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How

can help us get the most out of high-precision

machine learning
particle physics models
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High-dimensional event data
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Precision constraints on 
new physics

High-dimensional event data

Parameterization e.g. in 
Effective Field Theory:

systematic expansion of 
new physics around 

Standard Model

10s to 100s “universal” 
parameters to measure

. LEFT = LSM +
X

i

fi
⇤2

Oi + . . .
<latexit sha1_base64="I+md2VjSub8EBMhVmvVhHOUcYtc="></latexit><latexit sha1_base64="I+md2VjSub8EBMhVmvVhHOUcYtc="></latexit><latexit sha1_base64="I+md2VjSub8EBMhVmvVhHOUcYtc="></latexit><latexit sha1_base64="I+md2VjSub8EBMhVmvVhHOUcYtc="></latexit>
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High-dimensional 
event data     .x

<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Constraints on 
parameters   .✓

<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>
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High-dimensional 
event data     .x

<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Constraints on 
parameters   .✓

<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

p(x|✓)
<latexit sha1_base64="QuWoOBx8PR8bscMW9B/LZSDW8hA="></latexit><latexit sha1_base64="yv+MEbSMN+jEbIKHlnwcZvvdm2s="></latexit><latexit sha1_base64="yv+MEbSMN+jEbIKHlnwcZvvdm2s="></latexit><latexit sha1_base64="cxl7jam4SZnnLymN+mpRSwQGbyk="></latexit>

Likelihood function

Maximum-likelihood 
estimator

Confidence limits based 
on likelihood ratio tests
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High-dimensional 
event data     .x

<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Constraints on 
parameters   .✓

<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

p(x|✓)
<latexit sha1_base64="QuWoOBx8PR8bscMW9B/LZSDW8hA="></latexit><latexit sha1_base64="yv+MEbSMN+jEbIKHlnwcZvvdm2s="></latexit><latexit sha1_base64="yv+MEbSMN+jEbIKHlnwcZvvdm2s="></latexit><latexit sha1_base64="cxl7jam4SZnnLymN+mpRSwQGbyk="></latexit>

Likelihood function

Surprisingly, when we want to use high-dimensional 
data and have to deal with the detector response, 

we do not have a good way to calculate the likelihood.
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p(x|✓)
<latexit sha1_base64="QuWoOBx8PR8bscMW9B/LZSDW8hA="></latexit><latexit sha1_base64="yv+MEbSMN+jEbIKHlnwcZvvdm2s="></latexit><latexit sha1_base64="yv+MEbSMN+jEbIKHlnwcZvvdm2s="></latexit><latexit sha1_base64="cxl7jam4SZnnLymN+mpRSwQGbyk="></latexit>

Estimator of the 
likelihood            .

Machine learning
<latexit sha1_base64="HjZ6RxRDdZu139wdkhmGLAXlGyY="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="KGKYmyKWjUVupNzZY8DVUShrvqU="></latexit>

High-dimensional 
event data     .x

<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Constraints on 
parameters   .✓

<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>
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p(x|✓)
<latexit sha1_base64="QuWoOBx8PR8bscMW9B/LZSDW8hA="></latexit><latexit sha1_base64="yv+MEbSMN+jEbIKHlnwcZvvdm2s="></latexit><latexit sha1_base64="yv+MEbSMN+jEbIKHlnwcZvvdm2s="></latexit><latexit sha1_base64="cxl7jam4SZnnLymN+mpRSwQGbyk="></latexit>

Estimator of the 
likelihood            .

Machine learning
<latexit sha1_base64="HjZ6RxRDdZu139wdkhmGLAXlGyY="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="KGKYmyKWjUVupNzZY8DVUShrvqU="></latexit>

High-dimensional 
event data     .x

<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Constraints on 
parameters   .✓

<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Physics insight: 
matrix element information
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5. Beyond the LHC3. Machine learning 
methods

4. Examples1. The simulation-
based inference 

problem

…

2. Why has that not 
stopped us before?



1. Particle physics measurements as a 
simulation-based inference problem



Modelling particle physics processes
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Evolution

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>



Modelling particle physics processes
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Evolution

Latent variables

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>
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Modelling particle physics processes
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Evolution

Latent variables

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>



Modelling particle physics processes

6/44
Evolution

Latent variables

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

[CMS]
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Evolution

Latent variables

[M. Cacciari, G. Salam, G. Soyez 0802.1189]

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>
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Latent variables

Prediction (simulation)

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>
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Latent variables

Inference

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>

Z
dzd

Z
dzs

Z
dzp

<latexit sha1_base64="3QqUXkjI/9W5HgMcIsL03s1lYzU="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="FpObNG65Uc+0rDaOyXieyCj+f20="></latexit>

p(x|✓) =
<latexit sha1_base64="AcNV+p6EfcfqicL9caw7jS+EafQ="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="jApDs7na6jNuX+U748CZyoN/x9g="></latexit>
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Latent variables

Inference

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>

Z
dzd

Z
dzs

Z
dzp

<latexit sha1_base64="3QqUXkjI/9W5HgMcIsL03s1lYzU="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="FpObNG65Uc+0rDaOyXieyCj+f20="></latexit>

p(x|✓) =
<latexit sha1_base64="AcNV+p6EfcfqicL9caw7jS+EafQ="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="jApDs7na6jNuX+U748CZyoN/x9g="></latexit>

It’s infeasible to calculate the 
integral over this enormous 

space! 

(More subtle: We cannot sample 
from                    efficiently.)p(z|x, ✓)

<latexit sha1_base64="++0j6S6sLYl4VCxPcili8UG5P0U="></latexit><latexit sha1_base64="++0j6S6sLYl4VCxPcili8UG5P0U="></latexit><latexit sha1_base64="++0j6S6sLYl4VCxPcili8UG5P0U="></latexit><latexit sha1_base64="++0j6S6sLYl4VCxPcili8UG5P0U="></latexit>
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Latent z
<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

SimulatorParameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>Observables
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Latent z
<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

SimulatorParameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>Observables

• Well-motivated mechanistic, causal model 

• Simulator can generate samples x ⇠ p(x|✓)
<latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit>

Prediction:
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Latent z
<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

SimulatorParameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>Observables

• Well-motivated mechanistic, causal model 

• Simulator can generate samples x ⇠ p(x|✓)
<latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit>

Prediction:

• Interactions between low-level components lead to 
challenging inverse problems 

• Likelihood                                                 is intractable p(x|✓) =
Z

dz p(x, z|✓)
<latexit sha1_base64="K09iWsb8QVHSIbKj5t9BaXEYwSo="></latexit><latexit sha1_base64="2PUIGzl2juW7YuIyk0iMO8JfgSI="></latexit><latexit sha1_base64="2PUIGzl2juW7YuIyk0iMO8JfgSI="></latexit><latexit sha1_base64="cHwZpa9wvt22xSMNxS4B/i7Dj4w="></latexit>

Inference:
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Given 

• a simulator that lets you generate       samples                              (for parameters      of our choice), 

• observed data                                          , and 

• a prior           ,

N
<latexit sha1_base64="Mti/5bjq9ynXanSGvifcEo7R29c="></latexit><latexit sha1_base64="W7jNxwbqZQU9BUpSZ6Aikjhi5FI="></latexit><latexit sha1_base64="W7jNxwbqZQU9BUpSZ6Aikjhi5FI="></latexit><latexit sha1_base64="M+VNfpUO4c75owAu5mbfWwTn8h0="></latexit>

✓i
<latexit sha1_base64="mWYVuvoGDlKSwBM8G9EsRWugQfg="></latexit><latexit sha1_base64="/NgKr+3EuQMh1Rg6Et83HpxuCuw="></latexit><latexit sha1_base64="/NgKr+3EuQMh1Rg6Et83HpxuCuw="></latexit><latexit sha1_base64="KaazbkvAozx9WE8Oh7sxAlRW9H8="></latexit>

xobs ⇠ p(xobs|✓true)
<latexit sha1_base64="nx2uQDYJdOz65cmUfQzqPEEbyjU="></latexit><latexit sha1_base64="LhjhEzBP/dmZsm1sBuCGRp1/Cro="></latexit><latexit sha1_base64="LhjhEzBP/dmZsm1sBuCGRp1/Cro="></latexit><latexit sha1_base64="oiVl53QbL+Ua+aD8uPMeOogOBqk="></latexit>

xi ⇠ p(xi|✓i)
<latexit sha1_base64="Eq8HDzlr+8gmJGN+EVoDCAVL/9A="></latexit><latexit sha1_base64="2pNeFUZTVj/3BGTTClRFmflqTQE="></latexit><latexit sha1_base64="2pNeFUZTVj/3BGTTClRFmflqTQE="></latexit><latexit sha1_base64="DbA+8oeRwvxlJ8D9EQ/hBBtvWkM="></latexit>

p(✓)
<latexit sha1_base64="sZbdhr7Daa+gZ389nIfq1XwJn00="></latexit><latexit sha1_base64="hPJnsrdGV8RqFWlWC1ttVIzP1VU="></latexit><latexit sha1_base64="hPJnsrdGV8RqFWlWC1ttVIzP1VU="></latexit><latexit sha1_base64="bcvS5ascxZFK8KjwT5Gp38XW5dI="></latexit>
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Given 

• a simulator that lets you generate       samples                              (for parameters      of our choice), 

• observed data                                          , and 

• a prior           ,

N
<latexit sha1_base64="Mti/5bjq9ynXanSGvifcEo7R29c="></latexit><latexit sha1_base64="W7jNxwbqZQU9BUpSZ6Aikjhi5FI="></latexit><latexit sha1_base64="W7jNxwbqZQU9BUpSZ6Aikjhi5FI="></latexit><latexit sha1_base64="M+VNfpUO4c75owAu5mbfWwTn8h0="></latexit>

✓i
<latexit sha1_base64="mWYVuvoGDlKSwBM8G9EsRWugQfg="></latexit><latexit sha1_base64="/NgKr+3EuQMh1Rg6Et83HpxuCuw="></latexit><latexit sha1_base64="/NgKr+3EuQMh1Rg6Et83HpxuCuw="></latexit><latexit sha1_base64="KaazbkvAozx9WE8Oh7sxAlRW9H8="></latexit>

xobs ⇠ p(xobs|✓true)
<latexit sha1_base64="nx2uQDYJdOz65cmUfQzqPEEbyjU="></latexit><latexit sha1_base64="LhjhEzBP/dmZsm1sBuCGRp1/Cro="></latexit><latexit sha1_base64="LhjhEzBP/dmZsm1sBuCGRp1/Cro="></latexit><latexit sha1_base64="oiVl53QbL+Ua+aD8uPMeOogOBqk="></latexit>

xi ⇠ p(xi|✓i)
<latexit sha1_base64="Eq8HDzlr+8gmJGN+EVoDCAVL/9A="></latexit><latexit sha1_base64="2pNeFUZTVj/3BGTTClRFmflqTQE="></latexit><latexit sha1_base64="2pNeFUZTVj/3BGTTClRFmflqTQE="></latexit><latexit sha1_base64="DbA+8oeRwvxlJ8D9EQ/hBBtvWkM="></latexit>

p(✓)
<latexit sha1_base64="sZbdhr7Daa+gZ389nIfq1XwJn00="></latexit><latexit sha1_base64="hPJnsrdGV8RqFWlWC1ttVIzP1VU="></latexit><latexit sha1_base64="hPJnsrdGV8RqFWlWC1ttVIzP1VU="></latexit><latexit sha1_base64="bcvS5ascxZFK8KjwT5Gp38XW5dI="></latexit>

a) estimate  
(e.g. MLE) 

b) construct confidence sets 
(e.g. likelihood ratio tests) 

c) estimate the posterior 
(or sample from posterior)

✓̂true
<latexit sha1_base64="Zp8bjQGXBkkhHuCOtcHHq1aiu6M="></latexit><latexit sha1_base64="Zp8bjQGXBkkhHuCOtcHHq1aiu6M="></latexit><latexit sha1_base64="Zp8bjQGXBkkhHuCOtcHHq1aiu6M="></latexit><latexit sha1_base64="Zp8bjQGXBkkhHuCOtcHHq1aiu6M="></latexit>

✓i
<latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit><latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit><latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit><latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit>

✓j
<latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit><latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit><latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit><latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit>

✓true
<latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit><latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit><latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit><latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit>

✓̂true
<latexit sha1_base64="Zp8bjQGXBkkhHuCOtcHHq1aiu6M="></latexit><latexit sha1_base64="Zp8bjQGXBkkhHuCOtcHHq1aiu6M="></latexit><latexit sha1_base64="Zp8bjQGXBkkhHuCOtcHHq1aiu6M="></latexit><latexit sha1_base64="Zp8bjQGXBkkhHuCOtcHHq1aiu6M="></latexit>

✓i
<latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit><latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit><latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit><latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit>

✓j
<latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit><latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit><latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit><latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit>

✓true
<latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit><latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit><latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit><latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit>

95% CL

✓i
<latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit><latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit><latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit><latexit sha1_base64="RkGnCZWi5/DCqit+xH86LrrIy4Y="></latexit>

✓j
<latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit><latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit><latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit><latexit sha1_base64="qWjEfi6RdO5DH2pwLzco2jwvYm0="></latexit>

✓true
<latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit><latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit><latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit><latexit sha1_base64="W9MyG2fubENf2vE1zrz90/c/tj8="></latexit>



2. Why has that not stopped us before?



Solve it with summary statistics

10/44

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>High-dimensional event data

p(x|✓)
<latexit sha1_base64="d9AyTfXNdCHRDASCWc4F9I14QL8="></latexit><latexit sha1_base64="WNQiabwdkZcR9IOy/o4ZRmVHpQA="></latexit><latexit sha1_base64="WNQiabwdkZcR9IOy/o4ZRmVHpQA="></latexit><latexit sha1_base64="eZm6d4ryAci70j7skgtD8rceBRQ="></latexit>

cannot be calculated



Solve it with summary statistics
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[ATLA
S 1712.02304]

One or two summary statistics x0
<latexit sha1_base64="LK7X1C5AuV1dVtVKvRoWRpua7U0="></latexit><latexit sha1_base64="ZHYCcwvXCFioA2mwjF5/7cRLmjo="></latexit><latexit sha1_base64="ZHYCcwvXCFioA2mwjF5/7cRLmjo="></latexit><latexit sha1_base64="x+xQznYK0+J1+V8MObTE08lrfqk="></latexit>

p(x0|✓)
<latexit sha1_base64="lXHXCTIXwAiyr2tGZjSgmI4YUPE="></latexit><latexit sha1_base64="b0mRHAbp731PrqmVngLB6aSGP1Y="></latexit><latexit sha1_base64="b0mRHAbp731PrqmVngLB6aSGP1Y="></latexit><latexit sha1_base64="3Mh/LYaC+hV96mDhi7fb4S217rg="></latexit>

             can be estimated 
with histograms, KDE, …

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>High-dimensional event data

p(x|✓)
<latexit sha1_base64="d9AyTfXNdCHRDASCWc4F9I14QL8="></latexit><latexit sha1_base64="WNQiabwdkZcR9IOy/o4ZRmVHpQA="></latexit><latexit sha1_base64="WNQiabwdkZcR9IOy/o4ZRmVHpQA="></latexit><latexit sha1_base64="eZm6d4ryAci70j7skgtD8rceBRQ="></latexit>

cannot be calculated



Summary statistics for LHC measurements?

11/44

• In many LHC problems there is no 
single good summary statistics: 
compressing to any       loses 
information! 
[JB, K. Cranmer, F. Kling, T. Plehn 1612.05261; 
JB, F. Kling, T. Plehn, T. Tait 1712.02350] 

• Ideally: analyze all trustworthy 
high-level features (reconstructed 
four-momenta…), or some form of 
low-level features, including 
correlations 
(“fully differential cross section”)

x0
<latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit>
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• In many LHC problems there is no 
single good summary statistics: 
compressing to any       loses 
information! 
[JB, K. Cranmer, F. Kling, T. Plehn 1612.05261; 
JB, F. Kling, T. Plehn, T. Tait 1712.02350] 

• Ideally: analyze all trustworthy 
high-level features (reconstructed 
four-momenta…), or some form of 
low-level features, including 
correlations 
(“fully differential cross section”)

x0
<latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit>

[Bolognesi et al. 1208.4018]



Solve it by approximating the integral

• Problem: high-dim. integral over shower / detector trajectories

12/44

p(x|✓) =
Z
dzd

Z
dzs

Z
dzp p(x|zd) p(zd|zs) p(zs|zp) p(zp|✓)

<latexit sha1_base64="AB87VeAIfsNPvxD+j8yhNv2oflc="></latexit><latexit sha1_base64="Ja8H9nSXeh8Omo0YOK1BAOcU9cA="></latexit><latexit sha1_base64="Ja8H9nSXeh8Omo0YOK1BAOcU9cA="></latexit><latexit sha1_base64="pNc/iuQqO/bssn9ywAKdkvoA6es="></latexit>
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Solve it by approximating the integral

• Problem: high-dim. integral over shower / detector trajectories
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p(x|✓) =
Z
dzd

Z
dzs

Z
dzp p(x|zd) p(zd|zs) p(zs|zp) p(zp|✓)

<latexit sha1_base64="AB87VeAIfsNPvxD+j8yhNv2oflc="></latexit><latexit sha1_base64="Ja8H9nSXeh8Omo0YOK1BAOcU9cA="></latexit><latexit sha1_base64="Ja8H9nSXeh8Omo0YOK1BAOcU9cA="></latexit><latexit sha1_base64="pNc/iuQqO/bssn9ywAKdkvoA6es="></latexit>
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S]
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• Matrix Element Method (and similarly Optimal Observables): [K. Kondo 1988] 

• approximate shower + detector effects into transfer function 

• explicitly calculate remaining integral 
 

p̂(x|zp)
<latexit sha1_base64="xzs7+DawVswnI4B4oa6S0jvhFLs="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="eJ49y0N+A0sA/o/VUpVYtWF3fGo="></latexit><latexit sha1_base64="dWShCnnILVkh4gMYuUrbxWVFUJ0="></latexit><latexit sha1_base64="dWShCnnILVkh4gMYuUrbxWVFUJ0="></latexit><latexit sha1_base64="evpgkFbQFUeQgatNV4Hv3ToVQfY="></latexit><latexit sha1_base64="evpgkFbQFUeQgatNV4Hv3ToVQfY="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="evpgkFbQFUeQgatNV4Hv3ToVQfY="></latexit>

p̂(x|✓) =
Z
dzp p̂(x|zp) p(zp|✓)

<latexit sha1_base64="G+tPT8udyJm0adyTjJ/QTaHUXY8="></latexit><latexit sha1_base64="IakJHx8bYjErCuaJ9dupf62q6yI="></latexit><latexit sha1_base64="IakJHx8bYjErCuaJ9dupf62q6yI="></latexit><latexit sha1_base64="OmRNsts2QspGhURxinTNgZII91E="></latexit>



Solve it by approximating the integral

• Problem: high-dim. integral over shower / detector trajectories
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p(x|✓) =
Z
dzd

Z
dzs

Z
dzp p(x|zd) p(zd|zs) p(zs|zp) p(zp|✓)

<latexit sha1_base64="AB87VeAIfsNPvxD+j8yhNv2oflc="></latexit><latexit sha1_base64="Ja8H9nSXeh8Omo0YOK1BAOcU9cA="></latexit><latexit sha1_base64="Ja8H9nSXeh8Omo0YOK1BAOcU9cA="></latexit><latexit sha1_base64="pNc/iuQqO/bssn9ywAKdkvoA6es="></latexit>

⇒ Uses matrix-element information, no summary statistics necessary, but: 

• ad-hoc transfer functions (what about extra radiation?) 

