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Why precision ?
The High-luminosity phase of the LHC reduces statistical uncertainties : 

[ CERN Yellow Report 2019: Report on the Physics at the HL-LHC ]

Higgs couplings

https://cds.cern.ch/record/2703572/
https://cds.cern.ch/record/2703572/
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perturbative expansions

The differential cross section can be written as a perturbation series, using the 
coupling constant as an expansion parameter :

⇤̂ = ⇤Born
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One-dimensional toy example
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Subtraction vs Local Unitarity
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NUMERICAL
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obstacles: Infrared limits
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On top of :
• RkVk-n proliferation of contributions 
• Convolution with PDF counterterms
• Growth of number of partonic channels

} Very challenging at 
and beyond NNLO…
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obstacles: Multi-loops MEs
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A claim :

 The more N’s you add …

… the less natural it is to look at amplitudes.
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• Challenges in pushing fixed-order accuracy

• Local Unitarity : general concepts

• (Multi-)Loop Tree Duality : formulation

• (Multi-)Loop Tree Duality : singularities / deformation

• Local Unitarity : introduction by example

• Local Unitarity : numerical results

• Conclusion
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LTD !
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(one)-Loop Tree duality mock-up

F (x) =
1

x2 +A2

1

x2 +B2

1

x2 + C2I =

Z +1

�1
dxF (x)

1

(x�Ai)(x+Ai)

1

(x�Bi)(x+Bi)

1

(x� Ci)(x+ Ci)
F (x) =

Re(x)

Im(x)

Ai

Bi

Ci

�

�
�

Ci

Bi

Ai

Cauchy: R(x?) ⌘ Res(F, x = x?)(                                    )

What does it correspond to for a one-loop integral?

17

I = (�2⇡i)[R(Ai) +R(Bi) +R(Ci)]

Assumptions ! {A > 0, B > 0, C > 0}(                                                 )
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(one-)Loop Tree duality
1

k2 �M2 + i�
=

1

(k0)2 � |~k|2 �M2 + i�

=
1✓

k0 �
q

|~k|2 +M2 � i�

◆✓
k0 +

q
|~k|2 +M2 � i�

◆
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(one-)Loop Tree duality
1

k2 �M2 + i�
=

1

(k0)2 � |~k|2 �M2 + i�

=
1✓

k0 �
q

|~k|2 +M2 � i�

◆✓
k0 +

q
|~k|2 +M2 � i�

◆

� I2 � I3

�pµ1

pµ1 + pµ2

�pµ2

I

(k � p1)
�2

(k � p1 � p2)
�2

k�2 =
LTD

� I1

⌘ �(q2i )⇥(q0i )

Analogous 1-loop triangle case:

18
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(one-)Loop Tree duality
1

k2 �M2 + i�
=

1

(k0)2 � |~k|2 �M2 + i�

=
1✓

k0 �
q

|~k|2 +M2 � i�

◆✓
k0 +

q
|~k|2 +M2 � i�

◆

� I2 � I3

�pµ1

pµ1 + pµ2

�pµ2

I

(k � p1)
�2

(k � p1 � p2)
�2

k�2 =
LTD

� I1

⌘ �(q2i )⇥(q0i )

Analogous 1-loop triangle case:

[ Catani & al., arxiv:0804.3170 ]
General 1-loop case: I = �

18
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 Multi-Loop Tree Duality

Analogous sunrise case:

R(+1,+1, 0)
+ R(-1, 0,+1)

I = (2⇡i)2
⇥

+ R( 0,+1,+1) ]

(k2 �m2
1 + i�)�1

((k + l + p)2 �m2
3 + i�)�1

(l2 �m2
3 + i�)�1

Now, what about beyond two-loop and arbitrary topologies ? 

• Distributional identities:

• Averaging procedure:

[ Bierenbaum, Catani, Draggiotis, Rodrigo, arxiv: 1007.0194 ]

[ Runkel, Scór, Vesga, Weinzierl, arxiv: 1902.02135 ]

19

• Iterative procedure:

[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 ]

[ Capatti, VH, Kermanschah, Ruijl, arxiv: 1906.06138 ]
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 Multi-Loop Tree Duality
[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 ]

Three-loop example (showcasing the irrelevance of external momenta).

