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What is LTD?: Context

» Loop amplitudes are a bottleneck in current high-precision computations
» Presence of singularities and thresholds prevents direct numerical implementations
» Well-known theorems (KLN) guarantee the cancellation of singularities for physical observables

» Real-radiation contributions are defined in Euclidean space (i.e. phase-space integrals)
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What is LTD?: General ideas

Removal of one component of the loop momenta, by using Cauchy residue theorem
Transforms Feynman propagators into dual ones (modified prescription)
Equivalent to Feynman Tree Theorem (FTT):

Modified prescription <) Sum of multi-cuts

Arbitrary future-like momenta to define the new prescription (not necessary in new representation!)

Feynman integrals transformed into sum of tree-level-like objects in Euclidean space

Number of cuts equal to number of loops (strong point to support efficiency)

Feynman @

integral LY (p1,...,pN) /HGF(% /H T 2 4 10

Dual a Sum of phase
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Brief history of LTD-based methods

 Foundational paper: a new way to decompose loop amplitudes
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ABSTRACT: We derive a duality relation between one-loop integrals and phase-space inte-
grals emerging from them through single cuts. The duality relation is realized by a modifica-
tion of the customary +i0 prescription of the Feynman propagators. The new prescription
regularizing the propagators, which we write in a Lorentz covariant form, compensates for
the absence of multiple-cut contributions that appear in the Feynman Tree Theorem. The
duality relation can be applied to generic one-loop quantities in any relativistic, local and
unitary field theories. We discuss in detail the duality that relates one-loop and tree-level
Green’s functions. We comment on applications to the analytical caleulation of one-loop
scattering amplitudes, and to the numerical evaluation of cross-sections at next-to-leading
order.

New dual representation of scattering amplitudes t

» Application of Cauchy theorem taking
care of Feynman prescription: leads to a
new prescription!

« Derivation of a duality relation starting
from Feynman integrals, extended to

scattering amplitudes

« Applicable to any gauge theory

LTD — G. Sborlini (DESY)
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Brief history of LTD-based methods

« Extension to more general amplitudes, including possible local UV counter-terms...

 Two-loop formula (2010)

L@ (p1,pa,...,pN)

B /e /B {=Gp(a1) Gr(az) Gp(as)+Gp(a1)Gp(az Uas)+Gp(az)Gp(—a1 U az)}

Uses only double-cuts!

 Formalism for dealing with higher-order poles (2012)
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ABSTRACT: The duality relation between one-loop integrals and phase-space integrals,
developed in a previous work, is extended to higher-order loops. The duality relation is
realized by a modification of the eustomary +i0 prescription of the Feynman propagators,
which compensates for the absence of the multiple-cut contributions that appear in the
Feynman tree theorem. We rederive the duality theorem at one-loop order in a form that
is more suitable for its iterative extension to higher-loop orders. We explicitly show its
application to two- and three-loop scalar master integrals, and we discuss the structure of
the occurring cuts and the ensuing results in detail.
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ABSTRACT: We develop the Tree-Loop Duality Relation for two- and three-loop integrals
with multiple identical propagators (multiple poles). This is the extension of the Duality
Relation for single poles and multi-loop integrals derived in previous publications. We prove
a generalization of the formula for single poles to multiple poles and we develop a strategy
for dealing with higher-order pole integrals by reducing them to single pole integrals using
Integration By Parts.
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Brief history of LTD-based methods

» Analysis of singular structures of loop amplitudes in LTD
y /BLISHED FOR SISSA BY €) SPRINGER I
representation SHEP ) 2008 > ?
* First clues for real-dual integrand level combination - 2010-2012 > ®
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ABSTRACT: We analyse the singular behaviour of one-loop integrals and scattering ampli-

\\ tudes in the framework of the loop-tree duality approach. We show that there is a partial

. . ,w . \\ cancellation of singularities at the loop integrand level among the different components of