• evaluation still requires calculating an expensive integral

[C
M

S]
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• Matrix Element Method (and similarly Optimal Observables): [K. Kondo 1988] 

• approximate shower + detector effects into transfer function 

• explicitly calculate remaining integral 
 

p̂(x|zp)
<latexit sha1_base64="xzs7+DawVswnI4B4oa6S0jvhFLs="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="eJ49y0N+A0sA/o/VUpVYtWF3fGo="></latexit><latexit sha1_base64="dWShCnnILVkh4gMYuUrbxWVFUJ0="></latexit><latexit sha1_base64="dWShCnnILVkh4gMYuUrbxWVFUJ0="></latexit><latexit sha1_base64="evpgkFbQFUeQgatNV4Hv3ToVQfY="></latexit><latexit sha1_base64="evpgkFbQFUeQgatNV4Hv3ToVQfY="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="6/QD0riOV/GmQOBrU6EI5c2ZC5U="></latexit><latexit sha1_base64="evpgkFbQFUeQgatNV4Hv3ToVQfY="></latexit>

p̂(x|✓) =
Z
dzp p̂(x|zp) p(zp|✓)

<latexit sha1_base64="G+tPT8udyJm0adyTjJ/QTaHUXY8="></latexit><latexit sha1_base64="IakJHx8bYjErCuaJ9dupf62q6yI="></latexit><latexit sha1_base64="IakJHx8bYjErCuaJ9dupf62q6yI="></latexit><latexit sha1_base64="OmRNsts2QspGhURxinTNgZII91E="></latexit>



3. Machine learning solutions…



Get the best of two worlds

Simulators: focus on understanding 

• based on mechanistic, causal 
model 

• interpretable parameters

14/44
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• based on mechanistic, causal 
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• interpretable parameters
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Machine learning models: focus on performance 

• good at learning representations from data 

• good inductive biases (images, sequences, 
graphs, symmetries, hierarchical structures…) 

• differentiable, often invertible, probabilistic: 
well-suited for inference / fitting

<latexit sha1_base64="HjZ6RxRDdZu139wdkhmGLAXlGyY="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="KGKYmyKWjUVupNzZY8DVUShrvqU="></latexit>
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model 

• interpretable parameters

14/44

Machine learning models: focus on performance 

• good at learning representations from data 

• good inductive biases (images, sequences, 
graphs, symmetries, hierarchical structures…) 

• differentiable, often invertible, probabilistic: 
well-suited for inference / fitting

<latexit sha1_base64="HjZ6RxRDdZu139wdkhmGLAXlGyY="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="KGKYmyKWjUVupNzZY8DVUShrvqU="></latexit>

Can we inject 
domain knowledge 

into ML models?

Can we use ML 
models to fit 

simulators to data?



Idea 1: the likelihood ratio trick

15/44

…

Discriminator

…
Generator 

(intractable likelihood                )pgen(x)
<latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit>

Examples 
(intractable likelihood                 )ptrue(x)

<latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit>

• Generative Adversarial Networks (GANs): [I. Goodfellow et al. 1406.2661]



Idea 1: the likelihood ratio trick
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Discriminator learns decision function

s(x) ! ptrue(x)

pgen(x) + ptrue(x)
<latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit>

…

Discriminator

…
Generator 

(intractable likelihood                )pgen(x)
<latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit>

Examples 
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<latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit>

• Generative Adversarial Networks (GANs): [I. Goodfellow et al. 1406.2661]
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Discriminator learns decision function

s(x) ! ptrue(x)

pgen(x) + ptrue(x)
<latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit>

…

Discriminator

…
Generator 

(intractable likelihood                )pgen(x)
<latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit>

Examples 
(intractable likelihood                 )ptrue(x)

<latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit>

• Generative Adversarial Networks (GANs): [I. Goodfellow et al. 1406.2661]
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Discriminator learns decision function

s(x) ! ptrue(x)

pgen(x) + ptrue(x)
<latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit>

…

Discriminator

…
Generator 

(intractable likelihood                )pgen(x)
<latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit>

Examples 
(intractable likelihood                 )ptrue(x)

<latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit>

• Similarly, we can train a classifier between two sets of simulated samples

…

Classifier

Simulator✓0
<latexit sha1_base64="zaCN1InpfT0tkm7yLQBoS2ViwpI="></latexit><latexit sha1_base64="zaCN1InpfT0tkm7yLQBoS2ViwpI="></latexit><latexit sha1_base64="zaCN1InpfT0tkm7yLQBoS2ViwpI="></latexit><latexit sha1_base64="zaCN1InpfT0tkm7yLQBoS2ViwpI="></latexit>

Simulator✓1
<latexit sha1_base64="FpTqBgH4UoCHYj77gm1nEv94tK8="></latexit><latexit sha1_base64="FpTqBgH4UoCHYj77gm1nEv94tK8="></latexit><latexit sha1_base64="FpTqBgH4UoCHYj77gm1nEv94tK8="></latexit><latexit sha1_base64="FpTqBgH4UoCHYj77gm1nEv94tK8="></latexit>

Simulator 
(intractable likelihood                )

Simulator 
(intractable likelihood                )

p(x|✓0)
<latexit sha1_base64="Quq1WvvHR/neiv1NJgDuMGAs/bs="></latexit><latexit sha1_base64="Quq1WvvHR/neiv1NJgDuMGAs/bs="></latexit><latexit sha1_base64="Quq1WvvHR/neiv1NJgDuMGAs/bs="></latexit><latexit sha1_base64="Quq1WvvHR/neiv1NJgDuMGAs/bs="></latexit>

p(x|✓1)
<latexit sha1_base64="Iy7+HPo0fu+LX822P2Op+DlsaPQ="></latexit><latexit sha1_base64="Iy7+HPo0fu+LX822P2Op+DlsaPQ="></latexit><latexit sha1_base64="Iy7+HPo0fu+LX822P2Op+DlsaPQ="></latexit><latexit sha1_base64="Iy7+HPo0fu+LX822P2Op+DlsaPQ="></latexit>

[K. Cranmer, J. Pavez, G. Louppe 1506.02169]

• Generative Adversarial Networks (GANs): [I. Goodfellow et al. 1406.2661]
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Discriminator learns decision function

s(x) ! ptrue(x)

pgen(x) + ptrue(x)
<latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit><latexit sha1_base64="le74qcZFhOsAjO7RHqSwvZkD9O4="></latexit>

…

Discriminator

…
Generator 

(intractable likelihood                )pgen(x)
<latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit><latexit sha1_base64="xsQgphYLpAlgCzCaelCH53fRHng="></latexit>

Examples 
(intractable likelihood                 )ptrue(x)

<latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit><latexit sha1_base64="dxabJ/MnNbCWRUqH/UbqwXTfn6A="></latexit>

s(x) ! p(x|✓1)
p(x|✓0) + p(x|✓1)

<latexit sha1_base64="22v5tTjIAJUMTwUKr76fLIH1v0c="></latexit><latexit sha1_base64="22v5tTjIAJUMTwUKr76fLIH1v0c="></latexit><latexit sha1_base64="22v5tTjIAJUMTwUKr76fLIH1v0c="></latexit><latexit sha1_base64="22v5tTjIAJUMTwUKr76fLIH1v0c="></latexit>

Classifier learns decision function

⇒ Estimator for likelihood ratio

r̂(x) =
1� s(x)

s(x)
! p(x|✓0)

p(x|✓1)
<latexit sha1_base64="DFu/lMfnqXhggg90Wct4Uq6Bz7Q="></latexit><latexit sha1_base64="DFu/lMfnqXhggg90Wct4Uq6Bz7Q="></latexit><latexit sha1_base64="DFu/lMfnqXhggg90Wct4Uq6Bz7Q="></latexit><latexit sha1_base64="DFu/lMfnqXhggg90Wct4Uq6Bz7Q="></latexit>

• Similarly, we can train a classifier between two sets of simulated samples

…

Classifier

Simulator✓0
<latexit sha1_base64="zaCN1InpfT0tkm7yLQBoS2ViwpI="></latexit><latexit sha1_base64="zaCN1InpfT0tkm7yLQBoS2ViwpI="></latexit><latexit sha1_base64="zaCN1InpfT0tkm7yLQBoS2ViwpI="></latexit><latexit sha1_base64="zaCN1InpfT0tkm7yLQBoS2ViwpI="></latexit>

Simulator✓1
<latexit sha1_base64="FpTqBgH4UoCHYj77gm1nEv94tK8="></latexit><latexit sha1_base64="FpTqBgH4UoCHYj77gm1nEv94tK8="></latexit><latexit sha1_base64="FpTqBgH4UoCHYj77gm1nEv94tK8="></latexit><latexit sha1_base64="FpTqBgH4UoCHYj77gm1nEv94tK8="></latexit>

Simulator 
(intractable likelihood                )

Simulator 
(intractable likelihood                )

p(x|✓0)
<latexit sha1_base64="Quq1WvvHR/neiv1NJgDuMGAs/bs="></latexit><latexit sha1_base64="Quq1WvvHR/neiv1NJgDuMGAs/bs="></latexit><latexit sha1_base64="Quq1WvvHR/neiv1NJgDuMGAs/bs="></latexit><latexit sha1_base64="Quq1WvvHR/neiv1NJgDuMGAs/bs="></latexit>

p(x|✓1)
<latexit sha1_base64="Iy7+HPo0fu+LX822P2Op+DlsaPQ="></latexit><latexit sha1_base64="Iy7+HPo0fu+LX822P2Op+DlsaPQ="></latexit><latexit sha1_base64="Iy7+HPo0fu+LX822P2Op+DlsaPQ="></latexit><latexit sha1_base64="Iy7+HPo0fu+LX822P2Op+DlsaPQ="></latexit>

[K. Cranmer, J. Pavez, G. Louppe 1506.02169]

• Generative Adversarial Networks (GANs): [I. Goodfellow et al. 1406.2661]
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1. Simulation

Simulator

x
Observables

✓
<latexit sha1_base64="uKih3q81UG5Y39UkSUDmaMgSwo0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="cLB/gHcLXKsvdN1Ss3kTuhimZm0="></latexit>

Parameters

Run simulator and save data

[K. Cranmer, J. Pavez, G. Louppe 1506.02169]



Inference by likelihood ratio trick
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<latexit sha1_base64="HjZ6RxRDdZu139wdkhmGLAXlGyY="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="KGKYmyKWjUVupNzZY8DVUShrvqU="></latexit>

argmin
g

L[g]
<latexit sha1_base64="K5zdKfNQlfWV+Iu2lZ+kbdAR2qQ="></latexit><latexit sha1_base64="ApOBYqsfgOriMeFGC7CAo7I3urI="></latexit><latexit sha1_base64="ApOBYqsfgOriMeFGC7CAo7I3urI="></latexit><latexit sha1_base64="Y+642ZFyiyZWQmFYdFZi+qnOJts="></latexit>

2. Machine Learning

Train NN classifier, interpret as 
likelihood ratio estimator

1. Simulation

Simulator

x
Observables

✓
<latexit sha1_base64="uKih3q81UG5Y39UkSUDmaMgSwo0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="cLB/gHcLXKsvdN1Ss3kTuhimZm0="></latexit>

Parameters

Run simulator and save data

r̂(x|✓)
<latexit sha1_base64="NPA37tSEX6NJZFS7lgnMywc24Uw="></latexit><latexit sha1_base64="OWtH3yFwQxlgBBM8LzzB+Kr7/wE="></latexit><latexit sha1_base64="OWtH3yFwQxlgBBM8LzzB+Kr7/wE="></latexit><latexit sha1_base64="8WBmztmqRcTSWIh+NwhKhjUiPqA="></latexit>

Approximate 
likelihood 

ratio

[K. Cranmer, J. Pavez, G. Louppe 1506.02169]
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<latexit sha1_base64="HjZ6RxRDdZu139wdkhmGLAXlGyY="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="KGKYmyKWjUVupNzZY8DVUShrvqU="></latexit>

argmin
g

L[g]
<latexit sha1_base64="K5zdKfNQlfWV+Iu2lZ+kbdAR2qQ="></latexit><latexit sha1_base64="ApOBYqsfgOriMeFGC7CAo7I3urI="></latexit><latexit sha1_base64="ApOBYqsfgOriMeFGC7CAo7I3urI="></latexit><latexit sha1_base64="Y+642ZFyiyZWQmFYdFZi+qnOJts="></latexit>

2. Machine Learning

Train NN classifier, interpret as 
likelihood ratio estimator

✓i
<latexit sha1_base64="l7N+1zwpgVSD9LHyu2N3Zdptxos="></latexit><latexit sha1_base64="A0803SRxkfT9iDkUxwV/3t5Rbms="></latexit><latexit sha1_base64="A0803SRxkfT9iDkUxwV/3t5Rbms="></latexit><latexit sha1_base64="wu6Hts1TOb3rsEaGlT7xgnbYqiA="></latexit>

✓j
<latexit sha1_base64="I43qAb/N9+gEleDQ88LUjU6gBUM="></latexit><latexit sha1_base64="caXfti+QmnIlgO/vw7RCZ7mPWrs="></latexit><latexit sha1_base64="caXfti+QmnIlgO/vw7RCZ7mPWrs="></latexit><latexit sha1_base64="isTL59a2OifKddQT14KzRD58m1M="></latexit>

3. Inference

Amortized: cheap 
to repeat for new data

Observed data
xobs

<latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit>

Prior

1. Simulation

Simulator

x
Observables

✓
<latexit sha1_base64="uKih3q81UG5Y39UkSUDmaMgSwo0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="cLB/gHcLXKsvdN1Ss3kTuhimZm0="></latexit>

Parameters

Run simulator and save data

r̂(x|✓)
<latexit sha1_base64="NPA37tSEX6NJZFS7lgnMywc24Uw="></latexit><latexit sha1_base64="OWtH3yFwQxlgBBM8LzzB+Kr7/wE="></latexit><latexit sha1_base64="OWtH3yFwQxlgBBM8LzzB+Kr7/wE="></latexit><latexit sha1_base64="8WBmztmqRcTSWIh+NwhKhjUiPqA="></latexit>

Approximate 
likelihood 

ratio

[K. Cranmer, J. Pavez, G. Louppe 1506.02169]
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z
<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

Latent

Simulator

We cannot compute                                                , 

but for each simulated event we can compute 

• the joint likelihood ratio 

• the joint score 

(Both depend on the truth-level four-momenta    )

p(x�θ) =� dz p(x , z�θ)

<latexit sha1_base64="V38WEhzY9t0dUYXGdFCofRBY+gc="></latexit>

z

<latexit sha1_base64="uqRBqfuVn3Ep4Foqu0BmBaZGe6g="></latexit>

r(x, z|✓) = p(x, z|✓)
pref(x, z)

⇠ |M|2(z|✓)
|M|2ref(z)

<latexit sha1_base64="93ZHTvIT8eI5jjPfh81WiNGeaUk="></latexit><latexit sha1_base64="93ZHTvIT8eI5jjPfh81WiNGeaUk="></latexit><latexit sha1_base64="93ZHTvIT8eI5jjPfh81WiNGeaUk="></latexit><latexit sha1_base64="93ZHTvIT8eI5jjPfh81WiNGeaUk="></latexit>

t(x, z|✓) = r✓ log p(x, z|✓) ⇠
r✓|M|2(z|✓)
|M|2(z|✓)

<latexit sha1_base64="dBV5En3JzgquQX07Z0YCPFSYUDY="></latexit><latexit sha1_base64="dBV5En3JzgquQX07Z0YCPFSYUDY="></latexit><latexit sha1_base64="dBV5En3JzgquQX07Z0YCPFSYUDY="></latexit><latexit sha1_base64="dBV5En3JzgquQX07Z0YCPFSYUDY="></latexit>

[JB, G. Louppe, J. Pavez, K. Cranmer 1805.12244, 1805.00013, 1805.00020]
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z
<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

Latent

Simulator

Why are they useful? One can show that 

• the joint likelihood ratio is an unbiased 
estimator of the likelihood ratio 

• the joint score provides unbiased gradient 
information 

⇒ use them as labels in supervised NN training!