20
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 Multi-Loop Tree Duality
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Three-loop example (showcasing the irrelevance of external momenta).

+

+ +

+

-

-

20



�b
j ⌘

⇥

⇤

Valentin Hirschi, CERN Local Unitarity 20

 Multi-Loop Tree Duality
[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 ]

Three-loop example (showcasing the irrelevance of external momenta).

Ex. of an invalid
spanning tree:

+

+ +

+

-

-

20
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 Multi-Loop Tree Duality: Singularities
The sunrise again, with more details:

R(+1,+1, 0)

+ R(-1, 0,+1)
I = (2⇡i)2

⇥

+ R( 0,+1,+1) ]

(k2 �m2
1 + i�)�1

((k + l + p)2 �m2
3 + i�)�1

(l2 �m2
2 + i�)�1

21
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(�i)2
Z

d3~k

(2⇡)3
d3~l

(2⇡)3
1

2
q
~k2 +m2

1 � i�

1

2
q
~l2 +m2

2 � i�

1

�+
3 �

�
3

R(+1,+1, 0) =
k0 =

q
~k2 +m2

1 � i�

l0 =
q
~l2 +m2

1 � i�
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�±
3 (~k,~l) = +k0 + l0 + p0 ±

q
(~k +~l + ~p)2 +m2

3 � i�

= +
q
~k2 +m2

2 � i� +
q
~l2 +m2
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q
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3 � i�
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identical signs  : bounded ellipsoid-like surface requiring deformation: E-surfaces 
otherwise        : unbounded hyperboloid-like surface dual-cancelling: H-surfaces
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21

For Euclidean kinematics (          ) :p2i < 0

E-surface has no solution      no non-integrable singularity      no deformation needed

( on-shell energies:                                  )Ei(~ki) =
q
~k2i +m2

i � i�
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Numerical application - Euclidean case
[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 ]

22
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Numerical application - Euclidean case
[ Capatti, VH, Kermanschah, Ruijl, arxiv:1906.06138 ]

4-point scalar multi-loop scan:
p2i=2,3,4 = s = �1p21 = �5

t 2 [�7, 100]

Analytic results from:
[ Usyukina,Davydychev, PLB, 1993 ]

23
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Z
d4k

1

k2(k � p1)2(k � p1 � p2)2k2(k � p1)
2(k � p1 � p2)

2

kz

k0

k2 = 0

The integrand is singular along each of the coloured surface

Singular surfaces in Minkowski space
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~p2
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Singular surfaces - 2D ellipsoids 
Analytically integrate over the loop energies using Cauchy’s theorem (LTD):

kz

k0

k2 = 0

(k � p1)
2 = 0

(k � p1 � p2)
2 = 0

�pµ1

pµ1 + pµ2

�pµ2

I

(k � p1)
�2

(k � p1 � p2)
�2

k�2

pi
2 > 0 8i
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Singular surfaces - 2D ellipsoids 

27

‣  General one-loop ellipsoid expression:

Eij(~k) =

r⇣
~k + ~pi

⌘2
+m2

i � i�

+

r⇣
~k + ~pj

⌘2
+m2

j � i� � p0i + p0j

kx

kykz



Valentin Hirschi, CERN Local Unitarity 28

Deforming around singular 2D-ellipsoids

28

Deformation:                           ~k ! ~k � i~ Causal prescription imposes: ~ · ~nEij > 0

Weighted sum of normals: sometimes working…
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Deforming around singular 2D-ellipsoids

29

… but in many cases not working !
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Deforming around singular 2D-ellipsoids

29

… but in many cases not working !
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Dampening help mitigate this issue but does not remove it, because the problem always
remains on intersections of ellipsoids.
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Deforming around singular 2D-ellipsoids

30

What is the solution then? For example for this case:
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What is the solution then? For example for this case:
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A radial field centered in 
the inside of all ellipsoids!
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Deforming around singular 2D-ellipsoids

31

But then what if there is no point in the inside of all ellipsoids ( Box4E example ) ?
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But then what if there is no point in the inside of all ellipsoids ( Box4E example ) ?
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Find the "maximal overlap structure” with its four “centers” and combine radial fields:

with an anti-selection function    T (Eij) / Eij(~k)
2

which satisfies the causal constraint everywhere, e.g:
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But then what if there is no point in the inside of all ellipsoids ( Box4E example ) ?

