
Higgs pair production at NLO

Go Mishima: Karlsruhe Institute of Technology (KIT), Nov. 21, 2019, Theory Seminar Zeuthen, Humboldt-Universität Berlin

Go Mishima 
Karlsruhe Institute of Technology (KIT), TTP 
  in collaboration with Joshua Davies, Gudrun Heinrich, Stephen P. Jones, 
  Matthias Kerner, Matthias Steinhauser, David Wellmann 

JHEP 1803 (2018) 048 
JHEP 1901 (2019) 176 
JHEP 1911 (2019) 024

Higgs pair production at NLO

Combine numerical evaluation and  
analytic high energy approximation 



Higgs pair production at NLO

Go Mishima: Karlsruhe Institute of Technology (KIT), Nov. 21, 2019, Theory Seminar Zeuthen, Humboldt-Universität Berlin /50

 in the Standard ModelλHHH

2

V(H) =
1
2

m2
HH2 + λHHHvH3 +

1
4

λHHHHH4Higgs potential

λHHH =
m2

H

2v2
= 0.13…in SM: (not directly measured)

[CMS: arXiv:1811.09689]: 

[ATL-PHYS-PUB-2019-009]:

−11.8 < λ/λSM < 18.8

−3.2 < λ/λSM < 11.9



Higgs pair production at NLO

Go Mishima: Karlsruhe Institute of Technology (KIT), Nov. 21, 2019, Theory Seminar Zeuthen, Humboldt-Universität Berlin /50

 in the Standard ModelλHHH

3

The simplest process is Higgs pair production.

(a) (b) (c)

(d) (e) (f)

Figure 1: One- and two-loop Feynman diagrams contributing to gg ! HH. Solid, curly,
and dashed lines represent fermions, gluons, and Higgs bosons respectively.
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denote the contribution from one-particle reducible diagrams such as the

one shown in Fig. 1(f). In Ref. [9] this contribution has not been considered since the full
top quark mass dependence is available from Eqs. (24), (25) and (26) of Ref. [43].

At this point a comment on the definition of ↵s is in order. In Ref. [9] ↵s has been defined
with six active flavours which is an appropriate choice for the high-energy limit. In this
paper, we compare to Ref. [12] where a five-flavour ↵s has been used. Thus, we have to
transform ↵s and the gluon wave function from the six-flavour to the five-flavour theory
using the relations
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where A⌫ is the gluon wave function. As can be seen from these expressions the additional
terms cancel because the number of external gluon fields equals the number of strong
couplings gs in the Born amplitude, such that the resulting analytic expressions remain
identical.
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where A⌫ is the gluon wave function. As can be seen from these expressions the additional
terms cancel because the number of external gluon fields equals the number of strong
couplings gs in the Born amplitude, such that the resulting analytic expressions remain
identical.
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The simplest process is Higgs pair production.
1.1. Overview of production modes 7

gg → HH (NNLOFTapprox)
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Figure 1.2: Total production cross sections for Higgs pairs within the SM via gluon fusion,
vector-boson fusion, double Higgs-strahlung and double Higgs bremsstrahlung off top quarks.
PDF4LHC15 parton densities have been used with the scale choices according to Table 1.1. The size
of the bands shows the total uncertainties originating from the scale dependence and the PDF+Æs
uncertainties.

Figure 1.3: Higgs pair invariant mass distribution at leading order for the different contributions to
the gluon fusion production mechanism and their interference.

[LHCHXSWG-2019-005, arXiv:1901.00012]
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Figure 1: One- and two-loop Feynman diagrams contributing to gg ! HH. Solid, curly,
and dashed lines represent fermions, gluons, and Higgs bosons respectively.
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where A⌫ is the gluon wave function. As can be seen from these expressions the additional
terms cancel because the number of external gluon fields equals the number of strong
couplings gs in the Born amplitude, such that the resulting analytic expressions remain
identical.
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where A⌫ is the gluon wave function. As can be seen from these expressions the additional
terms cancel because the number of external gluon fields equals the number of strong
couplings gs in the Born amplitude, such that the resulting analytic expressions remain
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two-loop integrals: high-energy approximation 
and 
numerical evaluation
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exact analytic@LO 
[Eboli, Marques, Novaes, Natale, ’87, Glover, van der Bij ’88, Plehn, Spira, Zerwas, ‘96] 

Born-improved HEFT@NLO 
[Dawson, Dittmaier Spira, ’98] 

FTapprox, FT’approx 
[Maltoni, Vryonidou, Zaro, ’14] 

HEFT@NLO with 1/mt corr. 
[Grigo, Hoff, Melnikov, Steinhauser, ’13, 
Grigo, Melnikov, Steinhauser, ’14,  
Grigo, Hoff, Steinhauser, ’15, Degrassi, Giardino, Gröber, ‘16] 

exact numerical@NLO 
[Borowka, Greiner, Heinrich, Jones,  Kerner, Schlenk, Zicke, ’16, 
Baglio, Campanario, Glaus, Mühlleitner, Spria, Streicher, ’18] 

Padé approximation using the large top-mass and the threshold expansion@NLO 
[Gröber, Maier Rauh, ’17] 

small  expansion@NLO 
[Bonciani, Degrassi, Giardino, Gröber, ’18]

pT
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large-mt expansion high-energy expansion

NLO was done in   1998 for.              (HEFT) 
  2013 for        corrections 2018

Effective field theory local non-local (if exists)

expansion-by-subgraphs applicable not applicable

expansion in the 
momentum representation possible not possible  

(to my knowledge)

Padé approximation 
outside the radius of 

convergence
bad better

1/mt

mt → ∞
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large-mt high-energy
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large-mt expansion high-energy expansion

NLO was done in   1998 for.              (HEFT) 
  2013 for        corrections 2018

Effective field theory local non-local (if exists)

expansion-by-subgraphs applicable not applicable

expansion in the 
momentum representation possible not (to my knowledge)

Padé approximation 
outside the radius of 

convergence
bad better

1/mt

mt → ∞
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Figure 1: One- and two-loop Feynman diagrams contributing to gg ! HH. Solid, curly,
and dashed lines represent fermions, gluons, and Higgs bosons respectively.
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one shown in Fig. 1(f). In Ref. [9] this contribution has not been considered since the full
top quark mass dependence is available from Eqs. (24), (25) and (26) of Ref. [43].