We cannot compute                                                , 

but for each simulated event we can compute 

• the joint likelihood ratio 

• the joint score 

(Both depend on the truth-level four-momenta    )

p(x�θ) =� dz p(x , z�θ)

<latexit sha1_base64="V38WEhzY9t0dUYXGdFCofRBY+gc="></latexit>

z

<latexit sha1_base64="uqRBqfuVn3Ep4Foqu0BmBaZGe6g="></latexit>

r(x, z|✓) = p(x, z|✓)
pref(x, z)

⇠ |M|2(z|✓)
|M|2ref(z)

<latexit sha1_base64="93ZHTvIT8eI5jjPfh81WiNGeaUk="></latexit><latexit sha1_base64="93ZHTvIT8eI5jjPfh81WiNGeaUk="></latexit><latexit sha1_base64="93ZHTvIT8eI5jjPfh81WiNGeaUk="></latexit><latexit sha1_base64="93ZHTvIT8eI5jjPfh81WiNGeaUk="></latexit>

t(x, z|✓) = r✓ log p(x, z|✓) ⇠
r✓|M|2(z|✓)
|M|2(z|✓)

<latexit sha1_base64="dBV5En3JzgquQX07Z0YCPFSYUDY="></latexit><latexit sha1_base64="dBV5En3JzgquQX07Z0YCPFSYUDY="></latexit><latexit sha1_base64="dBV5En3JzgquQX07Z0YCPFSYUDY="></latexit><latexit sha1_base64="dBV5En3JzgquQX07Z0YCPFSYUDY="></latexit>

[JB, G. Louppe, J. Pavez, K. Cranmer 1805.12244, 1805.00013, 1805.00020]
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Likelihood ratio trick

Cl
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fie

r o
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Observable

[JB, G. Louppe, J. Pavez, K. Cranmer 
1805.12244, 1805.00013, 1805.00020]
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Likelihood ratio trick
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[JB, G. Louppe, J. Pavez, K. Cranmer 
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Likelihood ratio trick
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+ joint likelihood ratio
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O
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[JB, G. Louppe, J. Pavez, K. Cranmer 
1805.12244, 1805.00013, 1805.00020]

Using more information = more sample-efficient inference



RASCAL
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<latexit sha1_base64="HjZ6RxRDdZu139wdkhmGLAXlGyY="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="KGKYmyKWjUVupNzZY8DVUShrvqU="></latexit>

argmin
g

L[g]
<latexit sha1_base64="K5zdKfNQlfWV+Iu2lZ+kbdAR2qQ="></latexit><latexit sha1_base64="ApOBYqsfgOriMeFGC7CAo7I3urI="></latexit><latexit sha1_base64="ApOBYqsfgOriMeFGC7CAo7I3urI="></latexit><latexit sha1_base64="Y+642ZFyiyZWQmFYdFZi+qnOJts="></latexit>

2. Machine Learning1. Simulation

z
<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

Latent

Simulator

x
Observables

✓
<latexit sha1_base64="uKih3q81UG5Y39UkSUDmaMgSwo0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="sg4BK8w5ytAcXmQyQ0tWWWn7/Y0="></latexit><latexit sha1_base64="cLB/gHcLXKsvdN1Ss3kTuhimZm0="></latexit>

Parameters

r(x, z|✓)
<latexit sha1_base64="n4ECwTYdCfuLwJXCZl6+ybiKm1E="></latexit><latexit sha1_base64="yfNfOs7ZyWqkNT8RpYmkj2bn/mA="></latexit><latexit sha1_base64="yfNfOs7ZyWqkNT8RpYmkj2bn/mA="></latexit><latexit sha1_base64="kQLQGJ4Xe+WRfsBc6Tu8qUqoqpg="></latexit>

t(x, z|✓)
<latexit sha1_base64="BMHppIHEY/0iNNG8Fhs+Hd4wokw="></latexit><latexit sha1_base64="WhfdL6HX9XmJ7WXSrLsNwv05onI="></latexit><latexit sha1_base64="WhfdL6HX9XmJ7WXSrLsNwv05onI="></latexit><latexit sha1_base64="GuTW9do3dzdd+I9ZbAmjhvNlqcg="></latexit>

Augmented data

Extract joint likelihood ratio 
and joint score from simulator

r̂(x|✓)
<latexit sha1_base64="NPA37tSEX6NJZFS7lgnMywc24Uw="></latexit><latexit sha1_base64="OWtH3yFwQxlgBBM8LzzB+Kr7/wE="></latexit><latexit sha1_base64="OWtH3yFwQxlgBBM8LzzB+Kr7/wE="></latexit><latexit sha1_base64="8WBmztmqRcTSWIh+NwhKhjUiPqA="></latexit>

Approximate 
likelihood 

ratio

Augment training data & 
use as labels in new loss functions 
⇒ improve training efficiency

✓i
<latexit sha1_base64="l7N+1zwpgVSD9LHyu2N3Zdptxos="></latexit><latexit sha1_base64="A0803SRxkfT9iDkUxwV/3t5Rbms="></latexit><latexit sha1_base64="A0803SRxkfT9iDkUxwV/3t5Rbms="></latexit><latexit sha1_base64="wu6Hts1TOb3rsEaGlT7xgnbYqiA="></latexit>

✓j
<latexit sha1_base64="I43qAb/N9+gEleDQ88LUjU6gBUM="></latexit><latexit sha1_base64="caXfti+QmnIlgO/vw7RCZ7mPWrs="></latexit><latexit sha1_base64="caXfti+QmnIlgO/vw7RCZ7mPWrs="></latexit><latexit sha1_base64="isTL59a2OifKddQT14KzRD58m1M="></latexit>

3. Inference

Observed data
xobs

<latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit>

Prior

[JB, G. Louppe, J. Pavez, K. Cranmer 
1805.12244, 1805.00013, 1805.00020]
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Method Approximations Upfront cost Evaluation 

Summary statistics: 
    Likelihood for summary stats (“histograms”) Reduction to summary stats Fast Fast 
    Approximate Bayesian Computation Reduction to summary stats Depends Depends  

Matrix elements: 
    Matrix Element Method Transfer fns Fast Slow 
    Optimal Observables Transfer fns, optimal only locally Fast Slow 

Neural networks: 
    Neural likelihood NN Needs many samples Fast 
    Neural posterior NN Needs many samples Fast 
    Neural likelihood ratio NN Needs many samples Fast 

Neural networks + matrix elements: 
    Neural likelihood (ratio) + gold mining (RASCAL) NN Needs less samples Fast 
    Neural optimal observables (SALLY) NN, optimal only locally Needs less samples Fast



Systematics

21/44

Can you trust the simulator? 

• Model uncertainties explicitly: 
nuisance parameters + profiling / marginalization 

• Make analysis robust: 
ideas from domain adaptation, algorithmic fairness  
[G. Louppe, M. Kagan, K. Cranmer 1611.01046; J. Alsing, B. 
Wandelt 1903.01473; P. de Castro, T. Dorigo 1806.04743]



Systematics

21/44

Can you trust the simulator? 

• Model uncertainties explicitly: 
nuisance parameters + profiling / marginalization 

• Make analysis robust: 
ideas from domain adaptation, algorithmic fairness  
[G. Louppe, M. Kagan, K. Cranmer 1611.01046; J. Alsing, B. 
Wandelt 1903.01473; P. de Castro, T. Dorigo 1806.04743]

Can you trust the neural network? 

• Sanity checks: expectation values, “critic” tests 

• Calibrate NN output 

• Neyman construction with toys 
(badly trained network can lead to suboptimal limits, but 
not to wrong limits) 
[JB, G. Louppe, J. Pavez, K. Cranmer 1805.00020]

<latexit sha1_base64="HjZ6RxRDdZu139wdkhmGLAXlGyY="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="N0otbztN+sjGy9xqdVKMRIGUlNA="></latexit><latexit sha1_base64="KGKYmyKWjUVupNzZY8DVUShrvqU="></latexit>



4. Examples



Proof of concept: Higgs production in weak boson fusion
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at least 16-dimensional 
observable space

Exciting new physics might hide here! 
We parameterize it with two EFT coefficients: 

[JB, K. Cranmer, G. Louppe, J. Pavez  
1805.00013, 1805.00020]



Proof of concept: Higgs production in weak boson fusion

23/44

at least 16-dimensional 
observable space

Exciting new physics might hide here! 
We parameterize it with two EFT coefficients: 

Goal: constrain the two EFT parameters 

• new inference methods 

• baseline: 2d histogram analysis of jet 
momenta & angular correlations 

Two scenarios: 

• Simplified setup in which we can compare to 
true likelihood 

• “Realistic” simulation with approximate 
detector effects

[JB, K. Cranmer, G. Louppe, J. Pavez  
1805.00013, 1805.00020]



Stronger limits…
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Expected exclusion limits at 68%, 99.7% CL

ML-based 
inference 
techniques

2D histogram

In some regions of parameter space, the 
ML-based inference techniques improve the 
sensitivity as much as taking 90% more data 
would! 

[JB, K. Cranmer, G. Louppe, J. Pavez 1805.00013; 1805.00020; 
M. Stoye, JB, K. Cranmer, G. Louppe, J. Pavez 1808.00973]



…with less training data
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Likelihood 
ratio trick

Summary 
statistics 
baseline

Likelihood ratio trick 
+ gold mining
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With enough training data, the ML algorithms 
get the likelihood function right. 

Using more information from the simulator 
improves sample efficiency substantially.  

[JB, K. Cranmer, G. Louppe, J. Pavez 1805.00013; 1805.00020; 
M. Stoye, JB, K. Cranmer, G. Louppe, J. Pavez 1808.00973]



Constraining operators in ttH effectively

26/44

[JB, F. Kling, I. Espejo, K. Cranmer  1907.10621]

• Pheno-level analysis of 
 
 
with MadGraph + Pythia + Delphes

• Inference on three EFT operators:



Constraining operators in ttH effectively

26/44

[JB, F. Kling, I. Espejo, K. Cranmer  1907.10621]

• Pheno-level analysis of 
 
 
with MadGraph + Pythia + Delphes

• New inference techniques improve expected 
HL-LHC limits compared to histogram baseline:

• Inference on three EFT operators:



Hunting
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[J. Hollingworth, D. Whiteson 2002.04699]Z 0 ! jj
<latexit sha1_base64="9ID4tMhxIuxeHoktrN2YKKUoNv0="></latexit><latexit sha1_base64="9ID4tMhxIuxeHoktrN2YKKUoNv0="></latexit><latexit sha1_base64="9ID4tMhxIuxeHoktrN2YKKUoNv0="></latexit><latexit sha1_base64="9ID4tMhxIuxeHoktrN2YKKUoNv0="></latexit>

Multivariate analysis with new 
ML-based inference techniques 
leads to better expected limits 
than          analysismjj

<latexit sha1_base64="5XzYhDyj+nsLy6E5GDNF70eDn8g="></latexit><latexit sha1_base64="5XzYhDyj+nsLy6E5GDNF70eDn8g="></latexit><latexit sha1_base64="5XzYhDyj+nsLy6E5GDNF70eDn8g="></latexit><latexit sha1_base64="5XzYhDyj+nsLy6E5GDNF70eDn8g="></latexit>



Benchmarking STXS in WH
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• Simplified Template Cross-Sections (STXS) 
define observable bins that are supposed to 
capture as much information on NP as possible 
[N. Berger et al. 1906.02754; HXSWG YR4] 

• Let’s check! How much information on 
 
 
 
 
can we extract from                                       ?

[JB, S. Dawson, S. Homiller, F. Kling, T. Plehn 1908.06980]
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• Results: STXS are indeed sensitive to operators, 
adding a few more bins improve them, 
but a multivariate analysis is still stronger

[JB, S. Dawson, S. Homiller, F. Kling, T. Plehn 1908.06980]



Automation

Our open-source Python package MadMiner makes it straightforward 
to apply these ML-based inference techniques

[JB, F. Kling, I. Espejo, K. Cranmer  1907.10621]

github.com/diana-hep/madminer

hub.docker.com/u/madminertool

madminer.readthedocs.io

pip install madminer 

cranmer.github.io/madminer-tutorial

29/44

http://github.com/diana-hep/madminer
http://github.com/diana-hep/madminer
https://hub.docker.com/u/madminertool/
https://hub.docker.com/u/madminertool/
http://madminer.readthedocs.io
http://madminer.readthedocs.io
https://cranmer.github.io/madminer-tutorial
https://cranmer.github.io/madminer-tutorial


5. Beyond the LHC



Simulation-based (“likelihood-free”) inference problems…
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Latent z
<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

SimulatorParameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>Observables

• Well-motivated mechanistic, causal model 

• Simulator can generate samples x ⇠ p(x|✓)
<latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit>

Prediction:

• Interactions between low-level components lead to 
challenging inverse problems 

• Likelihood                                                 is intractable p(x|✓) =
Z

dz p(x, z|✓)
<latexit sha1_base64="K09iWsb8QVHSIbKj5t9BaXEYwSo="></latexit><latexit sha1_base64="2PUIGzl2juW7YuIyk0iMO8JfgSI="></latexit><latexit sha1_base64="2PUIGzl2juW7YuIyk0iMO8JfgSI="></latexit><latexit sha1_base64="cHwZpa9wvt22xSMNxS4B/i7Dj4w="></latexit>

Inference:



… appear in many fields of science

32/44
10°18 10°15 10°12 10°9 10°6 10°3 100 103 106 109 1012 1015 1018 1021 1024 1027

Length scale [m]Approximate length scale [m]

Collider experiments

[Ask me for image sources]



… appear in many fields of science

32/44
10°18 10°15 10°12 10°9 10°6 10°3 100 103 106 109 1012 1015 1018 1021 1024 1027

Length scale [m]Approximate length scale [m]

Collider experiments

[Ask me for image sources]

Gravitational waves

Gravitational lensing

Evolution of the Universe

Stellar streams



… appear in many fields of science

32/44
10°18 10°15 10°12 10°9 10°6 10°3 100 103 106 109 1012 1015 1018 1021 1024 1027

Length scale [m]Approximate length scale [m]

Collider experiments

Chemical reactions
Flames

[Ask me for image sources]

Gravitational waves

Gravitational lensing

Evolution of the Universe

Stellar streams



… appear in many fields of science

32/44
10°18 10°15 10°12 10°9 10°6 10°3 100 103 106 109 1012 1015 1018 1021 1024 1027

Length scale [m]Approximate length scale [m]

Collider experiments

Neurons

Protein networks

Chemical reactions
Flames

[Ask me for image sources]

Gravitational waves

Gravitational lensing

Evolution of the Universe

Stellar streams



… appear in many fields of science

32/44
10°18 10°15 10°12 10°9 10°6 10°3 100 103 106 109 1012 1015 1018 1021 1024 1027

Length scale [m]Approximate length scale [m]

Collider experiments

Neurons

Protein networks

Chemical reactions
Flames

Ecological systems

Evolution

[Ask me for image sources]

Gravitational waves

Gravitational lensing

Evolution of the Universe

Stellar streams



… appear in many fields of science

32/44
10°18 10°15 10°12 10°9 10°6 10°3 100 103 106 109 1012 1015 1018 1021 1024 1027

Length scale [m]Approximate length scale [m]

Collider experiments

Neurons

Protein networks

Chemical reactions
Flames Epidemics

Weather and climate

Ecological systems

Evolution

[Ask me for image sources]

Gravitational waves

Gravitational lensing

Evolution of the Universe

Stellar streams



… appear in many fields of science

32/44
10°18 10°15 10°12 10°9 10°6 10°3 100 103 106 109 1012 1015 1018 1021 1024 1027

Length scale [m]Approximate length scale [m]

Collider experiments

Neurons

Protein networks

Chemical reactions
Flames Epidemics

Weather and climate

Ecological systems

Evolution

[Ask me for image sources]

Gravitational waves

Gravitational lensing

Evolution of the Universe

Stellar streams

Robotics



Neuroscience example
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[USFWS 2013]

Goal: infer 31 parameters of Hodgkin-
Huxley model of neuron dynamics

Activity recordings in stomatogastric ganglion 
nerve cells in Jonah Crabs

[P. Gonçalves et al., bioRxiv:10.1101.838383]



Crab results
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[P. Gonçalves et al., bioRxiv:10.1101.838383]

Bayesian posterior



[T. Brown, J.Tumlinson] 

Gravitational lensing example



[NASA/ESA; Abe Books]



[Hubble Space Telescope]



Subhalos affect strong lensing
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Subhalos affect strong lensing

38/44

1′ ′ 

Smooth halo only Smooth halo + subhalo



Subhalos affect strong lensing… realistically
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1′ ′ 

Smooth halo only Smooth halo + subhalos



Scalable inference for small subhalos
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Goal: infer DM properties from all images 
and all clumps at once

Near-future telescopes and satellites will collect 
hundreds of lensing images  [Collett et al 1507.02657]

dn
dmsub

msub

fsub

β

[Euclid]



ML-based Bayesian inference
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[JB, S. Mishra-Sharma, J. Hermans, G. Louppe, K. Cranmer 1909.02005]



ML-based Bayesian inference
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[JB, S. Mishra-Sharma, J. Hermans, G. Louppe, K. Cranmer 1909.02005]



The SCAILFIN Project 
scailfin.github.io

Kyle Cranmer

Joeri Hermans Sally Dawson Sam Homiller

Gilles Louppe Juan Pavez Felix KlingMarkus Stoye Irina Espejo

Zubair BhattiSid Mishra-Sharma Tilman Plehn

Sinclert Perez

Parts of this talk were inspired by great presentations by Kyle Cranmer, Gilles Louppe, Sid Mishra-Sharma, and Jakob Macke
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They work in 
problems from the 

smallest… 

… to the largest 
scales.

Scientists have 
side-stepped this 

problem with 
summary statistics.

Machine learning 
enables powerful 

inference methods, 
especially when we 

inject domain 
information.

Simulators make 
precise predictions, 

but inference is 
challenging.