An alysls Of SI n g u | arltl es I n \\ the corresponding dual representation that can be interpreted in terms of causality. The
\\ remaining threshold and infrared singularities are restricted to a finite region of the loop

th reS h 0 I d h momentum space, which is of the size of the external momenta and can be mapped to the

triangles

phase-space of real corrections to cancel the soft and collinear divergences.
KeYWORDS: QCD Phenomenology., NLO Computations
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 Forward (backward) on-shell hyperboloids associated with positive (negative)

energy solutions

« Forward-backward intersections are physical divergences; FF cancel among them

New dual representation of scattering amplitudes through the LTD — G. Sborlini (DESY)



Brief history of LTD-based methods (350)

» Towards the computation of physical observables in four space-time dimensions

 Tested on toy scalar model; point-by-point cancellation of IR divergences 2008
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ABSTRACT: The abundance of infrared singularities in gauge theories due to unresolved _ 1 1 —_ q3
e - _ e o Py = (L —a1)ps, o] = ————
emission of massless particles (soft and collinear) represents the main difficulty in pertur- 2 .
bative calculations. They are typically regularized in dimensional regularization, and their q3 p 2

subtraction is usually achieved independently for virtual and real corrections. In this paper, . . .

we introduce a new method based on the loop-tree duality (LTD) theorem to accomplish ° P Iy f _d I p t t f -
the summation over degenerate infrared states directly at the integrand level such that the u re O u r I m e n S I O n a re rese n a' IO n O C rOSS
cancellation of the infrared divergences is achieved simultaneously, and apply it to reference

examples as a proof of concept. Ultraviolet divergences, which are the consequence of the H

point-like nature of the theory, are also reinterpreted physically in this framework. The SeC“ O nS

proposed method opens the intriguing possibility of carrying out purely four-dimensional

implementations of higher-order perturbative caleulations at next-to-leading order (NLO)

and beyond free of soft and final-state collinear subtractions. ® F i rst Stu dy Of d u al U V I O Cal C O u n te r-te rm S :
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Brief history of LTD-based methods (350)

» Development of the Four Dimensional Unsubtraction (FDU) framework @ NLO

« Ingredients for local cancellation of IR singularities 2008

. H . “EP PUBLISHED FOR ::iij ?T:N;:
* Benchmark case: decay into quarks (both, massive 50102012

AcceptED: August 20, 2016
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and massless cases) == Smooth m=0 transition!

Four-dimensional unsubtraction from the loop-tree
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* Full control of IR/UV singularities in self-energies  .iaacl™ o

ABSTRACT: We extend the four-dimensional unsubtraction method, which is based on the
loop-tree duality (LTD), to deal with processes involving heavy particles. The method
) allows to perform the summation over degenerate IR configurations directly at integrand

. 2 . 5(a- ; 5 ( QIV) quv - P2
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. level in such a way that NLO corrections can be implemented directly in four space-
2pp1\ prp2 2M2+2q3-p1 Pr-p2 e e A Ay e " ' v
time dimensions. We define a general momentum mapping between the real and virtual
kinematics that accounts properly for the quasi-collinear configurations, and leads to an
(+) 2 smooth massless limit. We illustrate the method first with a scalar toy example, and then
q3-p2 4]\/[2 q3 P2 q3,0 +p1‘0 a3-p2 1 3(2qU\ P1— #UV) Pro P20 analyse the case of the decay of a scalar or vector boson into a pair of massive quarks.
X (d—2) 14— |+——| - x - (+) - 2p1 - pa The results presented in this paper are suitable for the application of the method to any
4 ( ) multipartonic process,
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IR (left) and UV (right) part of fermion wavefunction renormalization
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Brief history of LTD-based methods

 Infinite-mass limit used to define effective vertices in Hgg interactions

- Equivalent to explore asymptotic expansions (large mass limit) 2008 > H
« Expansions at integrand level are non-trivial in Minkowski space (i.e. within Feynman 2010-2012 > ®

integrals) and additional factors are necessary

: : : : : . : 2014 > O

* Dual amplitudes defined in Euclidean space mmmm) Simplifies expansions
« Universal structure for Higgs amplitudes (i.e. independent of internal particles) 2015 > o
5 5((13) Mf > 812 - 0(qs) ( —519 )n
) G : ) G ; — — 2016