At this point a comment on the definition of ↵s is in order. In Ref. [9] ↵s has been defined
with six active flavours which is an appropriate choice for the high-energy limit. In this
paper, we compare to Ref. [12] where a five-flavour ↵s has been used. Thus, we have to
transform ↵s and the gluon wave function from the six-flavour to the five-flavour theory
using the relations
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where A⌫ is the gluon wave function. As can be seen from these expressions the additional
terms cancel because the number of external gluon fields equals the number of strong
couplings gs in the Born amplitude, such that the resulting analytic expressions remain
identical.
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Our setup to calculate the two-loop amplitude   

qgraf [Nogueira, ’93]                                                                                : generate amplitudes 

q2e/exp [Harlander, Seidensticker, Steinhauser, ’98, Seidensticker, ’99] : rewrite output to FORM notation 

TFORM 4.2 [Rujil, Ueda, Vermaseren ’17]                                            : projection to the form factors 

LiteRed [Lee, ’13]                                                                                    : mH expansion 

FIRE [Smirnov, ’14] (with LiteRed rules [Lee, ’13])                    : IBP reduction to master integrals 

tsort [Smirnov, Pak]                                                               : minimization of master integrals

Up to this point, we retain the full top mass dependence.

Feynman Diagrams: 8 (LO) + 118 (NLO) 

Scalar Integrals: 26K (+120K mH expansion) 

Master Integrals: 10 (LO) + 221 (NLO) 

Minimal Master Integrals: 10 (LO) + 161 (NLO)
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Master integrals at 2 loop

=131(planar&crossing)+30(nonplanar&crossing) 

=28+(20+15+19+11+9) 

+15+(8+3) 

+1+(2) 

+11+(6+6) 

+7
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Asymptotic expansion of Feynman integrals

Expansion by subgraphs 
Mathematical proof based on graph-theoretical language exists. [Smirnov ’90, Smirnov ’02] 
Valid only for the cases of large-mass, or Euclidian kinematics. 
The procedure is implemented and can be performed automatically.

Method of regions (expansion by regions) [Beneke, Smirnov ’97] 
Mathematical proof is not yet given. 
More broader application is assumed to be possible.

The concept of dividing the domain of integration variables into several regions and expanding
the integrand according to hierarchies in each region was introduced by Beneke and Smirnov [33]. The
method is now called “expansion by regions” or “strategy of regions,” and in this paper we call it the
method of regions.

A mathematical proof of the method of regions for a general integral is not yet known although
many successful applications have been reported. In fact, the author of the most up-to-date textbook
on this topic says in his book [34]

The strategy of expansion by regions still has the status of experimental mathematics.

In the cases of off-shell large-momentum expansion and large-mass expansion, a mathematical proof
based on a graph-theoretical language is known and it is called as “expansion by subgraphs” [11, 35].
The procedure of expansion by subgraphs is implemented and can be performed in an automatic
way [36, 37]. The large-mt expansion mentioned above belongs to this category. A new proof of the
method of regions was proposed by Jantzen [38] but its application is limited. The purpose of this paper
is to show non-trivial examples where the method of regions works well, and our calculation shows the
first application of the method to the high energy expansion of non-planar four-point integrals.

The remainder of the paper is organized as follows: in Section 2, we briefly summarize the method
of regions. In Section 3, we apply the method of regions to a simple toy integral. In this model, it is
possible to provide a mathematical proof, and we show two different proofs to see how the method of
regions can be justified. In Section 4 we introduce conventions, ideas, and techniques, which will be
used in the following sections. In Section 5, 6 and 7, we apply the method of regions to the one-loop
box diagram, the two-loop planar massive diagrams, and the two-loop non-planar massive diagrams,
respectively. In Section 8, we compare the high energy expansion and the large-mt expansion and
discuss what makes the high-energy expansion difficult.

2 General Idea of the Method of Regions
ss:gene

The procedure of the method of regions is the following [11, 33, 34, 38, 39]:

Step 1. Assign a hierarchy to the dimensionful parameters.

Step 2. Reveal the relevant scaling of the integration variable.

Step 3. For each region, expand the integrand according to its scaling.

Step 4. Integrate. Scaleless integrals like
∫∞
0 dx xa are set to zero.

Step 5. Sum over the contributions from all the relevant regions.

The Step 2 is the crucial part of the method of regions, and an algorithm to reveal such scalings for
a general integral is established based on the analysis of the convex hull [40, 41]. One can use the
algorithm, implimented in the package asy2.1.m [41]. Although it is not proved that the algorithm
works correctly for all cases, no counterexample is known so far. The practical bottleneck is Step 4,
since the integration tends to be complicated even after the expansion if the original integral is very
complicated. This is one of the reasons why testing the method of regions is difficult.

The method of regions was first applied to the momentum representation of the Feynman integrals,
so the “regions” mean some domains of the loop momenta. Later, it was found that parametric
representations such as the Feynman representation and the alpha representation are more convenient

– 3 –
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Method of regions: toy model

to apply the method [33]. For example, when we consider the one-loop box diagram, there are four
internal lines, thus there are four integration variables in the parametric representations whereas
the number of integration variables in the momentum representation is essentially one, which is not
sufficient to realize all of the relevant regions. In principle, it is possible to increase the effective
number of variables by decomposing ddp to dp+dp−dd−2p, or dp0dp1dp3dp4dd−4p, or dpdd−1Ω, and
so on, but then calculation becomes complicated. In the massive two-loop four-point diagrams, the
number of relevant regions can be more than ten, and it is hopeless to express all of them in a useful
way in the momentum representation. Another advantage of the parametric representations comes
from the fact that the relevant regions turn out to be related to the propagators but not to the loop
momenta. By construction, the Feynman parameters and the alpha parameters can be interpreted as
the inverse of the propagators, so the scaling of the propagators is inherited by these parameters. On
the other hand, the relation between scaling of the loop momenta and of the propagators is indirect. In
particular, a combination of hard loop momenta, hard external momenta, and a hard mass can result
in a soft propagator. However, despite these advantages, the parametric representation has mostly
been used in formal considerations of the method of regions. In the examples treated in this paper,
it is unavoidable to use the parametric representations. Recently, it was proposed to use yet another
parametric representation to apply the method of regions [39]. For all representations mentioned
above, one has to follow Step 1 to 5 for practical calculation.

3 Toy Integral
ss:toy

We consider the integral

I =

∫ ∞

0

xε dx

(x+m)(x+M)
(3.1) toyi

in the limit m ! M . The factor xε imitates dimensional regularization. In this example, the direct
calculation is easy and the result reads

I =
logM − logm

M −m
+O(ε) . (3.2) toyres

The purpose of this section is to review the method of regions by applying it to the toy integral (3.1)
and reproducing Eq. (3.2).

