LePgGsipJ0</latexit>

O(a2s)
<latexit sha1_base64="7LEqVZ9Je/v29a67lTDLd1efM3E=">AAAB6HicdZDLSgMxFIbPeK31VnXpJlgEVyWj1epCKLpx2YK9QDuUTJppYzOZIckIZegTuHGhiFsfyZ1vY9qOoKI/BD7+cw455/djwbXB+MNZWFxaXlnNreXXNza3tgs7u00dJYqyBo1EpNo+0UxwyRqGG8HasWIk9AVr+aPrab11z5Tmkbw145h5IRlIHnBKjLXql71CEZcwxiflC5RBJYNTF7lTsCpCplqv8N7tRzQJmTRUEK07Lo6NlxJlOBVsku8mmsWEjsiAdSxKEjLtpbNFJ+jQOn0URMo+adDM/T6RklDrcejbzpCYof5dm5p/1TqJCc69lMs4MUzS+UdBIpCJ0PRq1OeKUSPGFghV3O6K6JAoQo3NJm9D+LoU/Q/N45J7VsL1crF6lcWRg304gCNwoQJVuIEaNIACgwd4gmfnznl0XpzXeeuCk83swQ85b5/G4Yzt</latexit>=

<latexit sha1_base64="B8+eg4bFbKIblRyYBW9O3r47Jik="></latexit>

Zf
5 = 1+as

n
� 4CF

o
+ a2s

n
CACF

⇣
� 107

9

⌘
+ C2

F

⇣
22

⌘
+ CFnf

⇣31
18

⌘o

+a3s

n
C2

ACF

⇣
56⇣3 �

2147

27

⌘
+ CAC

2
F

⇣5834
27

� 160⇣3
⌘
+ CACFnf

⇣110
3

⇣3 �
133

81

⌘

+C3
F

⇣
96⇣3 �

370

3

⌘
+ C2

Fnf

⇣497
54

� 104

3
⇣3
⌘
+ CFn

2
f

⇣316
81

⌘o

• QCD          QED
<latexit sha1_base64="PYvzyNBHfUeWQRcDDveVr8vyX8o=">AAAB83icdZDNSgMxFIUz9a/Wv6pLN8EiuCoZrVZ3RTcuK9hW6Awlk2ba0ExmSO4oZehruHGhiFtfxp1vY9qOoKIHAh/n3su9OUEihQFCPpzCwuLS8kpxtbS2vrG5Vd7eaZs41Yy3WCxjfRtQw6VQvAUCJL9NNKdRIHknGF1O6507ro2I1Q2ME+5HdKBEKBgFa3meFoMhUK3je9wrV0iVEHJcO8c51HM4cbE7BasKytXsld+9fszSiCtgkhrTdUkCfkY1CCb5pOSlhieUjeiAdy0qGnHjZ7ObJ/jAOn0cxto+BXjmfp/IaGTMOApsZ0RhaH7XpuZftW4K4ZmfCZWkwBWbLwpTiSHG0wBwX2jOQI4tUKaFvRWzIdWUgY2pZEP4+in+H9pHVfe0Sq5rlcZFHkcR7aF9dIhcVEcNdIWaqIUYStADekLPTuo8Oi/O67y14OQzu+iHnLdPVvuR4w==</latexit>!

<latexit sha1_base64="2Hb0x1eeE+YW6sVdY+EwkYvWe24="></latexit>

as !
↵

4⇡
, nfTF ! nf , CA ! 0, CF ! 1

Non-zero contributions only from light-by-light scattering containing famous triangle diagram

[Anselm, Johansen ’89]