(45) Gplasi g2) = S12 + 2q3 - p12 — 10 — Dlgsi ) = 2q3 - p12 nzz;) 2qs3 - P12 I

Expansion of the dual propagator (q; on-shell) 2017 o
Eur. Phys. J. C (2018) 78:231 THE EUROPEAN CrossMark <[z:: % m
https://dor.org/10.1 140/epjc/s10052-018-5692-5 PHYS'CAL JOURNAL C ,,,,,,,,,,,,,,,,,,,,,,

Universal dual amplitudes and asymptotic expansions for H — vy

gg — H and H — yy in four dimensions

Félix Driencourt-Mangin'*, Germén Rodrigo'*, Germén F. R. Sborlini'>< Selected case of study: Finite in D=4 but NOT
! lsn:;::no de Fisica Corpuscular, Universitat de Valéncia, Consejo Superior de Investigaciones Cientificas, Parc Cientific, 46980 Paterna, Valencia, H |g gs dec ay into p hotons Inite in D= ut

2 Dipartimento di Fisica, Universita di Milano and INFN Sezione di Milano, 20133 Milan, ltaly

in four dimensions (TRIVIALLY) REGULAR!
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» Full analysis of Higgs decays at two-loop (inclusion of EW effects)
« Known results recovered! Purely four dimensional implementation! 2008
» Universal structure recovered also at two loops (is it true for N loops?) 2010-2012

First realization of local UV counter-terms at two-loop level

. . ‘ : : 0op , . . 2014
1.4F LTD 1 . LTD MEP PUBLISHED FOR SISSA BY @ SPRINGER
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Universal four-dimensional representation of H — ~~
at two loops through the Loop-Tree Duality 2016
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german.sborlini@unimi.it, william.torres@ific.uv.es
P p1
ABSTRACT: We extend useful properties of the H — v unintegrated dual amplitudes from

one- to two-loop level, using the Loop-Tree Duality formalism. In particular, we show that
the universality of the functional form — regardless of the nature of the internal particle —

P1 still holds at this order. We also present an algorithmic way to renormalise two-loop ampli-
tudes, by locally cancelling the uliraviolet singularities at integrand level, thus allowing a

P2 - 3= Do = 3= P12 = 3= full four-dimensional numerical implementation of the method. Our results are compared
with analytic expressions already available in the literature, finding a perfect numerical
agreement. The sueccess of this computation plays a erucial role for the development of a

P2 fully local four-dimensional framework to compute physical observables at Next-to-Next-to
Leading order and beyond.

KEYWORDS: Scattering Amplitudes, Higgs Physics, Perturbative QCD

D2 P2
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Two-loop diagrams considered for EW corrections o 11
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PusLisSHED: December 30, 2019

* Novel approach to deal with threshold singularities, including anomalous ones
» Singularities are contained within a compact region in the LTD representation
Crucial for extending FDU to higher-orders! SsEP Posnuo sox SSSA s @ Sruncsn
- Singularities in terms of novel (suggestive) variables: o B
+) (+)
A:l:j: = :I: ( :l: . k c p— 0 Causality, unitarity thresholds, anomalous thresholds
L] q?”o qj ’0 —|— J {L’O and infrared singularities from the loop-tree duality at
higher orders

Description of thresholds: unveiling the causal

structure of loop scattering amplitudes!

Anomalous thresholds arising from
causal (time-like) singularities in multiple
on-shell propagators simultaneously

Special thanks to D. Broadhurst for suggesting
this interesting and illuminating problem!!
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ABSTRACT: We present the first comprehensive analysis of the unitarity thresholds and
anomalous thresholds of seattering amplitudes at two loops and beyond based on the loop-
tree duality, and show how non-causal unphysical thresholds are locally cancelled in an
efficient way when the forest of all the dual on-shell euts is considered as one. We also prove
that soft and collinear singularities at two loops and beyond are restricted to a compact
region of the loop three-momenta, which is a necessary condition for implementing a local
cancellation of loop infrared singularities with the ones appearing in real emission; without
relying on a subtraction formalism.