…
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Bonus material: simulation-based inference



Approximate Bayesian Computation (ABC)
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[D. Rubin 1984]

Observed data xobs
<latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit>

Summary statistics x0
obs

<latexit sha1_base64="4OC6qjTdMdWalQeI02mdaCUZofQ="></latexit><latexit sha1_base64="4OC6qjTdMdWalQeI02mdaCUZofQ="></latexit><latexit sha1_base64="4OC6qjTdMdWalQeI02mdaCUZofQ="></latexit><latexit sha1_base64="4OC6qjTdMdWalQeI02mdaCUZofQ="></latexit>

Summary statistics x0
<latexit sha1_base64="j2MT/AmSEr+Z32/viVIFKx5OZSk="></latexit><latexit sha1_base64="j2MT/AmSEr+Z32/viVIFKx5OZSk="></latexit><latexit sha1_base64="j2MT/AmSEr+Z32/viVIFKx5OZSk="></latexit><latexit sha1_base64="j2MT/AmSEr+Z32/viVIFKx5OZSk="></latexit>

Samples from posterior

Compare, accept / reject

Parameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Simulator

Prior p(✓)
<latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Observables

• Compression to summary 
statistics and acceptance 
threshold reduce quality of 
inference 

• Rejection algorithm can be very 
sample inefficient



High-dimensional density estimation with normalizing flows

47/44[lots of great work recently; see G. Papamakarios et al 1912.02762 for a review] 

u ⇠ ⇡(u)
<latexit sha1_base64="wERcTLXCegP2fGEeIAo/hco1G64="></latexit><latexit sha1_base64="wERcTLXCegP2fGEeIAo/hco1G64="></latexit><latexit sha1_base64="wERcTLXCegP2fGEeIAo/hco1G64="></latexit><latexit sha1_base64="wERcTLXCegP2fGEeIAo/hco1G64="></latexit>

Simple base density x = f(u)
<latexit sha1_base64="xUYQP7EJk+x2U/wlOLJVcQWwX3s="></latexit><latexit sha1_base64="xUYQP7EJk+x2U/wlOLJVcQWwX3s="></latexit><latexit sha1_base64="xUYQP7EJk+x2U/wlOLJVcQWwX3s="></latexit><latexit sha1_base64="xUYQP7EJk+x2U/wlOLJVcQWwX3s="></latexit>

NN: transformation 

• one-to-one and invertible 

• differentiable 

•          and                   are tractablef�1
<latexit sha1_base64="IZP8uBhl7PH21nm7rQ+k4KDOsRM="></latexit><latexit sha1_base64="IZP8uBhl7PH21nm7rQ+k4KDOsRM="></latexit><latexit sha1_base64="IZP8uBhl7PH21nm7rQ+k4KDOsRM="></latexit><latexit sha1_base64="IZP8uBhl7PH21nm7rQ+k4KDOsRM="></latexit>

detrf
<latexit sha1_base64="hVBj9Qcf5XLd2A9PfleNUbNnafA="></latexit><latexit sha1_base64="hVBj9Qcf5XLd2A9PfleNUbNnafA="></latexit><latexit sha1_base64="hVBj9Qcf5XLd2A9PfleNUbNnafA="></latexit><latexit sha1_base64="hVBj9Qcf5XLd2A9PfleNUbNnafA="></latexit>

…

Target density is given by

p̂(x) = ⇡(f�1(x)) | detrf |�1
<latexit sha1_base64="B3xXkdnvtqdX10sjJLma1s0Ik4M="></latexit><latexit sha1_base64="B3xXkdnvtqdX10sjJLma1s0Ik4M="></latexit><latexit sha1_base64="B3xXkdnvtqdX10sjJLma1s0Ik4M="></latexit><latexit sha1_base64="B3xXkdnvtqdX10sjJLma1s0Ik4M="></latexit>

Train transformation by 
maximizing log p̂(x)

<latexit sha1_base64="2mbkiST3GhTSBqVVpoHc+LQk/2A="></latexit><latexit sha1_base64="2mbkiST3GhTSBqVVpoHc+LQk/2A="></latexit><latexit sha1_base64="2mbkiST3GhTSBqVVpoHc+LQk/2A="></latexit><latexit sha1_base64="2mbkiST3GhTSBqVVpoHc+LQk/2A="></latexit>

Transformation can depend on 
to model conditional density log p̂(x|✓)

<latexit sha1_base64="M2unf+mIb/jSqI1ASVvjTvwFyJI="></latexit><latexit sha1_base64="M2unf+mIb/jSqI1ASVvjTvwFyJI="></latexit><latexit sha1_base64="M2unf+mIb/jSqI1ASVvjTvwFyJI="></latexit><latexit sha1_base64="M2unf+mIb/jSqI1ASVvjTvwFyJI="></latexit>

✓
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Inference with neural likelihood estimation

48/44

[G. Papamakarios, D. Sterrart, I. Murray 1805.07226; 
J.-M. Lueckmann, G. Bassetto, T. Karaletsos, J. Macke 1805.09294]

Observed data xobs
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Parameters ✓
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x
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Observables

Simulator

Posterior

Prior p(✓)
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Inference

Confidence sets

Approximate likelihood p̂(x|✓)
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…
Unsupervised learning 
(e.g. normalizing flows)

• Conditional neural density estimator  
(e.g. normalizing flow) as tractable surrogate for 
simulator likelihood 

• Scales well to high-dimensional data 
(no compression to summary stats necessary) 

• Amortized: After upfront simulation + 
training phase, inference is efficient for new 
data or prior  

• Related alternative: learn posterior 
 [G. Papamakarios et al 1605.06376; 

J.-M.  Lueckmann et al 1711.01861]

p̂(✓|xobs)
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Inference by likelihood ratio trick
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[K. Cranmer J. Pavez, G. Louppe 1506.02169]

Observed data xobs
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Parameters ✓
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x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Observables

Simulator

Posterior

Prior p(✓)
<latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit>

Inference

Confidence sets

…
Supervised learning 
(likelihood ratio trick)

Approximate likelihood ratio r̂(x|✓)
<latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit>

• For inference, likelihood and 
likelihood ratio are interchangeable 

• Advantage: Learning the likelihood 
ratio can be a simpler task than 
learning the likelihood 

• Disadvantage: Cannot sample from 
likelihood ratio



Mining gold
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Parameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Observables

Simulator
Latent    .z

<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

r(x, z|✓)
<latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit>

Joint likelihood ratio 
Joint score t(x, z|✓)

<latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit>

…
Supervised learning 
(with new loss functions)

Approximate likelihood ratio r̂(x|✓)
<latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit>

Observed data xobs
<latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit>

Posterior

Prior p(✓)
<latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit>

Inference

Confidence sets



Step 1: Extracting more information from simulations
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Parameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Observables

Simulator
Latent    .z

<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

r(x, z|✓)
<latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit>

Joint likelihood ratio 
Joint score t(x, z|✓)

<latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit>

…
Supervised learning 
(with new loss functions)

Approximate likelihood ratio r̂(x|✓)
<latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit>

Observed data xobs
<latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit>

Posterior

Prior p(✓)
<latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit>

Inference

Confidence sets

For each simulated event, calculate 

• joint likelihood ratio 

• joint score 

How much more or less likely would this simulated 
sample (fixing all latent variables) be when changing the 
parameters?

r(x, z|✓) = p(x, z|✓)
pref(x, z)

<latexit sha1_base64="Q5V2ziqD1NANGvNavrXuLx0l4Oo="></latexit><latexit sha1_base64="Q5V2ziqD1NANGvNavrXuLx0l4Oo="></latexit><latexit sha1_base64="Q5V2ziqD1NANGvNavrXuLx0l4Oo="></latexit><latexit sha1_base64="Q5V2ziqD1NANGvNavrXuLx0l4Oo="></latexit>

t(x, z|✓) = r✓ log p(x, z|✓)
<latexit sha1_base64="IUkmVZwJsH5l+/0+gtjV1Dje89o="></latexit><latexit sha1_base64="IUkmVZwJsH5l+/0+gtjV1Dje89o="></latexit><latexit sha1_base64="IUkmVZwJsH5l+/0+gtjV1Dje89o="></latexit><latexit sha1_base64="IUkmVZwJsH5l+/0+gtjV1Dje89o="></latexit>



• RASCAL: 
Joint score adds 
gradient 
information 
      three 
orthogonal 
pieces of 
information

)
<latexit sha1_base64="kaU3W6WOtSnpWnpu6mB1t6lTIqw="></latexit><latexit sha1_base64="kaU3W6WOtSnpWnpu6mB1t6lTIqw="></latexit><latexit sha1_base64="kaU3W6WOtSnpWnpu6mB1t6lTIqw="></latexit><latexit sha1_base64="kaU3W6WOtSnpWnpu6mB1t6lTIqw="></latexit>

Step 2: Machine learning
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x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Observables

Parameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Simulator
Latent    .z

<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

r(x, z|✓)
<latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit>

Joint likelihood ratio 
Joint score t(x, z|✓)

<latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit>

…
Supervised learning 
(with new loss functions)

Approximate likelihood ratio r̂(x|✓)
<latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit>

• Train a neural network 
on loss functionals like

g(x, ✓)
<latexit sha1_base64="dVkUKdEb7oWOSpQHtbKq7kb/N0c="></latexit><latexit sha1_base64="dVkUKdEb7oWOSpQHtbKq7kb/N0c="></latexit><latexit sha1_base64="dVkUKdEb7oWOSpQHtbKq7kb/N0c="></latexit><latexit sha1_base64="dVkUKdEb7oWOSpQHtbKq7kb/N0c="></latexit>

L[g] =
1

N

X

i

|g(xi, ✓i)� r(xi, zi|✓i)|2
<latexit sha1_base64="D701rHZPXJhLApqgmbb2r6vTY6A="></latexit><latexit sha1_base64="D701rHZPXJhLApqgmbb2r6vTY6A="></latexit><latexit sha1_base64="D701rHZPXJhLApqgmbb2r6vTY6A="></latexit><latexit sha1_base64="D701rHZPXJhLApqgmbb2r6vTY6A="></latexit>

• The network will converge to 
 

                                                                               ! 
 

(for sufficient training data, NN capacity, efficient optimization)

g(x, ✓) ! argminL[g] = r(x|✓) = p(x|✓)
pref(x)

<latexit sha1_base64="elomk25DLWd2UowJQmRpUzt2ciQ="></latexit><latexit sha1_base64="elomk25DLWd2UowJQmRpUzt2ciQ="></latexit><latexit sha1_base64="elomk25DLWd2UowJQmRpUzt2ciQ="></latexit><latexit sha1_base64="elomk25DLWd2UowJQmRpUzt2ciQ="></latexit>

Observed data xobs
<latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit>

Posterior

Prior p(✓)
<latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit>

Inference

Confidence sets



Step 3: Inference

53/44

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Observables

r(x, z|✓)
<latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit><latexit sha1_base64="694aPzMhQ920tAPVukCK/TyAj+U="></latexit>

Joint likelihood ratio 
Joint score t(x, z|✓)

<latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit><latexit sha1_base64="ll4VkfdNzbWfAzO6qyMreDoBsjg="></latexit>

Observed data xobs
<latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit>

Posterior

Prior p(✓)
<latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit>

Inference

Approximate likelihood ratio r̂(x|✓)
<latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit>

Confidence sets

Parameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Simulator
Latent    .z

<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

…
Supervised learning 
(with new loss functions)



Mining gold from any simulation
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• The probabilities of each branching                              are 
often clearly defined in the code: 
 
if random() > 0.1 + 2.5 * model_parameter:  
    do_one_thing()  
else:  
    do_another_thing()

pi(zi|zi�1, ✓)
<latexit sha1_base64="wag2c3iFlpvVVPF86ZzHDbC5DFs="></latexit><latexit sha1_base64="ZINqtOafcJb2apuA/SK6Mt9LmYQ="></latexit><latexit sha1_base64="ZINqtOafcJb2apuA/SK6Mt9LmYQ="></latexit><latexit sha1_base64="vANBT/swjCUgEi/LLGmbKl+KeQc="></latexit>

Initial state

Final states

z1
<latexit sha1_base64="rcSOAX7DkjAFULthXOsGPleCBhE="></latexit><latexit sha1_base64="OqELv6Wp5b4q39Gg7Je6eRYCNGw="></latexit><latexit sha1_base64="OqELv6Wp5b4q39Gg7Je6eRYCNGw="></latexit><latexit sha1_base64="GQQ6Gh4oDTupxxkKECpgK+19tKI="></latexit>

z2
<latexit sha1_base64="Xn9+3YZTF6on+y5Um65OHDE+rl8="></latexit><latexit sha1_base64="GtWYF2W9+k/SNCPmjMXN5W5/rIU="></latexit><latexit sha1_base64="GtWYF2W9+k/SNCPmjMXN5W5/rIU="></latexit><latexit sha1_base64="s4/AXJ6A0Re+rYwrxsmAYT/BKwg="></latexit>

z3
<latexit sha1_base64="U/y8jPKQTObmaY3Q5EhDVZ8LiUs="></latexit><latexit sha1_base64="sHtaTUaHf220R0wrr0hGhHv5H98="></latexit><latexit sha1_base64="sHtaTUaHf220R0wrr0hGhHv5H98="></latexit><latexit sha1_base64="i67yNR6qaChz8d+uNkConOeaN6Q="></latexit>

• Computer simulation typically evolve along a tree-like 
structure of successive random branchings



Mining gold from any simulation
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• The probabilities of each branching                              are 
often clearly defined in the code: 
 
if random() > 0.1 + 2.5 * model_parameter:  
    do_one_thing()  
else:  
    do_another_thing()

pi(zi|zi�1, ✓)
<latexit sha1_base64="wag2c3iFlpvVVPF86ZzHDbC5DFs="></latexit><latexit sha1_base64="ZINqtOafcJb2apuA/SK6Mt9LmYQ="></latexit><latexit sha1_base64="ZINqtOafcJb2apuA/SK6Mt9LmYQ="></latexit><latexit sha1_base64="vANBT/swjCUgEi/LLGmbKl+KeQc="></latexit>

Initial state

Final states

z1
<latexit sha1_base64="rcSOAX7DkjAFULthXOsGPleCBhE="></latexit><latexit sha1_base64="OqELv6Wp5b4q39Gg7Je6eRYCNGw="></latexit><latexit sha1_base64="OqELv6Wp5b4q39Gg7Je6eRYCNGw="></latexit><latexit sha1_base64="GQQ6Gh4oDTupxxkKECpgK+19tKI="></latexit>

z2
<latexit sha1_base64="Xn9+3YZTF6on+y5Um65OHDE+rl8="></latexit><latexit sha1_base64="GtWYF2W9+k/SNCPmjMXN5W5/rIU="></latexit><latexit sha1_base64="GtWYF2W9+k/SNCPmjMXN5W5/rIU="></latexit><latexit sha1_base64="s4/AXJ6A0Re+rYwrxsmAYT/BKwg="></latexit>

z3
<latexit sha1_base64="U/y8jPKQTObmaY3Q5EhDVZ8LiUs="></latexit><latexit sha1_base64="sHtaTUaHf220R0wrr0hGhHv5H98="></latexit><latexit sha1_base64="sHtaTUaHf220R0wrr0hGhHv5H98="></latexit><latexit sha1_base64="i67yNR6qaChz8d+uNkConOeaN6Q="></latexit>

• For each run of the simulator, we can calculate the 
probability of the chosen path for different values 
of the parameters, and the “joint likelihood ratio”:

r(x, z|✓0, ✓1) =
p(x, z|✓0)
p(x, z|✓1)

=
Y

i

p(zi|zi�1, ✓0)

p(zi|zi�1, ✓1)
<latexit sha1_base64="9lHMReIhGpObpmovAa+Z5mxsfL0="></latexit><latexit sha1_base64="fiC/aeDSNxh1Lr7j9wG7OV3KnKU="></latexit><latexit sha1_base64="fiC/aeDSNxh1Lr7j9wG7OV3KnKU="></latexit><latexit sha1_base64="0q3nJ+/IHz8m4U+Y382+JXPyKs4="></latexit><latexit sha1_base64="0kb7fm2iROsP9ixifqSE1zcZb64="></latexit><latexit sha1_base64="0kb7fm2iROsP9ixifqSE1zcZb64="></latexit><latexit sha1_base64="CTa+oyB0ZnMl8q9AO17xhrRdNLI="></latexit><latexit sha1_base64="CTa+oyB0ZnMl8q9AO17xhrRdNLI="></latexit><latexit sha1_base64="fiC/aeDSNxh1Lr7j9wG7OV3KnKU="></latexit><latexit sha1_base64="fiC/aeDSNxh1Lr7j9wG7OV3KnKU="></latexit><latexit sha1_base64="fiC/aeDSNxh1Lr7j9wG7OV3KnKU="></latexit><latexit sha1_base64="fiC/aeDSNxh1Lr7j9wG7OV3KnKU="></latexit><latexit sha1_base64="CTa+oyB0ZnMl8q9AO17xhrRdNLI="></latexit>

p(z1|z0, ✓0)
p(z1|z0, ✓1)

<latexit sha1_base64="EcqFd77w1NPLEi3W2MsRCwl+LX0="></latexit><latexit sha1_base64="tuPQ8B4ZDLv4jCECFXkgUZSQVdQ="></latexit><latexit sha1_base64="tuPQ8B4ZDLv4jCECFXkgUZSQVdQ="></latexit><latexit sha1_base64="Uc4HtCmlfmSTeB3IrS1h0OBGZFQ="></latexit>

p(z2|z1, ✓0)
p(z2|z1, ✓1)

<latexit sha1_base64="tgjNnwhRsngsYoUIXRCmsUB5mDY="></latexit><latexit sha1_base64="0bJH3yM+hHZVSzOwF21a50ezm+A="></latexit><latexit sha1_base64="0bJH3yM+hHZVSzOwF21a50ezm+A="></latexit><latexit sha1_base64="5jVSCEz7wZmlbfOhDW1WyPoz7Ww="></latexit>

p(z3|z2, ✓0)
p(z3|z2, ✓1)

<latexit sha1_base64="1sC+CanrVG5I1lPPeMWbNWWWnoQ="></latexit><latexit sha1_base64="CunX3j+4IYO2cojC4ORiFhaeJRg="></latexit><latexit sha1_base64="CunX3j+4IYO2cojC4ORiFhaeJRg="></latexit><latexit sha1_base64="HXRn2TtRXhj0phE/mH+y7izVS/Q="></latexit>

p(z4|z3, ✓0)
p(z4|z3, ✓1)

<latexit sha1_base64="0zwfMG+9A7FkhAjwl05+PQ3hZks="></latexit><latexit sha1_base64="hcHO5Zzb7axJhlgoOgtzgTdVDbk="></latexit><latexit sha1_base64="hcHO5Zzb7axJhlgoOgtzgTdVDbk="></latexit><latexit sha1_base64="lxGxSfB0TBhYSuBwGAExUZQMTNQ="></latexit>

• Computer simulation typically evolve along a tree-like 
structure of successive random branchings
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With                            , we define a functional like 
 
                                                                                                                                                 . 
 
It is minimized by 
 
                                                                             ! 
 