We already declared the hierarchy m ! M , which corresponds to Step 1. In a physical calculation,
low-energy parameters such as m are called soft parameters and high-energy parameters such as M
are called hard parameters. We use this terminology throughout this paper.

In Step 2, we find two relevant scalings; x ∼ m and x ∼ M . We will derive these scalings in the
following subsections in three different ways, but let us for now assume that the scalings are correct
and proceed with the calculation to see how the method of regions works.

For Step 3, we obtain

I =

∫ ∞

0

xε dx

(x+m)

(
1

M
+

−x

M2
+

x2

M3
+ · · ·

)
+

∫ ∞

0

xε dx

(x+M)

(
1

x
+

−m

x2
+

m2

x3
+ · · ·

)
, (3.3) toy1

which consists of two parts, reflecting the fact that there are two relevant scalings for this integral.
We call the first part the soft contribution since the integrals are characterized by the soft parameter
m, and call the second part the hard contribution since the integrals are characterized by the hard
parameter M . Note that the domain of integration is unchanged. It is convenient to introduce an
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auxiliary soft-scaling parameter χ to control the expansion of each region in a systematic way. In this
case, the scalings of m, M are m ∼ χ, M ∼ 1, respectively, and the scaling of x varies: x ∼ χ in
the soft region and x ∼ 1 in the hard region. Instead of declaring the scaling like this, we substitute
m → χm,x → χx,M → M in the soft region and m → χm,x → x,M → M in the hard region, and
then expand in χ. At the end of calculation, we set χ = 1.

In Step 4, we obtain

I =
mε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n+ ε)Γ(−ε− n) +
M ε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n− ε)Γ(ε− n) (3.4) toy2

=

(
− 1

εM
− logm

M

) ∞∑

n=0

(m
M

)n
+

(
1

εM
+

logM

M

) ∞∑

n=0

(m
M

)n
+O(ε) . (3.5) toy25

Note that both the soft contribution and the hard contribution have poles in ε.
Finally, in Step 5, we obtain

I =
logM − logm

M

∞∑

n=0

(m
M

)n
+O(ε) , (3.6) toy3

which is identical to Eq. (3.2) when m < M . In this example, the poles in ε cancel after summing
the soft contribution and the hard contribution since the original integral is finite in the limit ε → 0.
Higher order terms in ε are not shown here for the sake of simplicity but it is straightforward to show
that they agree to an arbitrary order in ε. Although the agreement of Eq. (3.2) and Eq. (3.6) confirms
the correctness of the method, it might be unclear why the method gives the correct result. The
calculations done below Eq. (3.3) are mathematically rigorous, and the crucial point is actually how
to derive Eq.(3.3). In other words, the key is how to reveal the relevant regions in Step 2. To answer
these questions, we present three derivations in the following three subsections.

3.1 Proof by Beneke, Smirnov, Jantzen
ss:jantzen

Here we follow the derivation by Beneke [42], Smirnov [11] and Jantzen [38].
Due to the hierarchy m $ M , it is always possible to introduce a cutoff Λ which satisfies the

condition m < Λ < M . By dividing the interval of integration into
∫ Λ
0 and

∫∞
Λ , we can perform the

well-defined series expansion for each integrals:

I =

∫ Λ

0
dx

xε

(x+m)(x+M)
+

∫ ∞

Λ
dx

xε

(x+m)(x+M)
(3.7) toyder1-1

=
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0
dx
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(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
+

∫ ∞

Λ
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
. (3.8) toyder1-2

The first term is divided into two terms by using the relation
∫ Λ
0 =

∫∞
0 −

∫∞
Λ as

∫ Λ

0
dx
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)
(3.9) toyder1-3
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)
−
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dx
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(x+m)

( ∞∑
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(−x)n

Mn+1

)
(3.10) toyder1-4
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Method of regions: toy model

to apply the method [33]. For example, when we consider the one-loop box diagram, there are four
internal lines, thus there are four integration variables in the parametric representations whereas
the number of integration variables in the momentum representation is essentially one, which is not
sufficient to realize all of the relevant regions. In principle, it is possible to increase the effective
number of variables by decomposing ddp to dp+dp−dd−2p, or dp0dp1dp3dp4dd−4p, or dpdd−1Ω, and
so on, but then calculation becomes complicated. In the massive two-loop four-point diagrams, the
number of relevant regions can be more than ten, and it is hopeless to express all of them in a useful
way in the momentum representation. Another advantage of the parametric representations comes
from the fact that the relevant regions turn out to be related to the propagators but not to the loop
momenta. By construction, the Feynman parameters and the alpha parameters can be interpreted as
the inverse of the propagators, so the scaling of the propagators is inherited by these parameters. On
the other hand, the relation between scaling of the loop momenta and of the propagators is indirect. In
particular, a combination of hard loop momenta, hard external momenta, and a hard mass can result
in a soft propagator. However, despite these advantages, the parametric representation has mostly
been used in formal considerations of the method of regions. In the examples treated in this paper,
it is unavoidable to use the parametric representations. Recently, it was proposed to use yet another
parametric representation to apply the method of regions [39]. For all representations mentioned
above, one has to follow Step 1 to 5 for practical calculation.

3 Toy Integral
ss:toy

We consider the integral

I =

∫ ∞

0

xε dx

(x+m)(x+M)
(3.1) toyi

in the limit m ! M . The factor xε imitates dimensional regularization. In this example, the direct
calculation is easy and the result reads

I =
logM − logm

M −m
+O(ε) . (3.2) toyres

The purpose of this section is to review the method of regions by applying it to the toy integral (3.1)
and reproducing Eq. (3.2).

We already declared the hierarchy m ! M , which corresponds to Step 1. In a physical calculation,
low-energy parameters such as m are called soft parameters and high-energy parameters such as M
are called hard parameters. We use this terminology throughout this paper.

In Step 2, we find two relevant scalings; x ∼ m and x ∼ M . We will derive these scalings in the
following subsections in three different ways, but let us for now assume that the scalings are correct
and proceed with the calculation to see how the method of regions works.