KevywoRrDS: Duality in Gauge Field Theorles, Perturbative QCD, Scattering Amplitudes
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Open Loop Amplitudes and Causality to All Orders
and Powers from the Loop-Tree Duality
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Multiloop scattering amplitudes describing the quantum fluctuations at high-energy scattering processes
are the main bottleneck in perturbative quantum ficld theory. The loop-tree duality is a novel method aimed 2 O 1 4
at overcoming this bottleneck by opening the loop amplitudes into trees and combining them at integrand
level with the real-emission matrix clements. In this Letter. we generalize the loop-tree duality to all orders
in the perturbative expansion by using the complex Lorentz-covariant prescription of the original one-loop
formulation. We introduce a series of mutiloop topologies with arbitrary intemal configurations and derive

very compact and factorizable expressi of their open-to-trees reg ion in the loop-tree duality
formalism. Furth these expressions are entirely independent at integrand level of the initial 2015
assignments of momentum flows in the Feynman representation and remarkably free of noncausal

singulanities. These properties, that we conjecture to hold to other topologies at all orders, provide integrand
representations of scattering amplitudes that exhibit manifest causal singular structures and better
numerical stability than in other representations.
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Starting point: multi-loop Feynman integrals and scattering amplitudes

Iterated application of the Cauchy residue theorem to remove one DOF for each loop momenta

1 Notation setup

Loop-energy component
Combination of g gyx .

1 Standard

Sets of external momenta G (q )
F f.i‘ _
< N B @y~ ray  Propae

i €ES —) Qi,=fs+kix

(+) 5 On-shell energy
Loop momentum 9i.0 = \/qis +m;, Q0 (complex number!)
) (integration) — W |
_ _ Loop space-vector Feynman 10
Multi-loop diagram (Euclidean) prescription

Using this notation, we write any L-loop N-particle scattering amplitude:

Aﬁ‘)(l,...,n)= N({ff}Ls{Pj}N)GF(L""”) with Gp(l,...,n) = I I (Gr(g;))™
-’Jala---:fL icly---Un
D-dimensional loop momenta
(Minkowski) Sets of momenta
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« Starting point: multi-loop Feynman integrals and scattering amplitudes

» lIterated application of the Cauchy residue theorem to remove one DOF for each loop momenta

1 Application of Cauchy’s theorem
Dual function (15t step)

‘ Gp(l,....n) = H (Gr(g:))" Giﬂ!) = —2”"~ZR33(GF(5s t),Im(n - g; ) <0)

i€1U--Un I,Es
Other sets (no Pol lecti
Select one set "s” and residue computation) l e .Ste G.’CI on
compute the residue sum over all the criteria:
IMPORTANT
" elements of the set ( )
Multi-loop diagram
- Observation 1: For single powers and 7 = (1,0) we get < 1
gep J Gp(s) = _Z 5(%‘_,.)1_[ ) > ()2
the well-know one-loop LTD formula: isEs is#s (qis,o + kjsr’s,ﬂ) - (quo)

JsES

- Observation 2: The equivalence with previous LTD representation is encoded in Im(y7- g; ) < 0

for the integration contour selection (“dual prescription”) .

New dual representation of scattering amplitudes through the LTD — G. Sborlini (DESY)
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Nested residues

« Starting point: multi-loop Feynman integrals and scattering amplitudes

» lIterated application of the Cauchy residue theorem to remove one DOF for each loop momenta

1 Iterated application of Cauchy’s theorem

rth residue
evaluation

T

Multi-loop diagram

Remaining sets (no residue evaluation)

I, Er

Sum over all
the elements of
the rth set

—2}I'IZRGS(GD(1, ...,r=1lyr,n),Im(n-q; ) <0)

Depends on integration

(r-1)™ dual variables (q;)

function
Poles could be in-or-out
depending on specific
momenta...