Contributions to the decay width of
<latexit sha1_base64="EqV6Ay90CofZ+60bDAgXbiSNSHE=">AAACCnicdZDLSgMxFIYz9VbrrerSTbQIrkpGq1XcFN24rGAv0KnlTJq2ocnMkGSUUrp246u4caGIW5/AnW9j2o6gogdCPv7/HJLz+5Hg2hDy4aRmZufmF9KLmaXlldW17PpGVYexoqxCQxGqug+aCR6wiuFGsHqkGEhfsJrfPx/7tRumNA+DKzOIWFNCN+AdTsFYqZXd9iJ+TTD2FO/2DCgV3mKvC1KCdzq9W9kcyRNCDgonOIFiAocudsdgK4eSKrey7147pLFkgaECtG64JDLNISjDqWCjjBdrFgHtQ5c1LAYgmW4OJ6uM8K5V2rgTKnsCgyfq94khSK0H0redEkxP//bG4l9eIzad4+aQB1FsWECnD3VigU2Ix7ngNleMGjGwAFRx+1dMe6CAGptexobwtSn+H6r7efcoTy4LudJZEkcabaEdtIdcVEQldIHKqIIoukMP6Ak9O/fOo/PivE5bU04ys4l+lPP2CZ5xmj4=</latexit>

⇡0 ! � �

• In         , UV ren constants do not depend on masses
<latexit sha1_base64="ZxrGoEriO5tWvBBzHSM63wJpw9k=">AAAB+nicdVDNSgMxGMzWv1r/tnr0EiyCp7Kr1eqt6MWLUNHWQncp2TTbhiabJckqZe2jePGgiFefxJtvY7ZdQUUHAsPMN3xfJogZVdpxPqzC3PzC4lJxubSyura+YZc320okEpMWFkzIToAUYTQiLU01I51YEsQDRm6C0Vnm39wSqaiIrvU4Jj5Hg4iGFCNtpJ5d9oSxs3TqSQ4vriY9u+JUHcc5qJ3AnNRzcuhCNyMGFZCj2bPfvb7ACSeRxgwp1XWdWPspkppiRiYlL1EkRniEBqRraIQ4UX46PX0Cd43Sh6GQ5kUaTtXviRRxpcY8MJMc6aH67WXiX1430eGxn9IoTjSJ8GxRmDCoBcx6gH0qCdZsbAjCkppbIR4iibA2bZVMCV8/hf+T9n7VPao6l7VK4zSvowi2wQ7YAy6ogwY4B03QAhjcgQfwBJ6te+vRerFeZ6MFK89sgR+w3j4BkVGUNA==</latexit>

MS

applicable to massive scenario

Difference with non-singlet
<latexit sha1_base64="LoZrNgBYzEFFgTRLnyqcH6xGqPY=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4KrMaLW6KxbEZQV7gXYYMmmmDc0kQ5IR6tAnceNCEbc+ijvfxkw7gor+EPj4zznknD+IGVXacT6swtLyyupacb20sbm1XbZ3djtKJBKTNhZMyF6AFGGUk7ammpFeLAmKAka6waSZ1bt3RCoq+K2exsSL0IjTkGKkjeXb5UEsRawFbPpXkPuhb1ecquM4J7ULmEM9h1MXuhkYVUCulm+/D4YCJxHhGjOkVN91Yu2lSGqKGZmVBokiMcITNCJ9gxxFRHnpfPEZPDTOEIZCmsc1nLvfJ1IUKTWNAtMZIT1Wv2uZ+Vetn+jw3EspjxNNOF58FCYMmkOzFOCQSoI1mxpAWFKzK8RjJBHWJquSCeHrUvg/dI6r7lnVualVGpd5HEWwDw7AEXBBHTTANWiBNsAgAQ/gCTxb99aj9WK9LloLVj6zB37IevsELaKSyA==</latexit>

/ CFnf [Moch, Vermaseren, Vogt ’15]