0 5 10 15 20

0

5

10

15

20



Valentin Hirschi, CERN Local Unitarity 32

Deforming around singular 2D-ellipsoids

32

Finding the maximal overlap structure and corresponding centers is not always simple…
Scalar one-loop hexagon with ten E-surface for two different kinematic configuration:

This problem can be recast into an optimisation problem under convex constraints,
allowing the use of efficient standard algorithm for solving Second-Order Cone Program.
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Deforming around singular 2D-ellipsoids

32

Finding the maximal overlap structure and corresponding centers is not always simple…
Scalar one-loop hexagon with ten E-surface for two different kinematic configuration:

This problem can be recast into an optimisation problem under convex constraints,
allowing the use of efficient standard algorithm for solving Second-Order Cone Program.
( Additional constraints on the normalisation of the deformation fields not discussed here )
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4-point multi-loop scalar integral scan
[ Capatti, VH, Kermanschah, Pelloni, Ruijl, arxiv:1906.06138 ]
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Plan

• Challenges in pushing fixed-order accuracy

• Local Unitarity : general concepts

• (Multi-)Loop Tree Duality : formulation

• (Multi-)Loop Tree Duality : singularities / deformation

• Local Unitarity : introduction by example

• Local Unitarity : numerical results

• Conclusion
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Do not divide and conquer… just conquer
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lµ � kµ

2⇥+ +LU=

Locality Unitarity

[ Soper, arxiv:99.10292 ] [ https://pages.uoregon.edu/soper/beowulf ][ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 ]
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Locality Unitarity
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 ]
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Locality Unitarity
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 ]
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The threshold singularities of the LTD representation are the Cutkosky Cuts :
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csv1 = {e6, e8}sv1 = {6}

Implicit equation of an E-surface !

⌘sv1 (
~k0,~l0, Q0) = Ee6 + Ee8 �Q0

⇢ ��(q2e8)

�q0e8 = Ee8

Ee1 =
q

||~q 2
ei ||+m2

eiremember:

�+(q2e6)

+q0e6 = Ee6
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How to align the integration measure for all the contributing Cutkosky Cuts ?
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+
sr1 sv1
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�DT
e+e�!dd̄ =

X

s2{sr1,sr2,sv1,sv2}

Z
d4k0

(2⇡)4
d4l0

(2⇡)4
IDT
s

Y

I2b[b0[cs

��
sbb0
i (q2i �m2

i )
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�DT
e+e�!dd̄ =

X

s2{sr1,sr2,sv1,sv2}

Z
d4k0

(2⇡)4
d4l0

(2⇡)4
IDT
s

Y

I2b[b0[cs

��
sbb0
i (q2i �m2

i )

Solve on-shell constraints by fixing all energies:

=
X

s2{sr1,sr2,sv1,sv2}

Z
d3~k0d3~l 0 IDT

s �
⇣
⌘s(~k

0,~l 0, Q0)
⌘
q0i = �sbb0

i Ei
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�DT
e+e�!dd̄ =

X

s2{sr1,sr2,sv1,sv2}

Z
d4k0

(2⇡)4
d4l0

(2⇡)4
IDT
s

Y

I2b[b0[cs

��
sbb0
i (q2i �m2

i )

Introduce unity as an integral of a normalised function:

=
X

s2{sr1,sr2,sv1,sv2}

Z 1

0
dt h(t)

Z
d3~k0d3~l 0 IDT

s �
⇣
⌘s(~k

0,~l 0, Q0)
⌘

R1
0 dt h(t) = 1

Solve on-shell constraints by fixing all energies:

=
X

s2{sr1,sr2,sv1,sv2}

Z
d3~k0d3~l 0 IDT

s �
⇣
⌘s(~k

0,~l 0, Q0)
⌘
q0i = �sbb0

i Ei

� = 2

h(t) =
e�� t2+1

t

2K1(2�)
e.g.
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perform a rescaling change of variable:                          ( Soper’s trick )
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Introduce unity as an integral of a normalised function:
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perform a rescaling change of variable:                          ( Soper’s trick )

=
X
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0
dt h(t)