« Dual representation for L-loop amplitudes is obtained after the L residue evaluation

« Equivalent to: “Number of cuts equal number of loops”

« Sum over all possible poles is implicit: some contributions vanish inside each iteration

lterated residues
(all the poles)

cancellations

“Displaced poles”

Nested residues
(only physical ones)

New dual representation of scattering amplitudes through the LTD — G. Sborlini (DESY)
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Nested residues: Displaced poles

 Iterated application of the Cauchy residue theorem involves summing over all the poles inside the

integration contour mmm Selection criteria imposed Im(y - ¢; ) < 0 (to simplify: n = (1,0))

» Displaced poles: Poles with non-trivially negative imaginary part (i.e. it depends on the kinematics)

* Important result:

@’ “Contributions associated to displaced poles are

vanishing after each iteration of residue evaluation”

« Consequences & observations

1.
2.
3.

Definition of nested residues: compact results (compared to iterated residues)

Direct consequence of the quadratic structure of propagators

After the cancellation of displaced poles, all the remaining contributions can be mapped into
cut diagrams (physical contributions)

Deep connection with causality (more... later!)

New dual representation of scattering amplitudes through the LTD — G. Sborlini (DESY)
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Nested residues: Displaced poles

New dual

Practical (mathematical) example:
1

2\ - = [ dx; _.
f(Z) = ( ) ( ?JL) (zL+1 y}%+1) to calculate I = (1:[ / 27”) f(©)
.4//

~ L
Complex y; — y; = yf — 10 S fint f
L 2r 1=—§:$'+kL , Sum of integration
coefficients - ’ N variables (real)

15t step: Apply C.R.T. in z1, by promoting 1 € R — C (the other x’s remain real)

(H [ Res (/(@), {a1,21,}) 0(~Im(e1,)) mEp 1= - (1_1 / Sﬁ) 2

T, ePoles(H) [f,z1]

) T GPoles[f,;cl]

Poles(+)[f,m1] = {yl,yL+1 — kL_|_1 — T — ... — LE‘L}

Subset of poles with negative imaginary part
IMPORTANT! x’s are real, y’s are complex

representation of scattering amplitudes through the LTD — G. Sborlini (DESY)

Res (f(Z),{z1,21,,})

Theta
functions
removed

18
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Nested residues: Displaced poles

» Practical (mathematical) example:

1

L
- (g/ g:;) Z Res (f(f),{l‘l,ZELj}) ‘ ReS(f>{$1,Im(:r:1) < 0}) = 2?;1 ($% — y%) - (x% _ y%) ((y1 +xo4...+xL — kL—i—l)z _ y%-O-l)

z1 j€Poles(T)[f,z1]

1

+
\ 2yr+1 ((Yr+1 + ko1 —a2 — ... —z)? —97) (23 — v3) ... (2

Poles(+)[f,:.s1] = {y1,yr+1 — kps1 —T9 — ... — a1} Sum of the residues in x, (negative imaginary part)

)

« 2" step: Apply C.R.T. in x2, by promoting x9 € R — C (the other x’s remain real)

Res(Res(f, {z1,Im(z1) <0}),{z2,Im(xs) < 0}) Theta functions
- Z Res( (Res(f, {z1,Im(z1) < 0}), {2, 22,1} )0(—Im(za;)) «—  remain!

xo 1EPoles|f,x1,x2]

Poles(f, z1; o] = {xye, 1 +yr41—23—...— v +kr1, £yp1——x3—...—xp+kr 1}

All the possible poles:
SIGN OF IMAGINARY PART + or - I!!
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Nested residues: Displaced poles

» Practical (mathematical) example:

Res(Res(f, {z1,Im(z1) < 0}),{z9,Im(z3) < 0}) = Z Res( (Res(f,{z1,Im(z1) < 0}),{z2,z2,} ) 0(—Im(z2,))

xg 1€Poles|f,r1,x2]