(And we can sample from                    by running the simulator.)

r(x, z|✓0, ✓1)
<latexit sha1_base64="fl5Uy/UQaYszEkUPpCYIfsnLyrE="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="Q2VD33WR+MOcBrvtoUBC3MrICLI="></latexit><latexit sha1_base64="BOVnZZ89dk2OF3HoTtFB/u1su8A="></latexit><latexit sha1_base64="BOVnZZ89dk2OF3HoTtFB/u1su8A="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit>

r(x|✓0, ✓1) = argmin
r̂(x|✓0,✓1)

Lr[r̂(x|✓0, ✓1)]
<latexit sha1_base64="SRkO9GOrtrOtmUSNsdPuJ0MDqQU="> </latexit><latexit sha1_base64="8yRocSOec05lxpp932DldWiXwbA="> </latexit><latexit sha1_base64="8yRocSOec05lxpp932DldWiXwbA="> </latexit><latexit sha1_base64="dm6ZaQXmwM2PQcxGe/4yN7YudwY="> </latexit>

Lr[r̂(x|✓0, ✓1)] =
Z

dx

Z
dz p(x, z|✓1)

h
(r̂(x|✓0, ✓1)� r(x, z|✓0, ✓1))2

i

<latexit sha1_base64="GyugbT1NogCabgcd72+Zdw4fp4Q="></latexit><latexit sha1_base64="4Q+fE2uaX7Bnj1xHO7g3lR5nRdg="></latexit><latexit sha1_base64="4Q+fE2uaX7Bnj1xHO7g3lR5nRdg="></latexit><latexit sha1_base64="AMxtivrgnprdONRPLVfL25UAznM="></latexit>

p(x, z|✓)
<latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit><latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit><latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit><latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit>

Expectation value of the joint likelihood ratio:

Ez⇠p(z|x,✓1) [r(x, z|✓0, ✓1)] =
Z
dz p(z|x, ✓1)

p(x, z|✓0)
p(x, z|✓1)

=

Z
dz

p(x, z|✓1)
p(x|✓1)

p(x, z|✓0)
p(x, z|✓1)

= r(x|✓0, ✓1)
<latexit sha1_base64="7Jfz2YxfVRJSoLc3+Tiz6nT+IIs="></latexit><latexit sha1_base64="7Jfz2YxfVRJSoLc3+Tiz6nT+IIs="></latexit><latexit sha1_base64="7Jfz2YxfVRJSoLc3+Tiz6nT+IIs="></latexit><latexit sha1_base64="7Jfz2YxfVRJSoLc3+Tiz6nT+IIs="></latexit>
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56/44

So to get a good estimator of the likelihood ratio, 
we need to mimimize a functional numerically:

Variational family
Extremization

Functional with integral

r(x|✓0, ✓1) = argmin
r̂(x|✓0,✓1)

Lr[r̂(x|✓0, ✓1)]
<latexit sha1_base64="SRkO9GOrtrOtmUSNsdPuJ0MDqQU="></latexit><latexit sha1_base64="8yRocSOec05lxpp932DldWiXwbA="></latexit><latexit sha1_base64="8yRocSOec05lxpp932DldWiXwbA="></latexit><latexit sha1_base64="dm6ZaQXmwM2PQcxGe/4yN7YudwY="></latexit>

A sufficiently expressive neural network 
efficiently trained in this way 
with enough data will learn 
the likelihood ratio function                      !r(x|✓0, ✓1)

<latexit sha1_base64="OOK/VjSgNFYV2Aly/8HlQFHQmos="></latexit><latexit sha1_base64="OOK/VjSgNFYV2Aly/8HlQFHQmos="></latexit><latexit sha1_base64="OOK/VjSgNFYV2Aly/8HlQFHQmos="></latexit><latexit sha1_base64="OOK/VjSgNFYV2Aly/8HlQFHQmos="></latexit>



Machine learning = applied calculus of variatios

56/44

So to get a good estimator of the likelihood ratio, 
we need to mimimize a functional numerically:

This is where machine learning comes in!

Neural network
Stochastic gradient descent

Loss function with 
finite sum over samples

Variational family
Extremization

Functional with integral

r(x|✓0, ✓1) = argmin
r̂(x|✓0,✓1)

Lr[r̂(x|✓0, ✓1)]
<latexit sha1_base64="SRkO9GOrtrOtmUSNsdPuJ0MDqQU="></latexit><latexit sha1_base64="8yRocSOec05lxpp932DldWiXwbA="></latexit><latexit sha1_base64="8yRocSOec05lxpp932DldWiXwbA="></latexit><latexit sha1_base64="dm6ZaQXmwM2PQcxGe/4yN7YudwY="></latexit>

A sufficiently expressive neural network 
efficiently trained in this way 
with enough data will learn 
the likelihood ratio function                      !r(x|✓0, ✓1)

<latexit sha1_base64="OOK/VjSgNFYV2Aly/8HlQFHQmos="></latexit><latexit sha1_base64="OOK/VjSgNFYV2Aly/8HlQFHQmos="></latexit><latexit sha1_base64="OOK/VjSgNFYV2Aly/8HlQFHQmos="></latexit><latexit sha1_base64="OOK/VjSgNFYV2Aly/8HlQFHQmos="></latexit>
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[see also  J. Alsing, B. Wandelt 1712.00012; J. Alsing, B. Wandelt. S. Freeney 1801.01497; 
P. de Castro, T. Dorigo 1806.04743; J. Alsing, B. Wandelt 1903.01473]

Taylor expansion of                      around        :✓ref
<latexit sha1_base64="1JcgRyaKH+fPLMBIRzb6uvzh97o="></latexit><latexit sha1_base64="JCJs49/J8T9Semr+DtOHafKBhDM="></latexit><latexit sha1_base64="JCJs49/J8T9Semr+DtOHafKBhDM="></latexit><latexit sha1_base64="mygKJqBrr2MWHXUiRkxR4pqzg2I="></latexit>

log p(x|✓)
<latexit sha1_base64="oHFLE/VlnASpkB7gkzrujt77Ao0="></latexit><latexit sha1_base64="kKQvC9hRI5KA3MJGSEgYtp7JH1E="></latexit><latexit sha1_base64="kKQvC9hRI5KA3MJGSEgYtp7JH1E="></latexit><latexit sha1_base64="iUAnM/eS3aNL5QeJazO4Vxk94MU="></latexit>

log p(x|✓) = log p(x|✓ref)

+r✓ log p(x|✓)
���
✓ref| {z }

⌘t(x|✓ref)

·(✓ � ✓ref)

+O
�
(✓ � ✓ref)

2
�

<latexit sha1_base64="R7tIe+kHzUOF/ukSCNztk9FCa1E="></latexit><latexit sha1_base64="R7tIe+kHzUOF/ukSCNztk9FCa1E="></latexit><latexit sha1_base64="R7tIe+kHzUOF/ukSCNztk9FCa1E="></latexit><latexit sha1_base64="R7tIe+kHzUOF/ukSCNztk9FCa1E="></latexit>

In the neighborhood of           : 

• the score vector                  is the sufficient statistics 

• knowing                  is just as powerful as knowing the full 
function                      

•                  is the most powerful observable 

The score itself is intractable. But we can use the same 
trick as for the likelihood ratio!

t(x|✓ref)
<latexit sha1_base64="xu6Q/AeYgIW4ppU3273zmVq/5wg="></latexit><latexit sha1_base64="XHEJ5nGf11I89tN8/PF8GDCWCok="></latexit><latexit sha1_base64="XHEJ5nGf11I89tN8/PF8GDCWCok="></latexit><latexit sha1_base64="/dnYXfu0PRuXRBAIfHn72JRWrj4="></latexit>

✓ref
<latexit sha1_base64="1JcgRyaKH+fPLMBIRzb6uvzh97o="></latexit><latexit sha1_base64="JCJs49/J8T9Semr+DtOHafKBhDM="></latexit><latexit sha1_base64="JCJs49/J8T9Semr+DtOHafKBhDM="></latexit><latexit sha1_base64="mygKJqBrr2MWHXUiRkxR4pqzg2I="></latexit>

t(x|✓ref)
<latexit sha1_base64="xu6Q/AeYgIW4ppU3273zmVq/5wg="></latexit><latexit sha1_base64="XHEJ5nGf11I89tN8/PF8GDCWCok="></latexit><latexit sha1_base64="XHEJ5nGf11I89tN8/PF8GDCWCok="></latexit><latexit sha1_base64="/dnYXfu0PRuXRBAIfHn72JRWrj4="></latexit>

log p(x|✓)
<latexit sha1_base64="oHFLE/VlnASpkB7gkzrujt77Ao0="></latexit><latexit sha1_base64="kKQvC9hRI5KA3MJGSEgYtp7JH1E="></latexit><latexit sha1_base64="kKQvC9hRI5KA3MJGSEgYtp7JH1E="></latexit><latexit sha1_base64="iUAnM/eS3aNL5QeJazO4Vxk94MU="></latexit>

t(x|✓ref)
<latexit sha1_base64="xu6Q/AeYgIW4ppU3273zmVq/5wg="></latexit><latexit sha1_base64="XHEJ5nGf11I89tN8/PF8GDCWCok="></latexit><latexit sha1_base64="XHEJ5nGf11I89tN8/PF8GDCWCok="></latexit><latexit sha1_base64="/dnYXfu0PRuXRBAIfHn72JRWrj4="></latexit>

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

✓ref
<latexit sha1_base64="1JcgRyaKH+fPLMBIRzb6uvzh97o="></latexit><latexit sha1_base64="JCJs49/J8T9Semr+DtOHafKBhDM="></latexit><latexit sha1_base64="JCJs49/J8T9Semr+DtOHafKBhDM="></latexit><latexit sha1_base64="mygKJqBrr2MWHXUiRkxR4pqzg2I="></latexit>
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Parameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Observables

Simulator
Latent    .z

<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>
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Parameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Observables

Simulator
Latent    .z

<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

Joint score 
(Matrix-element information)

t(x, z|✓ref)
<latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit><latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit><latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit><latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit>

… Supervised learning 
(with new loss functions)

Approximate score t̂(x|✓ref)
<latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit><latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit><latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit><latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit>



Neural optimal observables (SALLY)
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Parameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Observables

Simulator
Latent    .z

<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

Joint score 
(Matrix-element information)

t(x, z|✓ref)
<latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit><latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit><latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit><latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit>

… Supervised learning 
(with new loss functions)

Approximate score t̂(x|✓ref)
<latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit><latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit><latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit><latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit>

Classical density estimation

Approximate likelihood p̂(x0|✓)
<latexit sha1_base64="/CVdnnQDswbntshwiC0gWGIR+PI="></latexit><latexit sha1_base64="SrGVTyKt0pOoHPD/jO2934wXS0I="></latexit><latexit sha1_base64="SrGVTyKt0pOoHPD/jO2934wXS0I="></latexit><latexit sha1_base64="gOlO4oBTcjs2Ts/D/1qEyubvHws="></latexit>

Summary statistics x0
<latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit>
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Parameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Observables

Simulator
Latent    .z

<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

Observed data xobs
<latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit>

Posterior

Prior p(✓)
<latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit>

Inference

Confidence sets

Summary statistics x0
obs

<latexit sha1_base64="lrMSsgaukV7crfqBNG5WaZpgUCo="></latexit><latexit sha1_base64="lrMSsgaukV7crfqBNG5WaZpgUCo="></latexit><latexit sha1_base64="lrMSsgaukV7crfqBNG5WaZpgUCo="></latexit><latexit sha1_base64="lrMSsgaukV7crfqBNG5WaZpgUCo="></latexit>

Joint score 
(Matrix-element information)

t(x, z|✓ref)
<latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit><latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit><latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit><latexit sha1_base64="maNcD1lxMWPjSHIuhaEW/jkZfMU="></latexit>

… Supervised learning 
(with new loss functions)

Approximate score t̂(x|✓ref)
<latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit><latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit><latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit><latexit sha1_base64="3Iqu1EulBXI/KM2/yxi9G1z5A4M="></latexit>

Classical density estimation

Approximate likelihood p̂(x0|✓)
<latexit sha1_base64="/CVdnnQDswbntshwiC0gWGIR+PI="></latexit><latexit sha1_base64="SrGVTyKt0pOoHPD/jO2934wXS0I="></latexit><latexit sha1_base64="SrGVTyKt0pOoHPD/jO2934wXS0I="></latexit><latexit sha1_base64="gOlO4oBTcjs2Ts/D/1qEyubvHws="></latexit>

Summary statistics x0
<latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit><latexit sha1_base64="MRP3mzprfrWFOUBB9YqDW080jac="></latexit>
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✓
<latexit sha1_base64="lofVpoLiG29VG+7Ls9pBUVlnk8A="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="XbATlMp4T516GB6gNgo1PqUIfS8="></latexit>

✓ref
<latexit sha1_base64="N/hxK3Ctq2oUfBX/C9fyn40iLdQ="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="/GQrc308NlJXQje01XAZLohf+Io="></latexit>

Parameter space to constrain

xobserved
<latexit sha1_base64="z/6HNkmiSs+cG+GEYYgLeELvEnA="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="DUSG4oXy0f34C4DugNhoOhxf/pc="></latexit>

Observed data



Frequentist inference
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✓
<latexit sha1_base64="lofVpoLiG29VG+7Ls9pBUVlnk8A="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="XbATlMp4T516GB6gNgo1PqUIfS8="></latexit>

✓ref
<latexit sha1_base64="N/hxK3Ctq2oUfBX/C9fyn40iLdQ="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="/GQrc308NlJXQje01XAZLohf+Io="></latexit>

Parameter space to constrain

{xtoy}
<latexit sha1_base64="Ob+XZEgwBMzpV9ck5YFUlaLb5Vc="></latexit><latexit sha1_base64="IA/tR5CTWwffVuRlEkCwC6pGtyQ="></latexit><latexit sha1_base64="IA/tR5CTWwffVuRlEkCwC6pGtyQ="></latexit><latexit sha1_base64="Nv2wJvvHAGGq0ZHRRgCWntaBSY8="></latexit>

p(log r̂|✓)
<latexit sha1_base64="ZSoEnHonsrW+R/6Na0GzcHQ78Es="></latexit><latexit sha1_base64="2fxTOsjRs6DSM6OnuFg6A3/eEfE="></latexit><latexit sha1_base64="2fxTOsjRs6DSM6OnuFg6A3/eEfE="></latexit><latexit sha1_base64="J17Ezgp+1vRrwfk1aOfth47NvaY="></latexit>

{log r̂(xtoy|✓, ✓ref)}
<latexit sha1_base64="sMjc2NGzb/jJMKz+YQ+XAevfqag="></latexit><latexit sha1_base64="c6iBhvo3KlJphnM7x4s2rJ5R0ek="></latexit><latexit sha1_base64="c6iBhvo3KlJphnM7x4s2rJ5R0ek="></latexit><latexit sha1_base64="ifjRW20IsI9g8RlhAYpiYGoxcgY="></latexit>

log r̂(x|✓, ✓ref)
<latexit sha1_base64="/Sj4En1PIDnQB1hJ9cEXZv0W4GM="></latexit><latexit sha1_base64="Lj23vZUKmcGMCTbsSwreL+UPwOI="></latexit><latexit sha1_base64="Lj23vZUKmcGMCTbsSwreL+UPwOI="></latexit><latexit sha1_base64="Nz1hQcNbel8pER8TiBFv+e5Qu7Y="></latexit>

xobserved
<latexit sha1_base64="z/6HNkmiSs+cG+GEYYgLeELvEnA="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="DUSG4oXy0f34C4DugNhoOhxf/pc="></latexit>

Observed data
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✓
<latexit sha1_base64="lofVpoLiG29VG+7Ls9pBUVlnk8A="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="XbATlMp4T516GB6gNgo1PqUIfS8="></latexit>

✓ref
<latexit sha1_base64="N/hxK3Ctq2oUfBX/C9fyn40iLdQ="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="/GQrc308NlJXQje01XAZLohf+Io="></latexit>

Parameter space to constrain

{xtoy}
<latexit sha1_base64="Ob+XZEgwBMzpV9ck5YFUlaLb5Vc="></latexit><latexit sha1_base64="IA/tR5CTWwffVuRlEkCwC6pGtyQ="></latexit><latexit sha1_base64="IA/tR5CTWwffVuRlEkCwC6pGtyQ="></latexit><latexit sha1_base64="Nv2wJvvHAGGq0ZHRRgCWntaBSY8="></latexit>

p(log r̂|✓)
<latexit sha1_base64="ZSoEnHonsrW+R/6Na0GzcHQ78Es="></latexit><latexit sha1_base64="2fxTOsjRs6DSM6OnuFg6A3/eEfE="></latexit><latexit sha1_base64="2fxTOsjRs6DSM6OnuFg6A3/eEfE="></latexit><latexit sha1_base64="J17Ezgp+1vRrwfk1aOfth47NvaY="></latexit>

{log r̂(xtoy|✓, ✓ref)}
<latexit sha1_base64="sMjc2NGzb/jJMKz+YQ+XAevfqag="></latexit><latexit sha1_base64="c6iBhvo3KlJphnM7x4s2rJ5R0ek="></latexit><latexit sha1_base64="c6iBhvo3KlJphnM7x4s2rJ5R0ek="></latexit><latexit sha1_base64="ifjRW20IsI9g8RlhAYpiYGoxcgY="></latexit>

log r̂(x|✓, ✓ref)
<latexit sha1_base64="/Sj4En1PIDnQB1hJ9cEXZv0W4GM="></latexit><latexit sha1_base64="Lj23vZUKmcGMCTbsSwreL+UPwOI="></latexit><latexit sha1_base64="Lj23vZUKmcGMCTbsSwreL+UPwOI="></latexit><latexit sha1_base64="Nz1hQcNbel8pER8TiBFv+e5Qu7Y="></latexit>

Asymptotic properties 
of likelihood ratio

xobserved
<latexit sha1_base64="z/6HNkmiSs+cG+GEYYgLeELvEnA="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="DUSG4oXy0f34C4DugNhoOhxf/pc="></latexit>

Observed data
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✓
<latexit sha1_base64="lofVpoLiG29VG+7Ls9pBUVlnk8A="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="XbATlMp4T516GB6gNgo1PqUIfS8="></latexit>

✓ref
<latexit sha1_base64="N/hxK3Ctq2oUfBX/C9fyn40iLdQ="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="/GQrc308NlJXQje01XAZLohf+Io="></latexit>