[Adler ’69]
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Determined              to 
<latexit sha1_base64="wc8+BNNK5rEhyaBJz5FtIdv0RUQ=">AAAB9HicdZDLSgMxFIYz9VbrrerSTbAIrkpGq9VdUSguK9hWbIeSyaRtaOZicqZQhj6HGxeKuPVh3Pk2ZtoRVPSHwMd/zuGc/G4khQZCPqzcwuLS8kp+tbC2vrG5VdzeaekwVow3WShDdetSzaUIeBMESH4bKU59V/K2O7pM6+0xV1qEwQ1MIu74dBCIvmAUjOXc9ZJ6F4T0OK5Pe8USKRNCjivnOINqBic2tlMwKqFMjV7xveuFLPZ5AExSrTs2icBJqALBJJ8WurHmEWUjOuAdgwH1uXaS2dFTfGAcD/dDZV4AeOZ+n0ior/XEd02nT2Gof9dS869aJ4b+mZOIIIqBB2y+qB9LDCFOE8CeUJyBnBigTAlzK2ZDqigDk1PBhPD1U/w/tI7K9mmZXFdKtYssjjzaQ/voENmoimroCjVQEzF0jx7QE3q2xtaj9WK9zltzVjazi37IevsEh0iR8w==</latexit>

ZFF̃

RESULTS: 
<latexit sha1_base64="O19/VFvBp31wsMr4I1KlIlFhFtI=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSLUDclo9XqrujGnRXsBdpxyKRpG5rJDElGqEOfxI0LRdz6KO58GzPtCCr6Q+DjP+dwTn4/4kxphD6s3MLi0vJKfrWwtr6xWbS3tlsqjCWhTRLyUHZ8rChngjY105x2Iklx4HPa9scXab19R6ViobjRk4i6AR4KNmAEa2N5djHpEczh1bSMPXVbPfDsEqoghI6qZzCDWgbHDnRSMCqBTA3Pfu/1QxIHVGjCsVJdB0XaTbDUjHA6LfRiRSNMxnhIuwYFDqhyk9nhU7hvnD4chNI8oeHM/T6R4ECpSeCbzgDrkfpdS82/at1YD07dhIko1lSQ+aJBzKEOYZoC7DNJieYTA5hIZm6FZIQlJtpkVTAhfP0U/g+tw4pzUkHX1VL9PIsjD3bBHigDB9RAHVyCBmgCAmLwAJ7As3VvPVov1uu8NWdlMzvgh6y3T6+UknY=</latexit>

O(a4s)
<latexit sha1_base64="DXLzMzO7vI5bR1jo1tgZkEw4rTk=">AAACAHicdZDLSgMxFIYz9VbrbdSFCzfBIrgqGa1WF0JRKC4r2Au2w5DJpG1o5kKSEcowG1/FjQtF3PoY7nwbM+0IKvpD4Mt/ziE5vxtxJhVCH0Zhbn5hcam4XFpZXVvfMDe32jKMBaEtEvJQdF0sKWcBbSmmOO1GgmLf5bTjji+zeueOCsnC4EZNImr7eBiwASNYacsxd26dpNFXjHsUNlJ4DvUdOzJ1zDKqIISOqmcwh1oOxxa0MtAqg1xNx3zveyGJfRoowrGUPQtFyk6wUIxwmpb6saQRJmM8pD2NAfaptJPpAinc144HB6HQJ1Bw6n6fSLAv5cR3daeP1Uj+rmXmX7VerAandsKCKFY0ILOHBjGHKoRZGtBjghLFJxowEUz/FZIRFpgonVlJh/C1Kfwf2ocV66SCrqvl+kUeRxHsgj1wACxQA3VwBZqgBQhIwQN4As/GvfFovBivs9aCkc9sgx8y3j4BzaGV6Q==</latexit>

ZFF̃ = Zas

[Breitenlohner, Maison, Stelle ’84]

Should hold true to all orders to ensure the Adler-Bardeen theorem to non-abelian

Verified to
<latexit sha1_base64="JSUaLCJR7f2UR911AeOthNb6Bqk=">AAAB9HicdZDLSgMxFIYzXmu9VV26CRahbkpGq9Vd0Y07K9gLtEM5k2ba0MzFJFMoQ5/DjQtF3Pow7nwbM+0IKvpD4OM/53BOfjcSXGlCPqyFxaXlldXcWn59Y3Nru7Cz21RhLClr0FCEsu2CYoIHrKG5FqwdSQa+K1jLHV2l9daYScXD4E5PIub4MAi4xyloYzlJl4LAN9MS9NRRr1AkZULISeUCZ1DN4NTGdgpGRZSp3iu8d/shjX0WaCpAqY5NIu0kIDWngk3z3VixCOgIBqxjMACfKSeZHT3Fh8bpYy+U5gUaz9zvEwn4Sk1813T6oIfqdy01/6p1Yu2dOwkPolizgM4XebHAOsRpArjPJaNaTAwAldzciukQJFBtcsqbEL5+iv+H5nHZPiuT20qxdpnFkUP76ACVkI2qqIauUR01EEX36AE9oWdrbD1aL9brvHXBymb20A9Zb58HApGf</latexit>