« 3'd step: Collect the different contributions according to 6(—Im(z2,)):

[ud-day] T262T°0T0Z:AIXIe (0202) [e 18 obnpiap-eIa|INbY

Res( (Res(f, {z1,Im(z1) < 0}), {72, ¥2})
1
Ay (23— y3) - (0 — v Fye t o+ an —kr)? — i)
N 1 Theta functions are Only sums of
— dyrye (Y1 —y2 — a3 — oo —xp + kpp1)? —yd) ... (22 — y3) trivially 1: y’s have » y’sil!
negative imaginary part, ALIGNED
Res(Res(f, {w1, Im(21) < O}): {w2, p1 4 s =23 = ... = @1 + kra}) s mraroal | CONTRIBUTIONS
1
Cdyys (W +yro — a3 — o~ +kr)? —y3) (a3 —v3) - (2 — i)
[Res(Res(f,{z1,y1}),{z2,yr+1 —h —23 — ... — 2L +kL+1}) Different-sign DISPLACED
~ +Res(Res(f,{z1,yr+1 — 22— ... — 2 + kr11}), combinations of y’s: » POLES:
i | I
{zo,yr41—y1 — 23— ... —2p +kry1})] 0(Im(yr — yr41)) NON-TRIVIAL THETA VANISH™
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Nested residues: Displaced poles

4

: : . _ P(z;. x;
Theorem: Given a generic* rational function F'(z;,z;) = - — (; 933) 5 . \
(@i —ai)? —yi)Vi((zi + 25 — aij)® — yi) W™

then:  Res(Res(F(xi,xj), {zi,¥i + ai}),{zj, y — yi + aij — a;})
9 = —Res (Res (F (@i, %), {zi, y — x; + aij}) , {zj, yr — ¥i + aij — a;})

J

 Mathematical consequences:
1. In each iteration of C.R.T., contributions with different sign combinations of y’s vanish

2. Thus, after iterating over all integration variables, only same-sign combinations of y’s remain

[ud-day] T262T°0T0Z:AIXIe (0202) [e 18 obnpiap-eIa|INbY

Res(Res(f, {z1,Im(z1) < 0}), {z2,Im(z2) < 0}) /" Connection to QFT )
Example: B 1 N 1
L=2 Cdyiye ((y1 +y2 —k3)2 —3)  dyays (Y3 + 1 + k3)? — u3) Y; 4m (+) \/qz +m2 — 10
1
+
4y1y3 ((y3 — y2 + k3)? — v3) T; 4y 9
1 1 1

S + :

8Yy1Y2y3 (yl +y2tys|—ks |y1ty2tysit k3) @3 & {kno} /
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Nested residues: Displaced poles

4

: : . _ P(z;. x;
Theorem: Given a generic* rational function F'(z;,z;) = - — (; 933) 5 . \
(@i — a:)® — yi) V(@i + 25 — a45)* — yg)*

then:  Res(Res(F'(zi,x;), {Ti, i + ai}), {75, Yk — ¥i + aij — a;})
9 = —Res (Res (F(zs, %), {zi, Y& — x5 + aij}) , {25, yr — s + asj — ai})/

 Physical consequences:
1. Displaced poles are associated to un-physical contributions:
“they can not be mapped into cuts”
2. After applying C.R.T. to all the loop momenta and summing over the physical poles:

only same-sign combinations of qéjo) remain

[ud-day] T262T°0T0Z:AIXIe (0202) [e 18 obnpiap-eIa|INbY

“Aligned contributions”

Cancellation of
— Causal propagators

displaced poles

22
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Nested residues:. Compact representa

» Cancellation of displaced poles leads to very compact formulae for the dual representation:

Maximal
Topology
(2 vertices,
L+1 lines)

L+1
e 0, F
0, ..,g -
S =1 On-shell
Defined in Deflned in lines
Minkowski space Euclidean space

REMARK: External particles can
be attached to each momenta set

On-shell
lines with
reversed
momenta

1 off-

1,i+1,...