For Step 3, we obtain

I =

∫ ∞

0

xε dx

(x+m)

(
1

M
+

−x

M2
+

x2

M3
+ · · ·

)
+

∫ ∞

0

xε dx

(x+M)

(
1

x
+

−m

x2
+

m2

x3
+ · · ·

)
, (3.3) toy1

which consists of two parts, reflecting the fact that there are two relevant scalings for this integral.
We call the first part the soft contribution since the integrals are characterized by the soft parameter
m, and call the second part the hard contribution since the integrals are characterized by the hard
parameter M . Note that the domain of integration is unchanged. It is convenient to introduce an
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auxiliary soft-scaling parameter χ to control the expansion of each region in a systematic way. In this
case, the scalings of m, M are m ∼ χ, M ∼ 1, respectively, and the scaling of x varies: x ∼ χ in
the soft region and x ∼ 1 in the hard region. Instead of declaring the scaling like this, we substitute
m → χm,x → χx,M → M in the soft region and m → χm,x → x,M → M in the hard region, and
then expand in χ. At the end of calculation, we set χ = 1.

In Step 4, we obtain

I =
mε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n+ ε)Γ(−ε− n) +
M ε

M

∞∑

n=0

(
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)n

Γ(1 + n− ε)Γ(ε− n) (3.4) toy2

=
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) ∞∑
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+

(
1
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+

logM
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) ∞∑
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)n
+O(ε) . (3.5) toy25

Note that both the soft contribution and the hard contribution have poles in ε.
Finally, in Step 5, we obtain

I =
logM − logm

M

∞∑

n=0

(m
M

)n
+O(ε) , (3.6) toy3

which is identical to Eq. (3.2) when m < M . In this example, the poles in ε cancel after summing
the soft contribution and the hard contribution since the original integral is finite in the limit ε → 0.
Higher order terms in ε are not shown here for the sake of simplicity but it is straightforward to show
that they agree to an arbitrary order in ε. Although the agreement of Eq. (3.2) and Eq. (3.6) confirms
the correctness of the method, it might be unclear why the method gives the correct result. The
calculations done below Eq. (3.3) are mathematically rigorous, and the crucial point is actually how
to derive Eq.(3.3). In other words, the key is how to reveal the relevant regions in Step 2. To answer
these questions, we present three derivations in the following three subsections.

3.1 Proof by Beneke, Smirnov, Jantzen
ss:jantzen

Here we follow the derivation by Beneke [42], Smirnov [11] and Jantzen [38].
Due to the hierarchy m $ M , it is always possible to introduce a cutoff Λ which satisfies the

condition m < Λ < M . By dividing the interval of integration into
∫ Λ
0 and

∫∞
Λ , we can perform the

well-defined series expansion for each integrals:

I =

∫ Λ

0
dx

xε

(x+m)(x+M)
+

∫ ∞

Λ
dx

xε

(x+m)(x+M)
(3.7) toyder1-1

=

∫ Λ

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
+

∫ ∞

Λ
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
. (3.8) toyder1-2

The first term is divided into two terms by using the relation
∫ Λ
0 =

∫∞
0 −

∫∞
Λ as

∫ Λ

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
(3.9) toyder1-3

=

∫ ∞

0
dx
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(x+m)

( ∞∑
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(−x)n
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)
−
∫ ∞
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dx
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( ∞∑

n=0
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)
(3.10) toyder1-4
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to apply the method [33]. For example, when we consider the one-loop box diagram, there are four
internal lines, thus there are four integration variables in the parametric representations whereas
the number of integration variables in the momentum representation is essentially one, which is not
sufficient to realize all of the relevant regions. In principle, it is possible to increase the effective
number of variables by decomposing ddp to dp+dp−dd−2p, or dp0dp1dp3dp4dd−4p, or dpdd−1Ω, and
so on, but then calculation becomes complicated. In the massive two-loop four-point diagrams, the
number of relevant regions can be more than ten, and it is hopeless to express all of them in a useful
way in the momentum representation. Another advantage of the parametric representations comes
from the fact that the relevant regions turn out to be related to the propagators but not to the loop
momenta. By construction, the Feynman parameters and the alpha parameters can be interpreted as
the inverse of the propagators, so the scaling of the propagators is inherited by these parameters. On
the other hand, the relation between scaling of the loop momenta and of the propagators is indirect. In
particular, a combination of hard loop momenta, hard external momenta, and a hard mass can result
in a soft propagator. However, despite these advantages, the parametric representation has mostly
been used in formal considerations of the method of regions. In the examples treated in this paper,
it is unavoidable to use the parametric representations. Recently, it was proposed to use yet another
parametric representation to apply the method of regions [39]. For all representations mentioned
above, one has to follow Step 1 to 5 for practical calculation.

3 Toy Integral
ss:toy

We consider the integral

I =

∫ ∞

0

xε dx

(x+m)(x+M)
(3.1) toyi

in the limit m ! M . The factor xε imitates dimensional regularization. In this example, the direct
calculation is easy and the result reads

I =
logM − logm

M −m
+O(ε) . (3.2) toyres

The purpose of this section is to review the method of regions by applying it to the toy integral (3.1)
and reproducing Eq. (3.2).

We already declared the hierarchy m ! M , which corresponds to Step 1. In a physical calculation,
low-energy parameters such as m are called soft parameters and high-energy parameters such as M
are called hard parameters. We use this terminology throughout this paper.

In Step 2, we find two relevant scalings; x ∼ m and x ∼ M . We will derive these scalings in the
following subsections in three different ways, but let us for now assume that the scalings are correct
and proceed with the calculation to see how the method of regions works.

For Step 3, we obtain

I =

∫ ∞

0

xε dx

(x+m)

(
1

M
+

−x

M2
+

x2

M3
+ · · ·

)
+

∫ ∞

0

xε dx

(x+M)

(
1

x
+

−m

x2
+

m2

x3
+ · · ·

)
, (3.3) toy1

which consists of two parts, reflecting the fact that there are two relevant scalings for this integral.
We call the first part the soft contribution since the integrals are characterized by the soft parameter
m, and call the second part the hard contribution since the integrals are characterized by the hard
parameter M . Note that the domain of integration is unchanged. It is convenient to introduce an

– 4 –

auxiliary soft-scaling parameter χ to control the expansion of each region in a systematic way. In this
case, the scalings of m, M are m ∼ χ, M ∼ 1, respectively, and the scaling of x varies: x ∼ χ in
the soft region and x ∼ 1 in the hard region. Instead of declaring the scaling like this, we substitute
m → χm,x → χx,M → M in the soft region and m → χm,x → x,M → M in the hard region, and
then expand in χ. At the end of calculation, we set χ = 1.