O(as) [Espriu, Tarrach ’82] 

<latexit sha1_base64="MogRF5A7EJl+FQ74nuvf9A/Cj1g=">AAAB+HicdZDNSgMxFIUz9a/Wn466dBMsQt2UTK1Wd0U37qxgW6Edh0yatqGZzJBkhDr0Sdy4UMStj+LOtzHTjqCiBwIf597LvTl+xJnSCH1YuYXFpeWV/GphbX1js2hvbbdVGEtCWyTkobzxsaKcCdrSTHN6E0mKA5/Tjj8+T+udOyoVC8W1nkTUDfBQsAEjWBvLs4tJj2AOL6dl7Knb6oFnl1AFIXRYO4UZ1DM4cqCTglEJZGp69nuvH5I4oEITjpXqOijSboKlZoTTaaEXKxphMsZD2jUocECVm8wOn8J94/ThIJTmCQ1n7veJBAdKTQLfdAZYj9TvWmr+VevGenDiJkxEsaaCzBcNYg51CNMUYJ9JSjSfGMBEMnMrJCMsMdEmq4IJ4eun8H9oVyvOcQVd1UqNsyyOPNgFe6AMHFAHDXABmqAFCIjBA3gCz9a99Wi9WK/z1pyVzeyAH7LePgGsipJ0</latexit>

O(a2s) [Larin ’93] 

<latexit sha1_base64="NzvvRoTFIl+8xBHA4GVkyZ0auos=">AAAB+HicdZDLSgMxFIYzXmu9dNSlm2AR6qZkbLW6K7pxZwV7gXYcMmnahmYyQ5IR6tAnceNCEbc+ijvfxkw7gor+EPj4zzmck9+POFMaoQ9rYXFpeWU1t5Zf39jcKtjbOy0VxpLQJgl5KDs+VpQzQZuaaU47kaQ48Dlt++OLtN6+o1KxUNzoSUTdAA8FGzCCtbE8u5D0CObwalrCnrqtHHp2EZURQpXqGcyglsGxA50UjIogU8Oz33v9kMQBFZpwrFTXQZF2Eyw1I5xO871Y0QiTMR7SrkGBA6rcZHb4FB4Ypw8HoTRPaDhzv08kOFBqEvimM8B6pH7XUvOvWjfWg1M3YSKKNRVkvmgQc6hDmKYA+0xSovnEACaSmVshGWGJiTZZ5U0IXz+F/0PrqOyclNF1tVg/z+LIgT2wD0rAATVQB5egAZqAgBg8gCfwbN1bj9aL9TpvXbCymV3wQ9bbJ64PknU=</latexit>

O(a3s)

[Bos ’93] 

[Zoller 2013] 

[TA, Gehrmann, Mathews, Rana, Ravindran 2015] 

<latexit sha1_base64="O19/VFvBp31wsMr4I1KlIlFhFtI=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSLUDclo9XqrujGnRXsBdpxyKRpG5rJDElGqEOfxI0LRdz6KO58GzPtCCr6Q+DjP+dwTn4/4kxphD6s3MLi0vJKfrWwtr6xWbS3tlsqjCWhTRLyUHZ8rChngjY105x2Iklx4HPa9scXab19R6ViobjRk4i6AR4KNmAEa2N5djHpEczh1bSMPXVbPfDsEqoghI6qZzCDWgbHDnRSMCqBTA3Pfu/1QxIHVGjCsVJdB0XaTbDUjHA6LfRiRSNMxnhIuwYFDqhyk9nhU7hvnD4chNI8oeHM/T6R4ECpSeCbzgDrkfpdS82/at1YD07dhIko1lSQ+aJBzKEOYZoC7DNJieYTA5hIZm6FZIQlJtpkVTAhfP0U/g+tw4pzUkHX1VL9PIsjD3bBHigDB9RAHVyCBmgCAmLwAJ7As3VvPVov1uu8NWdlMzvgh6y3T6+UknY=</latexit>