, L +1;1) shell line

« We define the Maximal Loop Topology (MLT) as a building block to describe multi-loop amplitudes

* Important: “Any one and two-/loop amplitude can be described by MLT topologies”

New dual representation of scattering amplitudes through the LTD — G. Sborlini (DESY)
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Nested residues:. Compact representa

» More complicated topologies can be described by convolutions with MLT-like diagrams

Next-to
Maximal
Loop
Topology

(3 vertices,

L+2 lines)

Next-to-
Next-to
Maximal
Loop
Topology

(4 vertices,

L+3 lines)

T

=
@0
&

. Ar(ls -, 12)

+ Al2(1.2) ® A0(12)
® Ay’ (3. ... 7)

IMPORTANT FACTORIZATION FORMULAE
Singular and causal structure is determined by
the corresponding sub-topologies

AB - (1,...,n.12,23)
1&]2.1”(1 2,3,12.23) ® Ayir (4.....n)
+AY (1u23.2.3U12) @ ALY (@, ...7)

=A% _(1,2,12) ® AL (3, ... n)

Inductive proofs of these formulae to all-
loop orders available in 2010.12971 [hep-ph]
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A

Nested residues:. Compact representa

(L)
N4MLT

And even (much) more complicated topologies can be treated within this formalism

12 12 12
NNNN 1 0 123 1 123 1 ' 123
Maximal Q ﬁ’

Loop

Topologies k=75 >4 K5 N ‘

(6 vertices, v v v
L+5 lines)

L+1 L+1 L+1

1

12

(L,....L+1,12,123,234, J) ! ' 123 ) e
(1,2,3,4,12,123,234, J) ' v
1 123

—A(4
= ANIMLT s Ll 149, 292, N4MLT o L+l
® Agtir) (5, .., L+1) universal “ - 12 5 .
+AQ) - (1U234,2,3,4U123,12,J) topology 1 123 A
@ Ar 6, LHT) + o (T
234 4 TF1 .

New dual representation of scattering amplitudes through the LTD — G. Sborlini (DESY)
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Nested residues: Compact representat

« Why is our topological classification so useful?

amplitude

amplitude

1. MLT topology describes all possible one and two-loop amplitudes

2. N°MLT (D NMLT) topology describes any possible three-loop

3. N*MLT (D N3MLT) topology describes any possible four-loop

" Thanks to factorization properties, the
singular and causal structure of
complicated multi-loop amplitudes can be

\_understand in terms of simpler objects

~

J

New dual representation of scattering amplitudes through the LTD — G. Sborlini (DESY)
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Manifestly Causal representation

« Similar formulae can be found for NMLT and NNMLT to all loop orders!

\

1 12 P (1.2, L+2)= / 2 ( 1 N 1 N 1 )
N o G0y The2 \A1d2  A2dg  Az)g
L+1 L+2
with = qz(:(l)-) Ay = qﬁ}) + q%) + qj(tjr)z 0 As =) qz(jﬂ-)
L+1
/
2 1 1 1 1 1
ABD (1,2,...,L+3 / —(=+—)(—++—
1 12 N2MLT ( + ) El,"',EL Tr+3 Al AQ + Ag )\4 )\5
B 1 1 i 1 1 i 1 - 1 1 - 1 1 i 1
/\6 Ao A4 )\3 )\5 )\7 A2 /\5 /\3 Ay
R ’
v Ay = qu) + ‘IgJB) + ‘L(Lt-)s 0 A6 = ‘19(-)) + ‘1:%) + qJ(E-i-)Q ot ql(t+)3 0
with L+1 ) L+3 )
L+1 s = aig +‘1L+30+Zq +Zq
1=4

New dual representation of scattering amplitudes through the LTD — G. Sborlini (DESY)
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Manifestly Causal representation

A similar representation can be found when external particles are present!

Advantages:
1. Causal denominators have same-sign combinations of on-shell energies (positive
numbers), thus are more stable numerically!