In Step 4, we obtain

I =
mε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n+ ε)Γ(−ε− n) +
M ε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n− ε)Γ(ε− n) (3.4) toy2

=

(
− 1

εM
− logm

M

) ∞∑

n=0

(m
M

)n
+

(
1

εM
+

logM

M

) ∞∑

n=0

(m
M

)n
+O(ε) . (3.5) toy25

Note that both the soft contribution and the hard contribution have poles in ε.
Finally, in Step 5, we obtain

I =
logM − logm

M

∞∑

n=0

(m
M

)n
+O(ε) , (3.6) toy3

which is identical to Eq. (3.2) when m < M . In this example, the poles in ε cancel after summing
the soft contribution and the hard contribution since the original integral is finite in the limit ε → 0.
Higher order terms in ε are not shown here for the sake of simplicity but it is straightforward to show
that they agree to an arbitrary order in ε. Although the agreement of Eq. (3.2) and Eq. (3.6) confirms
the correctness of the method, it might be unclear why the method gives the correct result. The
calculations done below Eq. (3.3) are mathematically rigorous, and the crucial point is actually how
to derive Eq.(3.3). In other words, the key is how to reveal the relevant regions in Step 2. To answer
these questions, we present three derivations in the following three subsections.

3.1 Proof by Beneke, Smirnov, Jantzen
ss:jantzen

Here we follow the derivation by Beneke [42], Smirnov [11] and Jantzen [38].
Due to the hierarchy m $ M , it is always possible to introduce a cutoff Λ which satisfies the

condition m < Λ < M . By dividing the interval of integration into
∫ Λ
0 and

∫∞
Λ , we can perform the

well-defined series expansion for each integrals:

I =

∫ Λ

0
dx

xε

(x+m)(x+M)
+

∫ ∞

Λ
dx

xε

(x+m)(x+M)
(3.7) toyder1-1

=

∫ Λ

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
+

∫ ∞

Λ
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
. (3.8) toyder1-2

The first term is divided into two terms by using the relation
∫ Λ
0 =

∫∞
0 −

∫∞
Λ as

∫ Λ

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
(3.9) toyder1-3

=

∫ ∞

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
−
∫ ∞

Λ
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
(3.10) toyder1-4
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=

∫ ∞

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
−
∫ ∞

Λ
dx xε

( ∞∑

n=0

(−m)n

xn+1

)( ∞∑

k=0

(−x)k

Mk+1

)
. (3.11) toyder1-5

In the last line, we further expand the integrand using the fact that x > m in the entire domain of
integration. A similar procedure can be performed for the second term of Eq. (3.8) and we obtain

∫ ∞

Λ
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
(3.12) toyder1-6

=

∫ ∞

0
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
−
∫ Λ

0
dx xε

( ∞∑

n=0

(−m)n

xn+1

)( ∞∑

k=0

(−x)k

Mk+1

)
. (3.13) toyder1-7

Substituting Eqs. (3.11), (3.13) into Eq. (3.8), we obtain

I =

∫ ∞

0
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
+

∫ ∞

0
dx
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( ∞∑
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Mn+1

)

−
∫ ∞

0
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( ∞∑
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(−m)n

xn+1

)( ∞∑
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(−x)k

Mk+1

)
. (3.14) toyder1-8

The last term is a sum of scaleless integrals, which we set to zero as declared in Step 4. Thus Eq. (3.3)
is derived.

It is interesting to investigate what will happen if we introduce another scaling, say x ∼ (m2/M),
in addition to the above two scalings. In this case, we need two cutoffs Λ1,Λ2 satisfying (m2/M) <
Λ1 < m < Λ2 < M in order to separate the interval of integration as

I =

∫ Λ1

0
dx

xε

(x+m)(x+M)
+

∫ Λ2

Λ1

dx
xε

(x+m)(x+M)
+

∫ ∞

Λ2

dx
xε

(x+m)(x+M)
. (3.15) toyder1-9

The first term can be expanded as

∫ Λ1

0
dx xε

( ∞∑

n=0

(−x)n

mk+1

)( ∞∑

n=0

(−x)n

Mk+1

)
. (3.16)

The integrand is already completely expanded, so the contributions from this region are scaleless
integrals, which have no effect on the final result.

The derivation shown here works only when the two expansions (in m/x and in x/M) commute.
Namely, the integrand of the second term of Eq. (3.11) and the integrand of the second term of
Eq. (3.13) should be the same. If they are different, we cannot combine them into one integral, and
we will arrive at a useless expression. However, there are many examples where the derivation here
fails although the method of regions works well. The generalization of Jantzen’s derivation to include
such cases is an open question.

3.2 Proof by Sumino
ss:sumino

Here we follow the derivation by Sumino [43].
The original integral is expressed in terms of a contour integral as

I = lim
R→∞

IR (3.17)
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auxiliary soft-scaling parameter χ to control the expansion of each region in a systematic way. In this
case, the scalings of m, M are m ∼ χ, M ∼ 1, respectively, and the scaling of x varies: x ∼ χ in
the soft region and x ∼ 1 in the hard region. Instead of declaring the scaling like this, we substitute
m → χm,x → χx,M → M in the soft region and m → χm,x → x,M → M in the hard region, and
then expand in χ. At the end of calculation, we set χ = 1.

In Step 4, we obtain

I =
mε
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n=0

(
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)n

Γ(1 + n+ ε)Γ(−ε− n) +
M ε
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∞∑
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Note that both the soft contribution and the hard contribution have poles in ε.
Finally, in Step 5, we obtain

I =
logM − logm

M

∞∑

n=0

(m
M

)n
+O(ε) , (3.6) toy3

which is identical to Eq. (3.2) when m < M . In this example, the poles in ε cancel after summing
the soft contribution and the hard contribution since the original integral is finite in the limit ε → 0.
Higher order terms in ε are not shown here for the sake of simplicity but it is straightforward to show
that they agree to an arbitrary order in ε. Although the agreement of Eq. (3.2) and Eq. (3.6) confirms
the correctness of the method, it might be unclear why the method gives the correct result. The
calculations done below Eq. (3.3) are mathematically rigorous, and the crucial point is actually how
to derive Eq.(3.3). In other words, the key is how to reveal the relevant regions in Step 2. To answer
these questions, we present three derivations in the following three subsections.