Parameter space to constrain

{xtoy}
<latexit sha1_base64="Ob+XZEgwBMzpV9ck5YFUlaLb5Vc="></latexit><latexit sha1_base64="IA/tR5CTWwffVuRlEkCwC6pGtyQ="></latexit><latexit sha1_base64="IA/tR5CTWwffVuRlEkCwC6pGtyQ="></latexit><latexit sha1_base64="Nv2wJvvHAGGq0ZHRRgCWntaBSY8="></latexit>

p(log r̂|✓)
<latexit sha1_base64="ZSoEnHonsrW+R/6Na0GzcHQ78Es="></latexit><latexit sha1_base64="2fxTOsjRs6DSM6OnuFg6A3/eEfE="></latexit><latexit sha1_base64="2fxTOsjRs6DSM6OnuFg6A3/eEfE="></latexit><latexit sha1_base64="J17Ezgp+1vRrwfk1aOfth47NvaY="></latexit>

{log r̂(xtoy|✓, ✓ref)}
<latexit sha1_base64="sMjc2NGzb/jJMKz+YQ+XAevfqag="></latexit><latexit sha1_base64="c6iBhvo3KlJphnM7x4s2rJ5R0ek="></latexit><latexit sha1_base64="c6iBhvo3KlJphnM7x4s2rJ5R0ek="></latexit><latexit sha1_base64="ifjRW20IsI9g8RlhAYpiYGoxcgY="></latexit>

log r̂(x|✓, ✓ref)
<latexit sha1_base64="/Sj4En1PIDnQB1hJ9cEXZv0W4GM="></latexit><latexit sha1_base64="Lj23vZUKmcGMCTbsSwreL+UPwOI="></latexit><latexit sha1_base64="Lj23vZUKmcGMCTbsSwreL+UPwOI="></latexit><latexit sha1_base64="Nz1hQcNbel8pER8TiBFv+e5Qu7Y="></latexit>

Asymptotic properties 
of likelihood ratio

log r̂(xobserved|✓, ✓ref)
<latexit sha1_base64="9WPCoHWrNVKO0bVdRKhH2QSdg5A="></latexit><latexit sha1_base64="W9X3gZeSIYRv2HLPKmoxJA/vtWI="></latexit><latexit sha1_base64="W9X3gZeSIYRv2HLPKmoxJA/vtWI="></latexit><latexit sha1_base64="89Kgrc4B3ZmGRq6wjH+GKaY4YtI="></latexit>

xobserved
<latexit sha1_base64="z/6HNkmiSs+cG+GEYYgLeELvEnA="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="DUSG4oXy0f34C4DugNhoOhxf/pc="></latexit>

Observed data
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✓
<latexit sha1_base64="lofVpoLiG29VG+7Ls9pBUVlnk8A="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="XbATlMp4T516GB6gNgo1PqUIfS8="></latexit>

✓ref
<latexit sha1_base64="N/hxK3Ctq2oUfBX/C9fyn40iLdQ="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="/GQrc308NlJXQje01XAZLohf+Io="></latexit>

Parameter space to constrain

{xtoy}
<latexit sha1_base64="Ob+XZEgwBMzpV9ck5YFUlaLb5Vc="></latexit><latexit sha1_base64="IA/tR5CTWwffVuRlEkCwC6pGtyQ="></latexit><latexit sha1_base64="IA/tR5CTWwffVuRlEkCwC6pGtyQ="></latexit><latexit sha1_base64="Nv2wJvvHAGGq0ZHRRgCWntaBSY8="></latexit>

p(log r̂|✓)
<latexit sha1_base64="ZSoEnHonsrW+R/6Na0GzcHQ78Es="></latexit><latexit sha1_base64="2fxTOsjRs6DSM6OnuFg6A3/eEfE="></latexit><latexit sha1_base64="2fxTOsjRs6DSM6OnuFg6A3/eEfE="></latexit><latexit sha1_base64="J17Ezgp+1vRrwfk1aOfth47NvaY="></latexit>

{log r̂(xtoy|✓, ✓ref)}
<latexit sha1_base64="sMjc2NGzb/jJMKz+YQ+XAevfqag="></latexit><latexit sha1_base64="c6iBhvo3KlJphnM7x4s2rJ5R0ek="></latexit><latexit sha1_base64="c6iBhvo3KlJphnM7x4s2rJ5R0ek="></latexit><latexit sha1_base64="ifjRW20IsI9g8RlhAYpiYGoxcgY="></latexit>

log r̂(x|✓, ✓ref)
<latexit sha1_base64="/Sj4En1PIDnQB1hJ9cEXZv0W4GM="></latexit><latexit sha1_base64="Lj23vZUKmcGMCTbsSwreL+UPwOI="></latexit><latexit sha1_base64="Lj23vZUKmcGMCTbsSwreL+UPwOI="></latexit><latexit sha1_base64="Nz1hQcNbel8pER8TiBFv+e5Qu7Y="></latexit>

Asymptotic properties 
of likelihood ratio

p-value
<latexit sha1_base64="KRdAgDk6p1v8KJIwRoXQdCfqHqk="></latexit><latexit sha1_base64="KRdAgDk6p1v8KJIwRoXQdCfqHqk="></latexit><latexit sha1_base64="KRdAgDk6p1v8KJIwRoXQdCfqHqk="></latexit><latexit sha1_base64="KRdAgDk6p1v8KJIwRoXQdCfqHqk="></latexit>

log r̂(xobserved|✓, ✓ref)
<latexit sha1_base64="9WPCoHWrNVKO0bVdRKhH2QSdg5A="></latexit><latexit sha1_base64="W9X3gZeSIYRv2HLPKmoxJA/vtWI="></latexit><latexit sha1_base64="W9X3gZeSIYRv2HLPKmoxJA/vtWI="></latexit><latexit sha1_base64="89Kgrc4B3ZmGRq6wjH+GKaY4YtI="></latexit>

xobserved
<latexit sha1_base64="z/6HNkmiSs+cG+GEYYgLeELvEnA="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="DUSG4oXy0f34C4DugNhoOhxf/pc="></latexit>

Observed data
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✓
<latexit sha1_base64="lofVpoLiG29VG+7Ls9pBUVlnk8A="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="nSAXgH3ZOdpkAmf/j2Yu7Zk+Sz0="></latexit><latexit sha1_base64="XbATlMp4T516GB6gNgo1PqUIfS8="></latexit>

✓ref
<latexit sha1_base64="N/hxK3Ctq2oUfBX/C9fyn40iLdQ="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="cycjQu406qZra1i0cFdpEaSvvF8="></latexit><latexit sha1_base64="/GQrc308NlJXQje01XAZLohf+Io="></latexit>

Parameter space to constrain

{xtoy}
<latexit sha1_base64="Ob+XZEgwBMzpV9ck5YFUlaLb5Vc="></latexit><latexit sha1_base64="IA/tR5CTWwffVuRlEkCwC6pGtyQ="></latexit><latexit sha1_base64="IA/tR5CTWwffVuRlEkCwC6pGtyQ="></latexit><latexit sha1_base64="Nv2wJvvHAGGq0ZHRRgCWntaBSY8="></latexit>

p(log r̂|✓)
<latexit sha1_base64="ZSoEnHonsrW+R/6Na0GzcHQ78Es="></latexit><latexit sha1_base64="2fxTOsjRs6DSM6OnuFg6A3/eEfE="></latexit><latexit sha1_base64="2fxTOsjRs6DSM6OnuFg6A3/eEfE="></latexit><latexit sha1_base64="J17Ezgp+1vRrwfk1aOfth47NvaY="></latexit>

{log r̂(xtoy|✓, ✓ref)}
<latexit sha1_base64="sMjc2NGzb/jJMKz+YQ+XAevfqag="></latexit><latexit sha1_base64="c6iBhvo3KlJphnM7x4s2rJ5R0ek="></latexit><latexit sha1_base64="c6iBhvo3KlJphnM7x4s2rJ5R0ek="></latexit><latexit sha1_base64="ifjRW20IsI9g8RlhAYpiYGoxcgY="></latexit>

log r̂(x|✓, ✓ref)
<latexit sha1_base64="/Sj4En1PIDnQB1hJ9cEXZv0W4GM="></latexit><latexit sha1_base64="Lj23vZUKmcGMCTbsSwreL+UPwOI="></latexit><latexit sha1_base64="Lj23vZUKmcGMCTbsSwreL+UPwOI="></latexit><latexit sha1_base64="Nz1hQcNbel8pER8TiBFv+e5Qu7Y="></latexit>

Asymptotic properties 
of likelihood ratio

p-value
<latexit sha1_base64="KRdAgDk6p1v8KJIwRoXQdCfqHqk="></latexit><latexit sha1_base64="KRdAgDk6p1v8KJIwRoXQdCfqHqk="></latexit><latexit sha1_base64="KRdAgDk6p1v8KJIwRoXQdCfqHqk="></latexit><latexit sha1_base64="KRdAgDk6p1v8KJIwRoXQdCfqHqk="></latexit>

log r̂(xobserved|✓, ✓ref)
<latexit sha1_base64="9WPCoHWrNVKO0bVdRKhH2QSdg5A="></latexit><latexit sha1_base64="W9X3gZeSIYRv2HLPKmoxJA/vtWI="></latexit><latexit sha1_base64="W9X3gZeSIYRv2HLPKmoxJA/vtWI="></latexit><latexit sha1_base64="89Kgrc4B3ZmGRq6wjH+GKaY4YtI="></latexit>

Exclusion contours 
at given confidence level

xobserved
<latexit sha1_base64="z/6HNkmiSs+cG+GEYYgLeELvEnA="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="vz77RE+bl3z1r87U9OVyDeclzuM="></latexit><latexit sha1_base64="DUSG4oXy0f34C4DugNhoOhxf/pc="></latexit>

Observed data
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[K. Cranmer J. Pavez, G. Louppe 1506.02169]

r̂calibrated(x�θ0 , θ1) = p̂histogram(r̂(x�θ0 , θ1)�θ0)
p̂histogram(r̂(x�θ0 , θ1)�θ1)

<latexit sha1_base64="5nl1Xok1kQkdoOoYcpccIAI/020="></latexit>

p̂histogram(r̂�θ0)

<latexit sha1_base64="E9092/ecAKcLmgXJ8wljiI5Wtt4="></latexit>

p̂histogram(r̂�θ1)

<latexit sha1_base64="nRcz7RTtQL33eSRyb1eBfvO7Hso="></latexit>

r̂(x�θ0 , θ1)

<latexit sha1_base64="uCi0GK00qLIeM+MLSt4d/eigS0I="></latexit>

r̂(x�θ0 , θ1)

<latexit sha1_base64="uCi0GK00qLIeM+MLSt4d/eigS0I="></latexit>

r̂(x�θ0 , θ1)

<latexit sha1_base64="uLrqlDYo5qw6gvpMtqAY25S+/xY="></latexit>

What if the NN likelihood ratio estimator                        is off? Calibrate!



Bonus material: particle physics



LHC footnotes

• Full LHC likelihood:

62/57

Pois(n|L�(✓))
<latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit><latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit><latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit><latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit>

Y

events x

p(x|✓)
<latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit><latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit><latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit><latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit>

pfull({x}|✓) =
<latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit><latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit><latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit><latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit>



LHC footnotes

• Full LHC likelihood:

62/57

Pois(n|L�(✓))
<latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit><latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit><latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit><latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit>

Y

events x

p(x|✓)
<latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit><latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit><latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit><latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit>

pfull({x}|✓) =
<latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit><latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit><latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit><latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit>

Total rate term: 

• How likely is it to observe      events after cuts? 

• “Easy” to compute 

• For simplicity, we ignore this part in this talk 
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• How likely is it to observe      events after cuts? 

• “Easy” to compute 

• For simplicity, we ignore this part in this talk 
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Kinematic term for each event: 

• How likely is it that an event looks like it does? 

• ~ normalized differential xsec 

• This is the intractable part of the likelihood 

• Focus of this talk



LHC footnotes

• Full LHC likelihood:

62/57

• Event selection: 

• Choice of cuts shifts information between rate and kinematic part 

• “Good” cuts depend on inference strategy 

• This talk: assume fixed event selection
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• How likely is it to observe      events after cuts? 
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• For simplicity, we ignore this part in this talk 
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Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>

Z
dzd

Z
dzs

Z
dzp

<latexit sha1_base64="3QqUXkjI/9W5HgMcIsL03s1lYzU="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="FpObNG65Uc+0rDaOyXieyCj+f20="></latexit>

p(x|✓) =
<latexit sha1_base64="AcNV+p6EfcfqicL9caw7jS+EafQ="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="jApDs7na6jNuX+U748CZyoN/x9g="></latexit>
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Latent variables

Inference

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>

Z
dzd

Z
dzs

Z
dzp

<latexit sha1_base64="3QqUXkjI/9W5HgMcIsL03s1lYzU="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="FpObNG65Uc+0rDaOyXieyCj+f20="></latexit>

p(x|✓) =
<latexit sha1_base64="AcNV+p6EfcfqicL9caw7jS+EafQ="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="jApDs7na6jNuX+U748CZyoN/x9g="></latexit>

It’s infeasible to calculate the 
integral over this enormous 

space! 

(More subtle: We cannot sample 
from                    efficiently.)p(z|x, ✓)

<latexit sha1_base64="++0j6S6sLYl4VCxPcili8UG5P0U="></latexit><latexit sha1_base64="++0j6S6sLYl4VCxPcili8UG5P0U="></latexit><latexit sha1_base64="++0j6S6sLYl4VCxPcili8UG5P0U="></latexit><latexit sha1_base64="++0j6S6sLYl4VCxPcili8UG5P0U="></latexit>
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Intractable integrals

Latent variables

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>

Z
dzd

Z
dzs

Z
dzp

<latexit sha1_base64="3QqUXkjI/9W5HgMcIsL03s1lYzU="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="FpObNG65Uc+0rDaOyXieyCj+f20="></latexit>

p(x|✓) =
<latexit sha1_base64="AcNV+p6EfcfqicL9caw7jS+EafQ="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="jApDs7na6jNuX+U748CZyoN/x9g="></latexit>
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Parton-level likelihood 
is given by matrix element 

and can be evaluated!

⇒ For each simulated event, we can calculate the joint likelihood ratio which depends on the specific 
evolution of the simulation:

⇠ |M(zp|✓0)|2

|M(zp|✓1)|2
<latexit sha1_base64="RC+PX+oaHLpOToqjgCuuOTKpSZM="></latexit><latexit sha1_base64="Mc2PGzpgz3ABIsYbYE20JNpiLAQ="></latexit><latexit sha1_base64="Mc2PGzpgz3ABIsYbYE20JNpiLAQ="></latexit><latexit sha1_base64="EB0QQVnA67g1kEdHvwWZ4sT5ucI="></latexit>

p(x|zd)
p(x|zd)

<latexit sha1_base64="ZnJVBGDf5JIbvQBk19LqOorkyuY="></latexit><latexit sha1_base64="gBkPAiH6hMuS7AAeojX4NU34PEk="></latexit><latexit sha1_base64="gBkPAiH6hMuS7AAeojX4NU34PEk="></latexit><latexit sha1_base64="VK/Rq1EYvyB+uNNZMpENI68fL74="></latexit>

p(zd|zs)
p(zd|zs)

<latexit sha1_base64="fcav2XQoZdzgw55snaTgQg7LRNs="></latexit><latexit sha1_base64="7V7loxqwH7oMtNW+bz/SaMtr+48="></latexit><latexit sha1_base64="7V7loxqwH7oMtNW+bz/SaMtr+48="></latexit><latexit sha1_base64="VS6vjCThBZUEkG/DUJkjQJL2S7A="></latexit>

p(zs|zp)
p(zs|zp)

<latexit sha1_base64="cLF6kSj0Adq08zhBJ/MomXTQVSw="></latexit><latexit sha1_base64="DEfrXqTe1xl1gJxbMIxhG2HdHdM="></latexit><latexit sha1_base64="DEfrXqTe1xl1gJxbMIxhG2HdHdM="></latexit><latexit sha1_base64="8LVS92A/Zoix03FOxPA+Dp5dv+M="></latexit>

r(x, z|✓0, ✓1) ⌘
p(x, zd, zs, zp|✓0)
p(x, zd, zs, zp|✓1)

=
<latexit sha1_base64="YWKZYr+QiuwPdqNf89isSGDDVK8="></latexit><latexit sha1_base64="uGj6YU4Lw59CtoVMoy0a4sktgvo="></latexit><latexit sha1_base64="uGj6YU4Lw59CtoVMoy0a4sktgvo="></latexit><latexit sha1_base64="iq89MXBlRX2ssDrimzL89CLlSQY="></latexit>

p(zp|✓0)
p(zp|✓1)

<latexit sha1_base64="TchZ3l13UnvFBNqtHJcwqFupabo="></latexit><latexit sha1_base64="gQdgk++ocrmk4Ghq1bO9pgmMjVw="></latexit><latexit sha1_base64="gQdgk++ocrmk4Ghq1bO9pgmMjVw="></latexit><latexit sha1_base64="/gJ7+TJselJZhUfL1KMaquIale0="></latexit>

Latent variables

Detector 
interactions

zd
<latexit sha1_base64="EDKt9LdLy9R/++mDIMye01isAeE="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="721ieGLCEnuZOiyfL3mOnTI6RsA="></latexit><latexit sha1_base64="5Za1bnXdAq0D5Yh76UOPibghhqg="></latexit>

Shower 
splittings

zs
<latexit sha1_base64="1I2pX4fPXZLKLCk7w+EzpatwEjA="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="U8vTltv5KZdCV8HuLyHS1c/9eY4="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="j0eyL9T35JF/FavHcfV1GcjECwY="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="dQq/jih9ze6IJb+8BeM8YI/5bs0="></latexit><latexit sha1_base64="uoj+4BfIMRlpJmYUpUkPxAkZedg="></latexit>

Parton-level 
momenta

zp
<latexit sha1_base64="Y6bYONC/FI8mtoYtThcHyfdlXJY="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="G06tPd/NEJReg4LdKiQ9hfLaZ5o="></latexit><latexit sha1_base64="l7rUTklopd46f57TV6KrjEEz06U="></latexit>