Z
t6 d3~k d3~l IDT

s �
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0)
⌘

(~k0,~l 0) ! (t~k, t~l)

Introduce unity as an integral of a normalised function:

=
X

s2{sr1,sr2,sv1,sv2}

Z 1

0
dt h(t)

Z
d3~k0d3~l 0 IDT

s �
⇣
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0 dt h(t) = 1

Solve on-shell constraints by fixing all energies:
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X
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Z
d3~k0d3~l 0 IDT

s �
⇣
⌘s(~k

0,~l 0, Q0)
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Solve the energy conservation constraint in the variable t : ⌘s(t
?
s
~k, t?s~l, Q

0) = 0

=

Z
d3~k d3~l

X

s2{sr1,sr2,sv1,sv2}

h(t?s) (t
?
s)

6 IDT
s |t=t?s

1⇣���@t⌘s(t~k, t~l, Q0)
���
⌘

t=t?s
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Introduce unity as an integral of a normalised function:
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Concrete example :
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Concrete example :
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Fix the collision energy…

Qµ = (100, 0, 0, 0)
+
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Concrete example :
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Qµ

⌘sv2

Fix the collision energy…

Qµ = (100, 0, 0, 0)
+

~k = (0, 0, 2)

~l = (0, 3, 4)

… and a sample point:

https://arxiv.org/abs/2010.01068
https://arxiv.org/abs/2010.01068


Valentin Hirschi, CERN Local Unitarity 4545

Locality UnitarityLocality Unitarity
[ Capatti, VH, Pelloni, Ruijl, arxiv:2010.01068 ]

Concrete example :
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k0µ � l0µ
Qµ

⌘sv2

Fix the collision energy…

Qµ = (100, 0, 0, 0)
+

~k = (0, 0, 2)

~l = (0, 3, 4)

… and a sample point:

! k0 = E(~k) = |~k| = 2

! l0 = E(~l ) = |~l| = 5
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Concrete example :
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Qµ

⌘sv2

⌘sv2 (
~k0,~l 0, Q0) = ⌘sv2 (t

~k, t~l, Q0) = Ee9 + Ee10 �Q0 = |t~l|+ |t~l � ~Q|�Q0 = 2t|~l|�Q0

Fix the collision energy…

Qµ = (100, 0, 0, 0)
+

~k = (0, 0, 2)

~l = (0, 3, 4)

… and a sample point:

! k0 = E(~k) = |~k| = 2

! l0 = E(~l ) = |~l| = 5
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⌘sv2 (t
?
sv2
~k, t?sv2

~l, Q0) = 0 ! t?sv2 =
Q0

2|~l|
= 10

⌘sv2 (
~k0,~l 0, Q0) = ⌘sv2 (t

~k, t~l, Q0) = Ee9 + Ee10 �Q0 = |t~l|+ |t~l � ~Q|�Q0 = 2t|~l|�Q0

Fix the collision energy…

Qµ = (100, 0, 0, 0)
+

~k = (0, 0, 2)

~l = (0, 3, 4)

… and a sample point:

! k0 = E(~k) = |~k| = 2

! l0 = E(~l ) = |~l| = 5
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Concrete example :
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k0µ � l0µ
Qµ

⌘sv2

⌘sv2 (t
?
sv2
~k, t?sv2

~l, Q0) = 0 ! t?sv2 =
Q0

2|~l|
= 10

⌘sv2 (
~k0,~l 0, Q0) = ⌘sv2 (t

~k, t~l, Q0) = Ee9 + Ee10 �Q0 = |t~l|+ |t~l � ~Q|�Q0 = 2t|~l|�Q0

Fix the collision energy…

Qµ = (100, 0, 0, 0)

l0µ = (|t?sv2
~l|, t?sv2

~l) = (50, 0, 30, 40)

k0µ = (|t?sv2
~k|, t?sv2

~k) = (20, 0, 0, 20)

Our LU integrand       and observable        will be evaluated for :Isv2 Osv2

+

~k = (0, 0, 2)

~l = (0, 3, 4)

… and a sample point:

! k0 = E(~k) = |~k| = 2

! l0 = E(~l ) = |~l| = 5
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Is                       finite? Let us investigate one pair-wise cancelation:
Z

d3~k d3~l �DT
d

+
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e8

e9
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+

-

Real-emission contrib. :
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6 9

e6

e7

e8

e9

e10

= Evaluated on:
sr1

⌘sr1(
~k0,~l 0, Q0) = 0
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Is                       finite? Let us investigate one pair-wise cancelation:
Z

d3~k d3~l �DT
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Real-emission contrib. :
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= Evaluated on:
sr1

⌘sr1(
~k0,~l 0, Q0) = 0

+

Singular at: ⌘sv2 (
~k0,~l 0, Q0) = 0
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Is                       finite? Let us investigate one pair-wise cancelation:
Z
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Real-emission contrib. :
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= Evaluated on:
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~k0,~l 0, Q0) = 0

+

Singular at: ⌘sr1(
~k0,~l 0, Q0) = 0

+

Singular at: ⌘sv2 (
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���
⌘
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?
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���
⌘
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���
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This pairwise cancellation pattern holds at all orders, and for all threshold : 
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= Cutkosky cut = threshold singularity
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The rescaling change of variables is however not general : 

(Q0,~0)

Qµ = (2, 0, 0, 0)

Qµ
Qµ

kµ

lµ � kµ

lµ

= Cutkosky cut or threshold

(~k,~l) = ( (0, 0.5, 0.5), (0, ly, lz) )

ly

lz
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Ex: Box_4E from sect. 3.1 of
[ Capatti, VH, Kermnashah, Pelonni, Ruijl, arxiv:1912.09291 ]
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The rescaling change of variables is however not general : 

(E, 0, 0, E)

(E, 0, 0,�E)

Compute a causal flow     from
our existing construction of a
deformation field    :

@t~�(t,~k) = ~(~�(t,~k))

~�(0,~k) = ~k

In general, this ODE can be
solved numerically.

~

~�

ky

kx
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Remaining important topics unaddressed in this talk but discussed in                 : [ 2010.01068 ]

• Integrability of the LU representation for soft configurations :
➡ Power counting for physical theories and graph-analysis of cLTD. 
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Numerical results from 𝜶Loop                    
Differential results for
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e+e� ! �? ! dd̄ @ NLO
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Numerical results from 𝜶Loop                    

without contour deformation (doing it differentially would have required one)

 LU [                       ] =

 Piece of the “N4LO” correction to              within            -theory{�3,�4}�? ! ��

One individual 5-loop supergraph :

5⇡

(16⇡)5
441

40
⇣(7)

FORCER
B. Ruijl, T. Ueda, J. Vermaseren

arxiv: 1704.06650[ ]
R*

F. Herzog, B. Ruijl
arxiv: 1703.03776[ ]

https://arxiv.org/pdf/1704.06650
https://arxiv.org/pdf/1704.06650
https://arxiv.org/pdf/1703.03776.pdf
https://arxiv.org/pdf/1703.03776.pdf


Valentin Hirschi, CERN Local Unitarity 6262

Numerical results from 𝜶Loop                    

We also tested all possible finite 3-loop and 4-loop supergraph topologies :
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Plan

• Challenges in pushing fixed-order accuracy

• Local Unitarity : general concepts

• (Multi-)Loop Tree Duality : formulation

• (Multi-)Loop Tree Duality : singularities / deformation

• Local Unitarity : introduction by example

• Local Unitarity : numerical results

• Conclusion
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Summary : a wishlist

64

Fully local
No restriction on number of scales
No reduction to master integrals
No special functions
No dimensional regularisation
No IR phase-space counterterms 
No IR loop counterterms
Contour deformation only when needed
Applicable to all processes and pert. orders

Wishes Local Unitarity

✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓ 
✓
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Summary : Local Unitarity

65

•  Local cancellation of all final-state IR singularities

Formalism :

•  Completely generic ( masses, kinematics, topologies, observables… )
•  New theoretical perspectives on perturbative expansions

Numerical application :

•  Proof-of-concept with fully differential
•  Tested complicated IR cancellations with scalar 5-loop supergraphs

e+e� ! �? ! dd̄ @ NLO

•  Full automation already underway : 𝜶Loop

Outlook :

•  Generalise LU so as to apply of initial-state singularities as well
•  Apply LU to new unknown corrections :                            with b, c, tH > jj @ NNLO
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Questions?
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Questions?