3.1 Proof by Beneke, Smirnov, Jantzen
ss:jantzen

Here we follow the derivation by Beneke [42], Smirnov [11] and Jantzen [38].
Due to the hierarchy m $ M , it is always possible to introduce a cutoff Λ which satisfies the

condition m < Λ < M . By dividing the interval of integration into
∫ Λ
0 and

∫∞
Λ , we can perform the

well-defined series expansion for each integrals:
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+
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=
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+
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)
. (3.8) toyder1-2

The first term is divided into two terms by using the relation
∫ Λ
0 =

∫∞
0 −

∫∞
Λ as
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to apply the method [33]. For example, when we consider the one-loop box diagram, there are four
internal lines, thus there are four integration variables in the parametric representations whereas
the number of integration variables in the momentum representation is essentially one, which is not
sufficient to realize all of the relevant regions. In principle, it is possible to increase the effective
number of variables by decomposing ddp to dp+dp−dd−2p, or dp0dp1dp3dp4dd−4p, or dpdd−1Ω, and
so on, but then calculation becomes complicated. In the massive two-loop four-point diagrams, the
number of relevant regions can be more than ten, and it is hopeless to express all of them in a useful
way in the momentum representation. Another advantage of the parametric representations comes
from the fact that the relevant regions turn out to be related to the propagators but not to the loop
momenta. By construction, the Feynman parameters and the alpha parameters can be interpreted as
the inverse of the propagators, so the scaling of the propagators is inherited by these parameters. On
the other hand, the relation between scaling of the loop momenta and of the propagators is indirect. In
particular, a combination of hard loop momenta, hard external momenta, and a hard mass can result
in a soft propagator. However, despite these advantages, the parametric representation has mostly
been used in formal considerations of the method of regions. In the examples treated in this paper,
it is unavoidable to use the parametric representations. Recently, it was proposed to use yet another
parametric representation to apply the method of regions [39]. For all representations mentioned
above, one has to follow Step 1 to 5 for practical calculation.

3 Toy Integral
ss:toy

We consider the integral

I =

∫ ∞

0

xε dx

(x+m)(x+M)
(3.1) toyi

in the limit m ! M . The factor xε imitates dimensional regularization. In this example, the direct
calculation is easy and the result reads

I =
logM − logm

M −m
+O(ε) . (3.2) toyres

The purpose of this section is to review the method of regions by applying it to the toy integral (3.1)
and reproducing Eq. (3.2).

We already declared the hierarchy m ! M , which corresponds to Step 1. In a physical calculation,
low-energy parameters such as m are called soft parameters and high-energy parameters such as M
are called hard parameters. We use this terminology throughout this paper.

In Step 2, we find two relevant scalings; x ∼ m and x ∼ M . We will derive these scalings in the
following subsections in three different ways, but let us for now assume that the scalings are correct
and proceed with the calculation to see how the method of regions works.

For Step 3, we obtain

I =

∫ ∞

0

xε dx

(x+m)

(
1

M
+

−x

M2
+

x2

M3
+ · · ·

)
+

∫ ∞

0

xε dx

(x+M)

(
1

x
+

−m

x2
+

m2

x3
+ · · ·

)
, (3.3) toy1

which consists of two parts, reflecting the fact that there are two relevant scalings for this integral.
We call the first part the soft contribution since the integrals are characterized by the soft parameter
m, and call the second part the hard contribution since the integrals are characterized by the hard
parameter M . Note that the domain of integration is unchanged. It is convenient to introduce an
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auxiliary soft-scaling parameter χ to control the expansion of each region in a systematic way. In this
case, the scalings of m, M are m ∼ χ, M ∼ 1, respectively, and the scaling of x varies: x ∼ χ in
the soft region and x ∼ 1 in the hard region. Instead of declaring the scaling like this, we substitute
m → χm,x → χx,M → M in the soft region and m → χm,x → x,M → M in the hard region, and
then expand in χ. At the end of calculation, we set χ = 1.

In Step 4, we obtain

I =
mε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n+ ε)Γ(−ε− n) +
M ε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n− ε)Γ(ε− n) (3.4) toy2

=

(
− 1

εM
− logm

M

) ∞∑

n=0

(m
M

)n
+

(
1

εM
+

logM

M

) ∞∑

n=0

(m
M

)n
+O(ε) . (3.5) toy25

Note that both the soft contribution and the hard contribution have poles in ε.
Finally, in Step 5, we obtain

I =
logM − logm

M

∞∑

n=0

(m
M

)n
+O(ε) , (3.6) toy3

which is identical to Eq. (3.2) when m < M . In this example, the poles in ε cancel after summing
the soft contribution and the hard contribution since the original integral is finite in the limit ε → 0.
Higher order terms in ε are not shown here for the sake of simplicity but it is straightforward to show
that they agree to an arbitrary order in ε. Although the agreement of Eq. (3.2) and Eq. (3.6) confirms
the correctness of the method, it might be unclear why the method gives the correct result. The
calculations done below Eq. (3.3) are mathematically rigorous, and the crucial point is actually how
to derive Eq.(3.3). In other words, the key is how to reveal the relevant regions in Step 2. To answer
these questions, we present three derivations in the following three subsections.

3.1 Proof by Beneke, Smirnov, Jantzen
ss:jantzen

Here we follow the derivation by Beneke [42], Smirnov [11] and Jantzen [38].
Due to the hierarchy m $ M , it is always possible to introduce a cutoff Λ which satisfies the

condition m < Λ < M . By dividing the interval of integration into
∫ Λ
0 and

∫∞
Λ , we can perform the

well-defined series expansion for each integrals:

I =

∫ Λ

0
dx

xε

(x+m)(x+M)
+

∫ ∞

Λ
dx

xε

(x+m)(x+M)
(3.7) toyder1-1

=

∫ Λ

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
+

∫ ∞

Λ
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
. (3.8) toyder1-2

The first term is divided into two terms by using the relation
∫ Λ
0 =

∫∞
0 −

∫∞
Λ as

∫ Λ

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
(3.9) toyder1-3

=

∫ ∞

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
−
∫ ∞

Λ
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
(3.10) toyder1-4
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=

∫ ∞

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
−
∫ ∞

Λ
dx xε

( ∞∑

n=0

(−m)n

xn+1

)( ∞∑

k=0

(−x)k

Mk+1

)
. (3.11) toyder1-5

In the last line, we further expand the integrand using the fact that x > m in the entire domain of
integration. A similar procedure can be performed for the second term of Eq. (3.8) and we obtain

∫ ∞

Λ
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
(3.12) toyder1-6

=

∫ ∞

0
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
−
∫ Λ

0
dx xε

( ∞∑

n=0

(−m)n

xn+1

)( ∞∑

k=0

(−x)k

Mk+1

)
. (3.13) toyder1-7

Substituting Eqs. (3.11), (3.13) into Eq. (3.8), we obtain

I =

∫ ∞

0
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
+

∫ ∞

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)

−
∫ ∞

0
dx xε

( ∞∑

n=0

(−m)n

xn+1

)( ∞∑

k=0

(−x)k

Mk+1

)
. (3.14) toyder1-8

The last term is a sum of scaleless integrals, which we set to zero as declared in Step 4. Thus Eq. (3.3)
is derived.