Theory 
parameters

✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

Observables

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

p(zd|zs)
<latexit sha1_base64="yv4Sl5alrEvm4zj2V/cmyBQEda8="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="RAylO67N0BAAWnLwNaurwhIAmHw="></latexit><latexit sha1_base64="h6fZLEeOgR9JezE9EPC/oHVKqv0="></latexit>

p(x|zd)
<latexit sha1_base64="2iZ2BBRU3qPv9DaDQzzjI6vkMfo="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="ojIkI6gA+tdaE1lVLxtDeM3Ri5g="></latexit><latexit sha1_base64="RsGmpl+IrMrENK4+ErVMuEiUvF0="></latexit>

p(zs|zp)
<latexit sha1_base64="i3egzG7Q1X9eYYMWAyJzVIIVD5o="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="dEpbZjmSdH9aO4JUmSUQPoY75Vc="></latexit><latexit sha1_base64="5iPtUPDYFUofcTi7pIurF8rU0DM="></latexit>

p(zp|✓)
<latexit sha1_base64="5XZhyHtejjMqMgiIIN2L2O+wiMY="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="LuXbaU+9pl9dxBs+dHp/QY2q6Wg="></latexit><latexit sha1_base64="iLtpzU5Qtbu3d5ACu357ibh/9GQ="></latexit>

Z
dzd

Z
dzs

Z
dzp

<latexit sha1_base64="3QqUXkjI/9W5HgMcIsL03s1lYzU="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="rrhuo25pDQmFFfnQD77+NF3PuLg="></latexit><latexit sha1_base64="FpObNG65Uc+0rDaOyXieyCj+f20="></latexit>

p(x|✓) =
<latexit sha1_base64="AcNV+p6EfcfqicL9caw7jS+EafQ="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="bf19Ta+X6X7Mu2uYa2LMUAhNP6A="></latexit><latexit sha1_base64="jApDs7na6jNuX+U748CZyoN/x9g="></latexit>
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We can calculate the joint likelihood ratio

r(x, z|✓0, ✓1) ⌘
p(x, zd, zs, zp|✓0)
p(x, zd, zs, zp|✓1)

<latexit sha1_base64="463yInG468HTaq/5hM8/QIOaTM4="></latexit><latexit sha1_base64="hZQ4fgmN6lg8VcthOpfDa+MlHVU="></latexit><latexit sha1_base64="hZQ4fgmN6lg8VcthOpfDa+MlHVU="></latexit><latexit sha1_base64="s55NkSnOpLtKqmGahTE3PB77UQ8="></latexit>

r(x|✓0, ✓1) ⌘
p(x|✓0)
p(x|✓1)

<latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit><latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit><latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit><latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit>

We want the likelihood ratio function

(“How much more likely is this simulated event, including 
all intermediate states, for       compared to     ?”)✓0

<latexit sha1_base64="lXng0UMlnxthqJcbliEOfeCa+5k="></latexit><latexit sha1_base64="ft9WEP3FmuDu0fGwWaXc/qKqUlI="></latexit><latexit sha1_base64="ft9WEP3FmuDu0fGwWaXc/qKqUlI="></latexit><latexit sha1_base64="2Jhpjwm5OO2iOntVb/AATFtHqMk="></latexit>

✓1
<latexit sha1_base64="QBW9IHfilXFLfeii1rh3+TtrEJ8="></latexit><latexit sha1_base64="wuQS9YJg71zQuMKp75Q0eJ0Vcf0="></latexit><latexit sha1_base64="wuQS9YJg71zQuMKp75Q0eJ0Vcf0="></latexit><latexit sha1_base64="xk8R2dIL8ighdtejz+7Oj+2OaYQ="></latexit>

(“How much more likely is the observation     
for      compared to      ?”)✓0

<latexit sha1_base64="lXng0UMlnxthqJcbliEOfeCa+5k="></latexit><latexit sha1_base64="ft9WEP3FmuDu0fGwWaXc/qKqUlI="></latexit><latexit sha1_base64="ft9WEP3FmuDu0fGwWaXc/qKqUlI="></latexit><latexit sha1_base64="2Jhpjwm5OO2iOntVb/AATFtHqMk="></latexit>

✓1
<latexit sha1_base64="QBW9IHfilXFLfeii1rh3+TtrEJ8="></latexit><latexit sha1_base64="wuQS9YJg71zQuMKp75Q0eJ0Vcf0="></latexit><latexit sha1_base64="wuQS9YJg71zQuMKp75Q0eJ0Vcf0="></latexit><latexit sha1_base64="xk8R2dIL8ighdtejz+7Oj+2OaYQ="></latexit>

x
<latexit sha1_base64="ucUAa12ci+AO52M/P1m6qrxfxrw="></latexit><latexit sha1_base64="VpyWxqhlKGZN458SAkKgWeCTxKQ="></latexit><latexit sha1_base64="VpyWxqhlKGZN458SAkKgWeCTxKQ="></latexit><latexit sha1_base64="01+M5Iy9GQQBcCBvxLGYq3VjAHA="></latexit>
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We can calculate the joint likelihood ratio

r(x, z|✓0, ✓1) ⌘
p(x, zd, zs, zp|✓0)
p(x, zd, zs, zp|✓1)

<latexit sha1_base64="463yInG468HTaq/5hM8/QIOaTM4="></latexit><latexit sha1_base64="hZQ4fgmN6lg8VcthOpfDa+MlHVU="></latexit><latexit sha1_base64="hZQ4fgmN6lg8VcthOpfDa+MlHVU="></latexit><latexit sha1_base64="s55NkSnOpLtKqmGahTE3PB77UQ8="></latexit>

r(x|✓0, ✓1) ⌘
p(x|✓0)
p(x|✓1)

<latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit><latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit><latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit><latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit>

We want the likelihood ratio function

                          are 
 scattered around 

                     r(x|✓0, ✓1)
<latexit sha1_base64="k59V76bLXyiH7OuukTPPHVZlof0="></latexit><latexit sha1_base64="k59V76bLXyiH7OuukTPPHVZlof0="></latexit><latexit sha1_base64="k59V76bLXyiH7OuukTPPHVZlof0="></latexit><latexit sha1_base64="k59V76bLXyiH7OuukTPPHVZlof0="></latexit>

r(x, z|✓0, ✓1)
<latexit sha1_base64="fl5Uy/UQaYszEkUPpCYIfsnLyrE="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="Q2VD33WR+MOcBrvtoUBC3MrICLI="></latexit><latexit sha1_base64="BOVnZZ89dk2OF3HoTtFB/u1su8A="></latexit><latexit sha1_base64="BOVnZZ89dk2OF3HoTtFB/u1su8A="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit>
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We can calculate the joint likelihood ratio

r(x, z|✓0, ✓1) ⌘
p(x, zd, zs, zp|✓0)
p(x, zd, zs, zp|✓1)

<latexit sha1_base64="463yInG468HTaq/5hM8/QIOaTM4="></latexit><latexit sha1_base64="hZQ4fgmN6lg8VcthOpfDa+MlHVU="></latexit><latexit sha1_base64="hZQ4fgmN6lg8VcthOpfDa+MlHVU="></latexit><latexit sha1_base64="s55NkSnOpLtKqmGahTE3PB77UQ8="></latexit>

r(x|✓0, ✓1) ⌘
p(x|✓0)
p(x|✓1)

<latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit><latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit><latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit><latexit sha1_base64="8D0GD/lJ8rZvga/S7dCpoKfvORM="></latexit>

We want the likelihood ratio function

With                            , we define a functional like 
 

                                                                                                                                              . 
 

It is minimized by 
 

                                                                        ! 
 

(And we can sample from                    by running the simulator.)

r(x, z|✓0, ✓1)
<latexit sha1_base64="fl5Uy/UQaYszEkUPpCYIfsnLyrE="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="Q2VD33WR+MOcBrvtoUBC3MrICLI="></latexit><latexit sha1_base64="BOVnZZ89dk2OF3HoTtFB/u1su8A="></latexit><latexit sha1_base64="BOVnZZ89dk2OF3HoTtFB/u1su8A="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="0ofOSLz1PQ0X1AXUaAowo5LWSe4="></latexit><latexit sha1_base64="FVvdpb+AE0O0VTTOcGKKoPgVoQ0="></latexit>

r(x|✓0, ✓1) = argmin
r̂(x|✓0,✓1)

Lr[r̂(x|✓0, ✓1)]
<latexit sha1_base64="SRkO9GOrtrOtmUSNsdPuJ0MDqQU="></latexit><latexit sha1_base64="8yRocSOec05lxpp932DldWiXwbA="></latexit><latexit sha1_base64="8yRocSOec05lxpp932DldWiXwbA="></latexit><latexit sha1_base64="dm6ZaQXmwM2PQcxGe/4yN7YudwY="></latexit>

Lr[r̂(x|✓0, ✓1)] =
Z

dx

Z
dz p(x, z|✓1)

h
(r̂(x|✓0, ✓1)� r(x, z|✓0, ✓1))2

i

<latexit sha1_base64="GyugbT1NogCabgcd72+Zdw4fp4Q="></latexit><latexit sha1_base64="4Q+fE2uaX7Bnj1xHO7g3lR5nRdg="></latexit><latexit sha1_base64="4Q+fE2uaX7Bnj1xHO7g3lR5nRdg="></latexit><latexit sha1_base64="AMxtivrgnprdONRPLVfL25UAznM="></latexit>

p(x, z|✓)
<latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit><latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit><latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit><latexit sha1_base64="pvv1szQrwLDVdXQvYCUXNeqRnhY="></latexit>
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We construct a simulator that can sample x ⇠ p(x|✓)
<latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit><latexit sha1_base64="GDD+iV5dsR+ugHN4RqqbT8sGj20="></latexit>

Prediction:

We train neural likelihood ratio estimators          r̂(x|✓)
<latexit sha1_base64="/y2OHRLGRhqJKibTIheiZNlUa9A="></latexit><latexit sha1_base64="/y2OHRLGRhqJKibTIheiZNlUa9A="></latexit><latexit sha1_base64="/y2OHRLGRhqJKibTIheiZNlUa9A="></latexit><latexit sha1_base64="/y2OHRLGRhqJKibTIheiZNlUa9A="></latexit>

Inference:

dn
dmsub

msub

fsub

β

Latent     : 
source / lens properties, 

subhalo masses / positions, …

z
<latexit sha1_base64="f522LujoBhKn9wlOc7FFO313Co4="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="fjMwXa8gvAwN8tU5xBLqLqzCMFk="></latexit><latexit sha1_base64="hd/uooQ/cbmembZ0KbEOgsdBgnk="></latexit>

Simulator
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x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

642 observables
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2 parameters ✓ = (�, fsub)
<latexit sha1_base64="dO40k3b8qv7JezcxQntOXFZLsSw="></latexit><latexit sha1_base64="dO40k3b8qv7JezcxQntOXFZLsSw="></latexit><latexit sha1_base64="dO40k3b8qv7JezcxQntOXFZLsSw="></latexit><latexit sha1_base64="dO40k3b8qv7JezcxQntOXFZLsSw="></latexit>
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[following T. Collett 1507.02657]
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Poisson fluctuations

Euclid detector model 
(single optical band, 
642 pixel, Gaussian PSF)

Spherical lensing host galaxies 
at redshift ~0.5…1

Extended galaxy sources 
at redshift 1.5

Subhalos follow mass 
distribution with two 
parameters   
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dmsub
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β
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69/44

Observed data xobs
<latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit><latexit sha1_base64="ZE4koGREJjVXUkMCIGCGACbN53Y="></latexit>

Parameters ✓
<latexit sha1_base64="gOxbY2BemKdyH5YVIx4aYPw2eMs="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="BDVqxhN/K6hNbXEaJvFj/k5ikI4="></latexit><latexit sha1_base64="njZaT3vZJU56mU3mgAu948A9vF0="></latexit>

x
<latexit sha1_base64="ImpIdiRfEO9YwGXTc8RVjB2itZI="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="fS2+ycIeBxlBBIIIMX3w+bblHd4="></latexit><latexit sha1_base64="gh/weeCnCJrJg53EY40GA+3L/Sc="></latexit>

Observables

Simulator

Posterior

Prior p(✓)
<latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit><latexit sha1_base64="qZnm8m3m17PXgcCC6Y19FJxJE/E="></latexit>

Inference

Confidence sets

…
Train NN classifier 
(likelihood ratio trick 
+ mining gold)

Approximate likelihood ratio r̂(x|✓)
<latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit><latexit sha1_base64="VbGRKHYqEK5+1fSZgqVgWeywlS0="></latexit>

Training data: 106 lensed images with 
0  fsub  0.2,�1.5  �  �0.5

<latexit sha1_base64="/YgKVCkEHIja6SgFVGWNZQPw2+o="></latexit><latexit sha1_base64="/YgKVCkEHIja6SgFVGWNZQPw2+o="></latexit><latexit sha1_base64="/YgKVCkEHIja6SgFVGWNZQPw2+o="></latexit><latexit sha1_base64="/YgKVCkEHIja6SgFVGWNZQPw2+o="></latexit>

Convolutional neural network (modified ResNet-18) 
trained on ALICES loss 
[M. Stoye, JB, J. Pavez, G, Louppe, K. Cranmer 1808.00973]

Calibration of network output

Bayesian & frequentist inference

Synthetic “observed” data set: fsub = 0.05,� = �0.9
<latexit sha1_base64="JFSo1QBnxI+mfk20xExDH+KnUcw="></latexit><latexit sha1_base64="JFSo1QBnxI+mfk20xExDH+KnUcw="></latexit><latexit sha1_base64="JFSo1QBnxI+mfk20xExDH+KnUcw="></latexit><latexit sha1_base64="JFSo1QBnxI+mfk20xExDH+KnUcw="></latexit>
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• Event selection: 

• Choice of cuts shifts information between rate and kinematic part 

• “Good” cuts depend on inference strategy 

• This talk: assume fixed event selection

Pois(n|L�(✓))
<latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit><latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit><latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit><latexit sha1_base64="rr1YUYRrB/dNGAq2T2019PCZIuc="></latexit>

Y

events x

p(x|✓)
<latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit><latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit><latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit><latexit sha1_base64="eL+MNQLDPaibjmpdAyj2YINRNT0="></latexit>

pfull({x}|✓) =
<latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit><latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit><latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit><latexit sha1_base64="EHh812Gfu9vSPMMNJKOApuwTjGk="></latexit>

Total rate term: 

• How likely is it to observe      events after cuts? 

• “Easy” to compute 

• For simplicity, we ignore this part in this talk 

n
<latexit sha1_base64="LPq0k6BU1Gbo6wqI1nTlYp4ysok="></latexit><latexit sha1_base64="LPq0k6BU1Gbo6wqI1nTlYp4ysok="></latexit><latexit sha1_base64="LPq0k6BU1Gbo6wqI1nTlYp4ysok="></latexit><latexit sha1_base64="LPq0k6BU1Gbo6wqI1nTlYp4ysok="></latexit>

Kinematic term for each event: 

• How likely is it that an event looks like it does? 

• ~ normalized differential xsec 

• This is the intractable part of the likelihood 

• Focus of this talk

• Full LHC likelihood:
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Expected likelihood ratio map

72/44

0.00 0.05 0.10 0.15 0.20
fsub

-0.6

-0.8

-1.0

-1.2

-1.4

Ø

10
0

20 5

0

1

4

9

16

25

°
2¢

E[
lo

g
r̂(

x
|f

su
b
,Ø

)]

5

20

100

0.00 0.05 0.10
fsub

0.0

0.5

1.0

1.5

2.0

2.5

°
2¢

E[
lo

g
r̂(

x
|f

su
b
)]

Ø = °0.9



All the things we didn’t do
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[ESA/Hubble/NASA]

• More involved subhalo mass function 

• Warm DM with DM mass as parameter 

• Realistic simulators  

• More diverse source and host galaxies (e.g. data-driven)  

• Realistic subhalo modelling (tidal disruption, redshift dependence…) 

• Line-of-sight substructure 

• Realistic observation model (variable exposure / PSF, multiple bands…) 

• Use auxiliary information during inference 

• Evaluation on real data  

⇒ Our method should scale to a realistic setting, but will require more simulations and careful sanity checks



Bonus material: ℳ-flows



     -flows
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Often data is restricted to a lower-dimensional manifold 
embedded in the data space 

     -flows are a new probabilistic / generative model that 

• describe data as a tractable probability density on a 
lower-dimensional manifold 

• learn manifold and density from data

M
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The manifold hypothesis
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• Robot arms, molecules: limited degrees of freedom 

• Particle physics: energy-momentum conservation, 
on-shell conditions, redundant observables 

• Many other high-dimensional datasets (e.g. images): 
empirical evidence for (approximate) data manifold 
[L. Cayton 2005; …]

X = Rd
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[Original meme by K. Zack]

n
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Data often live on a    -dimensional manifold 
embedded in the     -dimensional ambient spaced
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Generative adversarial networks (GANs)
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[I. Goodfellow et al 1406.2661]
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implicit density over M
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pM(x)
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intractable
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unconstrained NN

…

-dim. latent variablesn
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pu(u)
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Normalizing flows in the ambient data space
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 [G. Papamakarios et al 1912.02762]