2. Only physical thresholds remain; spurious un-physical instabilities are removed!

0.000 0.000

-0.001

10 -0.001 { / " . 10

-0.002 -0.002

-0.003 ‘ "y -0.003

Without causal With causal
representation o 10 representation
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Manifestly Causal representation

« A similar representation can be found when external particles are present!

« Advantages:

1. Causal denominators have same-sign combinations of on-shell energies (positive

numbers), thus are more stable numerically

2. Only physical thresholds remain; spurious un-physical instabilities are removed

3. Nice physical interpretation in terms of entangled thresholds!!

Causal denominators (1)
are associated to cut lines
in the diagrams: momenta
flow must be adjusted to

be compatible

~

A

1 12 1 1 12
A2 A2 LAz A A3
+ +
L1 L1 NI

(L) :
]_ 2 . 8w L 2 —
Axnarr (1,2, L +2) /f?i, " Trio ()\1)\2 A2A3 )\3)\1)
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Manifestly Causal representation: Imp

» We profit from compact causal formulae for integrals with higher-powers:

4 (L) 2 62 2 )
IS aISO Causal by ANk_lMLT(]. ,2 ’...,L ’L+1,...,L—|—k)
construction! L 9
(derivatives preserve _ (L) 1.9 I +1 I
denominators) Pl a( (+))2 E=1MLT ( g Ly ey + N + k)
1\ J

~
Causal representation available!

« Setup of the numerical implementation:
1. Tested for MLT, NMLT and NNMLT integrals, at 3 and 4 loops
2. Arbitrary masses, and with different numbers of space-time dimensions (D=2,3,4)

3. Compared with numerical results from FIESTA 4.2 and SecDec 3.0

New dual representation of scattering amplitudes through the LTD — G. Sborlini (DESY)
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0.00007
0.00006
0.00005 |

0.00004

I

0.00003 -
0.00002 |
0.00001 [

0.00000 L
0.1

0.00007

0.00006 |
0.00005 [

0.00004 -

1T

0.00002 [
0.00001 F

0.0000p L———+
0.1
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Manifestly Causal representation: Imp

* Numerical results in D=3;

lm MLT

i

0.00001

8.x10°8
6.x10°¢ -
4.x1078

2.x1078

0.00000 e
0.1

8.x10°8
6.x 1076
4.x10°

2.x10°8

4-loop

|||||||

Sborlini (DESY)

& &I

o o w

NMLT

Solid lines: LTD
Dots: FIESTA

NNMLT

4 Setup: )

AL (1222 LA L, L k)

{1,2,...,L} 4= m
Mases:

\_ {L+1,....L+k} ¢=mp mgj
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Manifestly Causal representation: Imp

* Numerical results in D=4;

— T . T T 1.2x108

4.x10°7

— m3 1.x10-8
L — m2=6 [
3.x107 |
1 — m3

3-loop

8.x10°

5 = i
L I Sl
e_’*;_ 2 %107 - ;_3 6.x10 I
4.x107°
1.x1077 | n
r 2.x10°°
| | ! | 0
0.1 0.2 0.3 0.4 0.5 0

1.2x10———— 77— 17—

4.x1077

L
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NMLT

Solid lines: LTD
Dots: FIESTA

NNMLT

4 Setup: )

AL (1222 LA L, L k)

{1,2,...,L} 4= m
Mases:

\_ {L+1,....L+k} ¢=mp mgj
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Conclusions and outlook

« LTD-based methods lead to a novel understanding of singular structure of
multi-loop scattering amplitudes

* Transformed integration domain from Minkowski to Euclidean

« Allows a more natural integrand-level combination with real radiation
through kinematical mappings (for cross-section computation)

* Novel LTD approach based on nested residues leads to manifestly causal
representation of multi-loop scattering amplitudes

* Interpretation in terms of entangled causal thresholds

 More stable numerical implementation (absence of spurious singularities)

33
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Conclusions and outlook

* Outlook:
1. Deepen into the interpretation of causal propagators

2. Tackle the calculation of physical observables with this new

representation

3. Test the efficiency for cross-section calculations
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