It is interesting to investigate what will happen if we introduce another scaling, say x ∼ (m2/M),
in addition to the above two scalings. In this case, we need two cutoffs Λ1,Λ2 satisfying (m2/M) <
Λ1 < m < Λ2 < M in order to separate the interval of integration as

I =

∫ Λ1

0
dx

xε

(x+m)(x+M)
+

∫ Λ2

Λ1

dx
xε

(x+m)(x+M)
+

∫ ∞

Λ2

dx
xε

(x+m)(x+M)
. (3.15) toyder1-9

The first term can be expanded as

∫ Λ1

0
dx xε

( ∞∑

n=0

(−x)n

mk+1

)( ∞∑

n=0

(−x)n

Mk+1

)
. (3.16)

The integrand is already completely expanded, so the contributions from this region are scaleless
integrals, which have no effect on the final result.

The derivation shown here works only when the two expansions (in m/x and in x/M) commute.
Namely, the integrand of the second term of Eq. (3.11) and the integrand of the second term of
Eq. (3.13) should be the same. If they are different, we cannot combine them into one integral, and
we will arrive at a useless expression. However, there are many examples where the derivation here
fails although the method of regions works well. The generalization of Jantzen’s derivation to include
such cases is an open question.

3.2 Proof by Sumino
ss:sumino

Here we follow the derivation by Sumino [43].
The original integral is expressed in terms of a contour integral as

I = lim
R→∞

IR (3.17)
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m ≪ M

m < Λ < M
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to apply the method [33]. For example, when we consider the one-loop box diagram, there are four
internal lines, thus there are four integration variables in the parametric representations whereas
the number of integration variables in the momentum representation is essentially one, which is not
sufficient to realize all of the relevant regions. In principle, it is possible to increase the effective
number of variables by decomposing ddp to dp+dp−dd−2p, or dp0dp1dp3dp4dd−4p, or dpdd−1Ω, and
so on, but then calculation becomes complicated. In the massive two-loop four-point diagrams, the
number of relevant regions can be more than ten, and it is hopeless to express all of them in a useful
way in the momentum representation. Another advantage of the parametric representations comes
from the fact that the relevant regions turn out to be related to the propagators but not to the loop
momenta. By construction, the Feynman parameters and the alpha parameters can be interpreted as
the inverse of the propagators, so the scaling of the propagators is inherited by these parameters. On
the other hand, the relation between scaling of the loop momenta and of the propagators is indirect. In
particular, a combination of hard loop momenta, hard external momenta, and a hard mass can result
in a soft propagator. However, despite these advantages, the parametric representation has mostly
been used in formal considerations of the method of regions. In the examples treated in this paper,
it is unavoidable to use the parametric representations. Recently, it was proposed to use yet another
parametric representation to apply the method of regions [39]. For all representations mentioned
above, one has to follow Step 1 to 5 for practical calculation.

3 Toy Integral
ss:toy

We consider the integral

I =

∫ ∞

0

xε dx

(x+m)(x+M)
(3.1) toyi

in the limit m ! M . The factor xε imitates dimensional regularization. In this example, the direct
calculation is easy and the result reads

I =
logM − logm

M −m
+O(ε) . (3.2) toyres

The purpose of this section is to review the method of regions by applying it to the toy integral (3.1)
and reproducing Eq. (3.2).

We already declared the hierarchy m ! M , which corresponds to Step 1. In a physical calculation,
low-energy parameters such as m are called soft parameters and high-energy parameters such as M
are called hard parameters. We use this terminology throughout this paper.

In Step 2, we find two relevant scalings; x ∼ m and x ∼ M . We will derive these scalings in the
following subsections in three different ways, but let us for now assume that the scalings are correct
and proceed with the calculation to see how the method of regions works.

For Step 3, we obtain

I =

∫ ∞

0

xε dx

(x+m)

(
1

M
+

−x

M2
+

x2

M3
+ · · ·

)
+

∫ ∞

0

xε dx

(x+M)

(
1

x
+

−m

x2
+

m2

x3
+ · · ·

)
, (3.3) toy1

which consists of two parts, reflecting the fact that there are two relevant scalings for this integral.
We call the first part the soft contribution since the integrals are characterized by the soft parameter
m, and call the second part the hard contribution since the integrals are characterized by the hard
parameter M . Note that the domain of integration is unchanged. It is convenient to introduce an
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=

∫ ∞

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
−
∫ ∞

Λ
dx xε

( ∞∑

n=0

(−m)n

xn+1

)( ∞∑

k=0

(−x)k

Mk+1

)
. (3.11) toyder1-5

In the last line, we further expand the integrand using the fact that x > m in the entire domain of
integration. A similar procedure can be performed for the second term of Eq. (3.8) and we obtain

∫ ∞

Λ
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
(3.12) toyder1-6

=

∫ ∞

0
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
−
∫ Λ

0
dx xε

( ∞∑

n=0

(−m)n

xn+1

)( ∞∑

k=0

(−x)k

Mk+1

)
. (3.13) toyder1-7

Substituting Eqs. (3.11), (3.13) into Eq. (3.8), we obtain

I =

∫ ∞

0
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
+

∫ ∞

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)

−
∫ ∞

0
dx xε

( ∞∑

n=0

(−m)n

xn+1

)( ∞∑

k=0

(−x)k

Mk+1

)
. (3.14) toyder1-8

The last term is a sum of scaleless integrals, which we set to zero as declared in Step 4. Thus Eq. (3.3)
is derived.

It is interesting to investigate what will happen if we introduce another scaling, say x ∼ (m2/M),
in addition to the above two scalings. In this case, we need two cutoffs Λ1,Λ2 satisfying (m2/M) <
Λ1 < m < Λ2 < M in order to separate the interval of integration as

I =

∫ Λ1

0
dx

xε

(x+m)(x+M)
+

∫ Λ2

Λ1

dx
xε

(x+m)(x+M)
+

∫ ∞

Λ2

dx
xε

(x+m)(x+M)
. (3.15) toyder1-9

The first term can be expanded as

∫ Λ1

0
dx xε

( ∞∑

n=0

(−x)n

mk+1

)( ∞∑

n=0

(−x)n

Mk+1

)
. (3.16)

The integrand is already completely expanded, so the contributions from this region are scaleless
integrals, which have no effect on the final result.