…

invertible NN

f
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tractable density over 
ambient data space

px(x) = pu(f
�1(x)) | det Jf (f�1(x))|�1
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-dim. latent variablesd
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u0
<latexit sha1_base64="DS9UYUVvTTmPwOmWSG+jMxL8Psg="></latexit><latexit sha1_base64="DS9UYUVvTTmPwOmWSG+jMxL8Psg="></latexit><latexit sha1_base64="DS9UYUVvTTmPwOmWSG+jMxL8Psg="></latexit><latexit sha1_base64="DS9UYUVvTTmPwOmWSG+jMxL8Psg="></latexit>

u1
<latexit sha1_base64="7YZJHDpZ7N1Z3vBp29PHlHkqYm0="></latexit><latexit sha1_base64="7YZJHDpZ7N1Z3vBp29PHlHkqYm0="></latexit><latexit sha1_base64="7YZJHDpZ7N1Z3vBp29PHlHkqYm0="></latexit><latexit sha1_base64="7YZJHDpZ7N1Z3vBp29PHlHkqYm0="></latexit>
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g⇤
<latexit sha1_base64="1O23S/4CMi17BprkjHy3Wo7WuVs="></latexit><latexit sha1_base64="1O23S/4CMi17BprkjHy3Wo7WuVs="></latexit><latexit sha1_base64="1O23S/4CMi17BprkjHy3Wo7WuVs="></latexit><latexit sha1_base64="1O23S/4CMi17BprkjHy3Wo7WuVs="></latexit>

prescribed chart

h
<latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit>

invertible NN

…

x
<latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit><latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit><latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit><latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit>

tractable density over M⇤
<latexit sha1_base64="nyuyBFMu/QKjmwmzSR6aDRa++DY="></latexit><latexit sha1_base64="nyuyBFMu/QKjmwmzSR6aDRa++DY="></latexit><latexit sha1_base64="nyuyBFMu/QKjmwmzSR6aDRa++DY="></latexit><latexit sha1_base64="nyuyBFMu/QKjmwmzSR6aDRa++DY="></latexit>

pM⇤(x) = pũ(ũ) |det Jh(ũ)|�1

·
��det[JT

g⇤(u)Jg⇤(u)]
��� 1

2

<latexit sha1_base64="JMUAV8EQVV8e2+HkAw6oiztOChI="></latexit><latexit sha1_base64="JMUAV8EQVV8e2+HkAw6oiztOChI="></latexit><latexit sha1_base64="JMUAV8EQVV8e2+HkAw6oiztOChI="></latexit><latexit sha1_base64="JMUAV8EQVV8e2+HkAw6oiztOChI="></latexit>

u
<latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit>

-dim. latentsn
<latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

pu(u)
<latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit>

ũ ⇠ pũ(ũ)
<latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit>

-dim. latentsn
<latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

 [M. Gemici et al 1611.02304; D. Rezende et al 2002.02428]
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M
<latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit><latexit sha1_base64="2ApwZEhDhLtsolXOsUfdKDjQSDk="> wZ+DHUm+pWIYsscrHV+zP3t3kLOK6kjWMlRz0DgcjzOI5TvGsZTQnoWQBFlaxD4mpTsfbpAKMqUFsj5VVnmrvxiM/z89Lz8DxsahS3a/yXpxLrHjwv0V6itLTVqlLySxN9LUFcaJfKp9Am/yYUayX9LUF4TCs3NWlRY4njzRRlxY5rLDclPqnnfy9g20nz9M2+NOTVL2VaJHOnTSZH1pd57AZ8aV6aTgLCG6v+G11VWsXkIYFEFstY3LwY+XCF2/aED6b4embom2bVtugL18/TxN1aQNIHgBBq2RQTX2Bl1f1SekXMkuvsN4hhuaB57P3tdcaHjTxLpOC2I8kFO0Bxvf9Qs3e5Z19s/pTW73xtn9o4vB/7u9//Sz/Ge6Tzt3O7zuPOmZn3Pm688fOcedNx+lcdf7R+WfnX3f/c++39+7e+10G/fijnPObTulz7+F/AaEvhYk=</latexit>

…

f
<latexit sha1_base64="MRB722gC/XS1FT6QRUXNlQ6J3hU="></latexit><latexit sha1_base64="MRB722gC/XS1FT6QRUXNlQ6J3hU="></latexit><latexit sha1_base64="MRB722gC/XS1FT6QRUXNlQ6J3hU="></latexit><latexit sha1_base64="MRB722gC/XS1FT6QRUXNlQ6J3hU="></latexit>

inv. NN

x
<latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit><latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit><latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit><latexit sha1_base64="0oxNa1jOivhwZa5X2Ygxh0B2UmU="></latexit>

tractable density over M
<latexit sha1_base64="bYgGL/dDlVB0u3X10Ti7i5fqYp8="></latexit><latexit sha1_base64="bYgGL/dDlVB0u3X10Ti7i5fqYp8="></latexit><latexit sha1_base64="bYgGL/dDlVB0u3X10Ti7i5fqYp8="></latexit><latexit sha1_base64="bYgGL/dDlVB0u3X10Ti7i5fqYp8="></latexit>

pM(x) = pũ(ũ) | det Jh(ũ)|�1

·
����det

�
1 0

�
Jf (u)

TJf (u)

✓
1
0

◆�����
� 1

2

<latexit sha1_base64="3qrtbbPLABqsHHkmeZh40pUQgYQ="></latexit><latexit sha1_base64="3qrtbbPLABqsHHkmeZh40pUQgYQ="></latexit><latexit sha1_base64="3qrtbbPLABqsHHkmeZh40pUQgYQ="></latexit><latexit sha1_base64="3qrtbbPLABqsHHkmeZh40pUQgYQ="></latexit>

Project

Zero-pad

embed

(u, v)
<latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit><latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit><latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit><latexit sha1_base64="7T0JYA6BDcixBdwSz5xDUUcnUsE="></latexit>

-dim. latentsd
<latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit><latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit><latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit><latexit sha1_base64="G3BZpRCjlY9wXaEFbBpTtWZDpAk="></latexit>

0
u

<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

puv(u, v)
<latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit><latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit><latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit><latexit sha1_base64="IEAt0xoxIbhBJ/D0N/c7TgK6Wvk="></latexit>

…

h
<latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit><latexit sha1_base64="5utUjwqO0mN63M47ykohqei3ei8="></latexit>

inv. NN

u
<latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit><latexit sha1_base64="iJG+YNMdbsvadqLC4uw44cR3rXI="></latexit>

-dim. latentsn
<latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

pu(u)
<latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit><latexit sha1_base64="gYdnew0/XIJP8P5fkLB9qQnDtDc="></latexit>

ũ ⇠ pũ(ũ)
<latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit><latexit sha1_base64="RtDCfSkyZ18bTUxIv6pNC8ItxwY="></latexit>

-dim. latentsn
<latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit><latexit sha1_base64="E+mTCqkr7y5hyVn+mPk6V6W5Edw="></latexit>

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU="></latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

[JB, Kyle Cranmer  2003.13913]
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pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>



Evaluating data on or off the manifold

81/44

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>



Evaluating data on or off the manifold

81/44

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>



Evaluating data on or off the manifold

81/44

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>



Evaluating data on or off the manifold

81/44

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

h
<latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>



Evaluating data on or off the manifold

81/44

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

x0
<latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit>

f
<latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit>

h
<latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>



Evaluating data on or off the manifold

81/44

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

x0
<latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit>

f
<latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit>

h
<latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>

x
<latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit>

Input

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>



Evaluating data on or off the manifold

81/44

pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

x0
<latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit>

f
<latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit>

h
<latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>

x
<latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit>

Input

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>

⇝ Representation (dimensionality reduction)ũ
<latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit>
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pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

x0
<latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit>

f
<latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit>

h
<latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>

x
<latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit>

Input

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>

⇝ Projection to manifold (denoising)x0
<latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit>

⇝ Representation (dimensionality reduction)ũ
<latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit>
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pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

x0
<latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit>

f
<latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit>

h
<latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>

x
<latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit>

Input

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>

⇝ Reconstruction error (training, OOD detection)kx� x0k
<latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit>

⇝ Projection to manifold (denoising)x0
<latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit>

⇝ Representation (dimensionality reduction)ũ
<latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit>



Evaluating data on or off the manifold
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pũ(ũ)
<latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit><latexit sha1_base64="EZYwSXfUcZkAmMQblmiJ9qcVntU=">AAAb4HicpVndb9y4EV9fv67uV9I+FX7h1bBrH9abXX8kzh0CBLkLri2SxnWcXFrLXlDSSCJWEmWS2uxaUZ/7UhR9aYH+Q/0b+t90SGnt1dfGaNcwl+T8ZjgcDodDrp2ETKrh8D9rn3znu9/7/g8+/eH6j378k5/+7N79n7+VPBUOvHF4yMU7m0oIWQxvFFMhvEsE0MgO4Vt78pWmfzsFIRmPz9Q8gYuI+jHzmEMVdo3vr/W2kn </latexit>

ũ
<latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit><latexit sha1_base64="86xS9u/t2CsVqOpgifnE6UiyE68="></latexit>

0
<latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit><latexit sha1_base64="xSMOR8CIuw0KztX7qgJL6/9HefM="></latexit>

u
<latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit><latexit sha1_base64="S+pSbrGSRXbiy/dYLyAeMndK/r4="></latexit>

v
<latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit><latexit sha1_base64="5qyAIPPeAjVQ1+ZNArjZeKxpv/0="></latexit>

x0
<latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit><latexit sha1_base64="BgBTB22MNYTFi5TTvDkDk1xCI28="></latexit>

x1
<latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit><latexit sha1_base64="rFwud5U1i9TuqqjGVhW9S2CZMCc="></latexit>

M
<latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit><latexit sha1_base64="f7KnX3ghjw2JRJVRL9XHG5l5oEU="></latexit>

f�1
<latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit><latexit sha1_base64="L00tmfBZzwMYCaaJ+vcLKRxWS3A="></latexit>

x0
<latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit><latexit sha1_base64="/PA6B8LjOvCW/Rp4I/rvN3X9sOY="></latexit>

f
<latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit><latexit sha1_base64="KEursuWMi5b4VqxjAPfO0xptC4Y="></latexit>

h
<latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit><latexit sha1_base64="XOEji7FcJXdfhPUS3j5z7fMDKyY="></latexit>

Proj
<latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit><latexit sha1_base64="TWILJss1hjLIpJrSjmfgKmhQD34="></latexit>

x
<latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit><latexit sha1_base64="i38aWrejsGGJ4WprUKk5B3l7smo="></latexit>

Input

x
<latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit><latexit sha1_base64="qeqDneiHJsQiu3ndy4cl4CNqYcA="></latexit>

⇝ Likelihood after projection (training, inference)pM(x0)
<latexit sha1_base64="qv9J2UzMEQ+PP2+YdYMrQ7KbD1c="></latexit><latexit sha1_base64="qv9J2UzMEQ+PP2+YdYMrQ7KbD1c="></latexit><latexit sha1_base64="qv9J2UzMEQ+PP2+YdYMrQ7KbD1c="></latexit><latexit sha1_base64="qv9J2UzMEQ+PP2+YdYMrQ7KbD1c="></latexit>

⇝ Reconstruction error (training, OOD detection)kx� x0k
<latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit>

⇝ Projection to manifold (denoising)x0
<latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit><latexit sha1_base64="L6HUtRpHtj9bMN1puA3S3KdojgA="></latexit>

⇝ Representation (dimensionality reduction)ũ
<latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit><latexit sha1_base64="yOzXyrB8BaF3YLChdjGK2T7FB+Q="></latexit>



Generative models vs. the data manifold
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M
<latexit sha1_base64="V2K+VcZY9xGg6wmdtYha0DSkav0="></latexit><latexit sha1_base64="V2K+VcZY9xGg6wmdtYha0DSkav0="></latexit><latexit sha1_base64="V2K+VcZY9xGg6wmdtYha0DSkav0="></latexit><latexit sha1_base64="V2K+VcZY9xGg6wmdtYha0DSkav0="></latexit>

Model Manifold Chart Generative Tractable density Restr. to manifold 

Ambient flow (AF) no no ✓ ✓ no 

Flow on prescr. manifold prescribed prescribed ✓ ✓ ✓ 

GAN learned no ✓ no ✓ 

VAE learned no ✓ only ELBO (no) 

     -flow learned learned ✓ ✓ (potentially slow) ✓



Maximum likelihood is not enough
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Likelihood defined after projection to      , 
which is defined through NN weights 

Family of likelihoods          
rather than one likelihood 

⇒ Learning        by maximum 
likelihood is unstable

p(x|�f ,�h)
<latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit>

p�f (x|�h)
<latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit>

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

M
<latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit>
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Likelihood defined after projection to      , 
which is defined through NN weights 

Family of likelihoods          
rather than one likelihood 

⇒ Learning        by maximum 
likelihood is unstable

p(x|�f ,�h)
<latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit>

p�f (x|�h)
<latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit>

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

M
<latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit>
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Likelihood defined after projection to      , 
which is defined through NN weights 

Family of likelihoods          
rather than one likelihood 

⇒ Learning        by maximum 
likelihood is unstable

p(x|�f ,�h)
<latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit><latexit sha1_base64="SqVfR+hs3x3QJP5IgDw04Y2ku1Y="></latexit>

p�f (x|�h)
<latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit><latexit sha1_base64="bhaQmz7Av4PZfncOJon5u3QLSVs="></latexit>

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

�f
<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

M
<latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit>

�f = ↵
<latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit>

�
h
=

�
<latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit>

⇡/2
<latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit>

⇡
<latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit>0

0



M/D training
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Solution: separate training in two phases! 

• Manifold phase: 
update        (and thus        ) by minimizing �f

<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

M
<latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit>

kx� x0k
<latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit>

�f = ↵
<latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit>

�
h
=

�
<latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit>

⇡/2
<latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit>

⇡
<latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit>0

0



M/D training

84/44

• Density phase: 
update        (and thus            ) by maximum likelihood 
(keeping         fixed)M

<latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit>

�h
<latexit sha1_base64="wJ1DuYvLjApPnyu6eHQzfXkNxGg="></latexit><latexit sha1_base64="wJ1DuYvLjApPnyu6eHQzfXkNxGg="></latexit><latexit sha1_base64="wJ1DuYvLjApPnyu6eHQzfXkNxGg="></latexit><latexit sha1_base64="wJ1DuYvLjApPnyu6eHQzfXkNxGg="></latexit>

pM(x)
<latexit sha1_base64="ZkZzplwV2bjnLgnz8+CHf74ZNVg="></latexit><latexit sha1_base64="ZkZzplwV2bjnLgnz8+CHf74ZNVg="></latexit><latexit sha1_base64="ZkZzplwV2bjnLgnz8+CHf74ZNVg="></latexit><latexit sha1_base64="ZkZzplwV2bjnLgnz8+CHf74ZNVg="></latexit>

�f = ↵
<latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit>

�
h
=

�
<latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit>

⇡/2
<latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit>

⇡
<latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit>0

0

Solution: separate training in two phases! 

• Manifold phase: 
update        (and thus        ) by minimizing �f

<latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit><latexit sha1_base64="KH+K25XiyjdiUScL5I73L37nFuo="></latexit>

M
<latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit><latexit sha1_base64="5M7Ts4WTWI09KMMZzWMSHDrSSa0="></latexit>

kx� x0k
<latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit><latexit sha1_base64="gADMK1FGMHDSpZVWUkCtII4rm40="></latexit>

�f = ↵
<latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit><latexit sha1_base64="/okgkSZeKn+gK0zg+7ucsFS6AlE="></latexit>

�
h
=

�
<latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit><latexit sha1_base64="kEaxHMxcPZKd21utXkjFzj06tsc="></latexit>

⇡/2
<latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit><latexit sha1_base64="BLc9J7ZrweS6UClI0H7gfyz5twU="></latexit>

⇡
<latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit><latexit sha1_base64="gWIQYuuHAo/UKcvIYOe6GF50LOI="></latexit>0

0



A second problem… and an accidental solution
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The likelihood becomes expensive to evaluate for high-dimensional    : x
<latexit sha1_base64="RgLEa8XPeJIRbqWj/0FnxQ0Q4xc="></latexit><latexit sha1_base64="RgLEa8XPeJIRbqWj/0FnxQ0Q4xc="></latexit><latexit sha1_base64="RgLEa8XPeJIRbqWj/0FnxQ0Q4xc="></latexit><latexit sha1_base64="RgLEa8XPeJIRbqWj/0FnxQ0Q4xc="></latexit>

log pM(x) = log pũ(h
�1(u))� log det Jh(h

�1(u))� 1

2
log det


(1 0) JT

f (u) Jf (u)

✓
1
0

◆�

<latexit sha1_base64="u+/eLhsAOt0pUT2INsf1qwV4xLo="></latexit><latexit sha1_base64="u+/eLhsAOt0pUT2INsf1qwV4xLo="></latexit><latexit sha1_base64="u+/eLhsAOt0pUT2INsf1qwV4xLo="></latexit><latexit sha1_base64="u+/eLhsAOt0pUT2INsf1qwV4xLo="></latexit>

Cannot separate determinant of 
product of non-square matrices

M/D training sidesteps this problem: density phase only requires gradient 

 , 

which can be computed efficiently!

r�h (log pM(x)) = r�h

�
log pũ(h

�1(u))
�
�r�h

�
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2
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
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1
0
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<latexit sha1_base64="5pEe/15AJWZIRxQ2G5msLBfi5+I="></latexit><latexit sha1_base64="5pEe/15AJWZIRxQ2G5msLBfi5+I="></latexit><latexit sha1_base64="5pEe/15AJWZIRxQ2G5msLBfi5+I="></latexit><latexit sha1_base64="5pEe/15AJWZIRxQ2G5msLBfi5+I="></latexit>



Gaussian on a circle
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Mixture model on a polynomial surface
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Lorenz attractor
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[E. Lorenz  1963]
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Particle physics: structure
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energy-momentum 
conservation

particle masses 
(“on-shell condition”)redundant 

observables

14-dimensional manifold 
embedded in 40-dimensional 

data space

W , Z
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H
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Particle physics: results
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Image manifolds

91/44

Q: How to make image datasets where we 
know that data lives on an     -dimensional 
manifold? 

n
<latexit sha1_base64="oG33K3w95WP0B0Z6RacPhmkad/M="></latexit><latexit sha1_base64="oG33K3w95WP0B0Z6RacPhmkad/M="></latexit><latexit sha1_base64="oG33K3w95WP0B0Z6RacPhmkad/M="></latexit><latexit sha1_base64="oG33K3w95WP0B0Z6RacPhmkad/M="></latexit>

A: take a pretrained GAN model, sample     of its 
latent variables, and keep all others fixed

n
<latexit sha1_base64="oG33K3w95WP0B0Z6RacPhmkad/M="></latexit><latexit sha1_base64="oG33K3w95WP0B0Z6RacPhmkad/M="></latexit><latexit sha1_base64="oG33K3w95WP0B0Z6RacPhmkad/M="></latexit><latexit sha1_base64="oG33K3w95WP0B0Z6RacPhmkad/M="></latexit>

n = 2
<latexit sha1_base64="HJM+hhWu3YQadTwOlRn/6bHRbo4="></latexit><latexit sha1_base64="HJM+hhWu3YQadTwOlRn/6bHRbo4="></latexit><latexit sha1_base64="HJM+hhWu3YQadTwOlRn/6bHRbo4="></latexit><latexit sha1_base64="HJM+hhWu3YQadTwOlRn/6bHRbo4="></latexit>



Samples
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Projections to learned manifolds
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Real-world images: CelebA samples

94/44
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CelebA projections
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