O(a4s) [TA, Chen, Czakon 2021] 

Consequence of this equality to low-energy region [Chetyrkin, Kniehl, Steinhauser, Bardeen ’98]

(modulo other ref.)

<latexit sha1_base64="WeiTYErKLmP3eGzRgYAzpBS6lMU=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ2bsw+6KQnFZwT6wHUomk7ahmcyYZApl6He4caGIWz/GnX9j+hBU9MCFwzn3cu89fsyZ0gh9WCura+sbm5mt7PbO7t5+7uCwqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dDXzW2MqFYvErZ7E1AvxQLA+I1gbybvrpbWuZjygsDbt5fLIdlGl5JYhsouFiuMWDKkgVDxH0LHRHHmwRL2Xe+8GEUlCKjThWKmOg2LtpVhqRjidZruJojEmIzygHUMFDqny0vnRU3hqlAD2I2lKaDhXv0+kOFRqEvqmM8R6qH57M/Evr5Po/oWXMhEnmgqyWNRPONQRnCUAAyYp0XxiCCaSmVshGWKJiTY5ZU0IX5/C/0nTtZ2S7d4U8tXLZRwZcAxOwBlwQBlUwTWogwYg4B48gCfwbI2tR+vFel20rljLmSPwA9bbJ7JEkhI=</latexit>

ZFF̃
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[Lüscher, Weisz ’21]



OPERATOR MIXING AND RG EQUATION

Renormalisation of axial-anomaly operator is not strictly multiplicative [Adler ’69]

<latexit sha1_base64="F0QVh0Gxg24y5LFEcdzH739Ybc4=">AAACKHicfVDLSgMxFM3UV62vqks3wSK4KjPaWl2IpW6kqyr2gTPjkEnTNjTzIMkIZejnuPFX3Igo0q1fYqYdQUW9EHI451zuvccNGRVS1ydaZm5+YXEpu5xbWV1b38hvbrVEEHFMmjhgAe+4SBBGfdKUVDLSCTlBnstI2x2eJ3r7jnBBA/9ajkJie6jv0x7FSCrKyZ+ZVoi4pIg5seVFY1i/nf5O2Xau4Cm8cerwH0vNyRf0oq7rh6UTmIJKCsoGNBKgqgDSajj5Z6sb4MgjvsQMCWEaeijtOBmAGRnnrEiQEOEh6hNTQR95RNjx9NAx3FNMF/YCrp4v4ZT92hEjT4iR5yqnh+RA/NQS8jfNjGTv2I6pH0aS+Hg2qBcxKAOYpAa7lBMs2UgBhDlVu0I8QBxhqbLNqRA+L4V/g9ZB0Tgq6pelQrWWxpEFO2AX7AMDVEAVXIAGaAIM7sEjeAGv2oP2pL1pk5k1o6U92+Bbae8fAo6mjw==</latexit>

[@µJ
µ
5 ]R = ZJ [@µJ

µ
5 ]B

<latexit sha1_base64="3bDVANyCdvh5hTlI4roZy2YpRHQ=">AAAB/XicdZDLSsNAFIYnXmu9xcvOzWARXJWkVqu7ohuXFewFmlgmk0k7dDIJMxOhhuCruHGhiFvfw51v46SNoKI/DHz85xzOmd+LGZXKsj6MufmFxaXl0kp5dW19Y9Pc2u7IKBGYtHHEItHzkCSMctJWVDHSiwVBocdI1xtf5PXuLRGSRvxaTWLihmjIaUAxUtoamLtOIBBO/Sz1HcahEyY3tWxgVqyqZVlH9TNYQKOAYxvaOWhVQKHWwHx3/AgnIeEKMyRl37Zi5aZIKIoZycpOIkmM8BgNSV8jRyGRbjq9PoMH2vFhEAn9uIJT9/tEikIpJ6GnO0OkRvJ3LTf/qvUTFZy6KeVxogjHs0VBwqCKYB4F9KkgWLGJBoQF1bdCPEI6DqUDK+sQvn4K/4dOrWqfVK2reqV5XsRRAntgHxwCGzRAE1yCFmgDDO7AA3gCz8a98Wi8GK+z1jmjmNkBP2S8fQLLpZVz</latexit>

d

d lnµ2

Anomalous dimension matrix

BareRenormalised

<latexit sha1_base64="bhkjUdG0kpc9Eq9M6kY9L7qfXZk=">AAACCXicdZDLSgMxFIYzXmu9VV26CRbBVZnx7kIQhSKuFNpaaMtwJs3UYJIZkoxQhm7d+CpuXCji1jdw59uYaaegoj8EPv5zDifnD2LOtHHdT2dicmp6ZrYwV5xfWFxaLq2sNnSUKELrJOKRagagKWeS1g0znDZjRUEEnF4Ht2dZ/fqOKs0iWTP9mHYE9CQLGQFjLb+E2z0QAvyLY+mHuOZXMfh6bKbVi4FfKrsV13V3do9wDgc57HnYy8CqjHJd+qWPdjciiaDSEA5atzw3Np0UlGGE00GxnWgaA7mFHm1ZlCCo7qTDSwZ40zpdHEbKPmnw0P0+kYLQui8C2ynA3Ojftcz8q9ZKTHjYSZmME0MlGS0KE45NhLNYcJcpSgzvWwCimP0rJjeggBgbXtGGML4U/w+N7Yq3X3Gvdssnp3kcBbSONtAW8tABOkHn6BLVEUH36BE9oxfnwXlyXp23UeuEk8+soR9y3r8AKn2ZYQ==</latexit>

�J = nfTFas�FJ
<latexit sha1_base64="O19/VFvBp31wsMr4I1KlIlFhFtI=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSLUDclo9XqrujGnRXsBdpxyKRpG5rJDElGqEOfxI0LRdz6KO58GzPtCCr6Q+DjP+dwTn4/4kxphD6s3MLi0vJKfrWwtr6xWbS3tlsqjCWhTRLyUHZ8rChngjY105x2Iklx4HPa9scXab19R6ViobjRk4i6AR4KNmAEa2N5djHpEczh1bSMPXVbPfDsEqoghI6qZzCDWgbHDnRSMCqBTA3Pfu/1QxIHVGjCsVJdB0XaTbDUjHA6LfRiRSNMxnhIuwYFDqhyk9nhU7hvnD4chNI8oeHM/T6R4ECpSeCbzgDrkfpdS82/at1YD07dhIko1lSQ+aJBzKEOYZoC7DNJieYTA5hIZm6FZIQlJtpkVTAhfP0U/g+tw4pzUkHX1VL9PIsjD3bBHigDB9RAHVyCBmgCAmLwAJ7As3VvPVov1uu8NWdlMzvgh6y3T6+UknY=</latexit>

O(a4s)verified to New result by us

• Checks: two independent calculations, gauge invariant ren constant, log(p^2/mu^2) indp
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TAKE HOME MESSAGES AND OUTLOOK

• Renormalisation for flavour-singlet axial vector current

• Chiral anomaly in Abelian and non-Abelian gauge theory

• 1st application

• Issue of chiral handling chiral quantity under dimensional regularisation

• ’t Hooft-Veltman and Breitenlohner-Maison prescription

• Breakdown of axial Ward identity or ABJ anomalous WI 

• Restoration requires a finite renormalisation

• We have shown how to calculate at 3rd order in QCD through 4-loop calculation

Z-boson Gehrmann, Primo

2102.12880

and we missed it, of course!
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Questions/Comments?

Thank you!