The derivation shown here works only when the two expansions (in m/x and in x/M) commute.
Namely, the integrand of the second term of Eq. (3.11) and the integrand of the second term of
Eq. (3.13) should be the same. If they are different, we cannot combine them into one integral, and
we will arrive at a useless expression. However, there are many examples where the derivation here
fails although the method of regions works well. The generalization of Jantzen’s derivation to include
such cases is an open question.

3.2 Proof by Sumino
ss:sumino

Here we follow the derivation by Sumino [43].
The original integral is expressed in terms of a contour integral as

I = lim
R→∞

IR (3.17)
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auxiliary soft-scaling parameter χ to control the expansion of each region in a systematic way. In this
case, the scalings of m, M are m ∼ χ, M ∼ 1, respectively, and the scaling of x varies: x ∼ χ in
the soft region and x ∼ 1 in the hard region. Instead of declaring the scaling like this, we substitute
m → χm,x → χx,M → M in the soft region and m → χm,x → x,M → M in the hard region, and
then expand in χ. At the end of calculation, we set χ = 1.

In Step 4, we obtain

I =
mε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n+ ε)Γ(−ε− n) +
M ε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n− ε)Γ(ε− n) (3.4) toy2

=

(
− 1

εM
− logm

M

) ∞∑

n=0

(m
M

)n
+

(
1

εM
+

logM

M

) ∞∑

n=0

(m
M

)n
+O(ε) . (3.5) toy25

Note that both the soft contribution and the hard contribution have poles in ε.
Finally, in Step 5, we obtain

I =
logM − logm

M

∞∑

n=0

(m
M

)n
+O(ε) , (3.6) toy3

which is identical to Eq. (3.2) when m < M . In this example, the poles in ε cancel after summing
the soft contribution and the hard contribution since the original integral is finite in the limit ε → 0.
Higher order terms in ε are not shown here for the sake of simplicity but it is straightforward to show
that they agree to an arbitrary order in ε. Although the agreement of Eq. (3.2) and Eq. (3.6) confirms
the correctness of the method, it might be unclear why the method gives the correct result. The
calculations done below Eq. (3.3) are mathematically rigorous, and the crucial point is actually how
to derive Eq.(3.3). In other words, the key is how to reveal the relevant regions in Step 2. To answer
these questions, we present three derivations in the following three subsections.

3.1 Proof by Beneke, Smirnov, Jantzen
ss:jantzen

Here we follow the derivation by Beneke [42], Smirnov [11] and Jantzen [38].
Due to the hierarchy m $ M , it is always possible to introduce a cutoff Λ which satisfies the

condition m < Λ < M . By dividing the interval of integration into
∫ Λ
0 and

∫∞
Λ , we can perform the

well-defined series expansion for each integrals:

I =

∫ Λ

0
dx

xε

(x+m)(x+M)
+

∫ ∞

Λ
dx

xε

(x+m)(x+M)
(3.7) toyder1-1

=

∫ Λ

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
+

∫ ∞

Λ
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
. (3.8) toyder1-2

The first term is divided into two terms by using the relation
∫ Λ
0 =

∫∞
0 −

∫∞
Λ as

∫ Λ

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
(3.9) toyder1-3

=

∫ ∞

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
−
∫ ∞

Λ
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
(3.10) toyder1-4
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to apply the method [33]. For example, when we consider the one-loop box diagram, there are four
internal lines, thus there are four integration variables in the parametric representations whereas
the number of integration variables in the momentum representation is essentially one, which is not
sufficient to realize all of the relevant regions. In principle, it is possible to increase the effective
number of variables by decomposing ddp to dp+dp−dd−2p, or dp0dp1dp3dp4dd−4p, or dpdd−1Ω, and
so on, but then calculation becomes complicated. In the massive two-loop four-point diagrams, the
number of relevant regions can be more than ten, and it is hopeless to express all of them in a useful
way in the momentum representation. Another advantage of the parametric representations comes
from the fact that the relevant regions turn out to be related to the propagators but not to the loop
momenta. By construction, the Feynman parameters and the alpha parameters can be interpreted as
the inverse of the propagators, so the scaling of the propagators is inherited by these parameters. On
the other hand, the relation between scaling of the loop momenta and of the propagators is indirect. In
particular, a combination of hard loop momenta, hard external momenta, and a hard mass can result
in a soft propagator. However, despite these advantages, the parametric representation has mostly
been used in formal considerations of the method of regions. In the examples treated in this paper,
it is unavoidable to use the parametric representations. Recently, it was proposed to use yet another
parametric representation to apply the method of regions [39]. For all representations mentioned
above, one has to follow Step 1 to 5 for practical calculation.

3 Toy Integral
ss:toy

We consider the integral

I =

∫ ∞

0

xε dx

(x+m)(x+M)
(3.1) toyi

in the limit m ! M . The factor xε imitates dimensional regularization. In this example, the direct
calculation is easy and the result reads

I =
logM − logm

M −m
+O(ε) . (3.2) toyres

The purpose of this section is to review the method of regions by applying it to the toy integral (3.1)
and reproducing Eq. (3.2).

We already declared the hierarchy m ! M , which corresponds to Step 1. In a physical calculation,
low-energy parameters such as m are called soft parameters and high-energy parameters such as M
are called hard parameters. We use this terminology throughout this paper.

In Step 2, we find two relevant scalings; x ∼ m and x ∼ M . We will derive these scalings in the
following subsections in three different ways, but let us for now assume that the scalings are correct
and proceed with the calculation to see how the method of regions works.

For Step 3, we obtain

I =

∫ ∞

0

xε dx

(x+m)

(
1

M
+

−x

M2
+

x2

M3
+ · · ·

)
+

∫ ∞

0

xε dx

(x+M)

(
1

x
+

−m

x2
+

m2

x3
+ · · ·

)
, (3.3) toy1

which consists of two parts, reflecting the fact that there are two relevant scalings for this integral.
We call the first part the soft contribution since the integrals are characterized by the soft parameter
m, and call the second part the hard contribution since the integrals are characterized by the hard
parameter M . Note that the domain of integration is unchanged. It is convenient to introduce an

– 4 –
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to apply the method [33]. For example, when we consider the one-loop box diagram, there are four
internal lines, thus there are four integration variables in the parametric representations whereas
the number of integration variables in the momentum representation is essentially one, which is not
sufficient to realize all of the relevant regions. In principle, it is possible to increase the effective
number of variables by decomposing ddp to dp+dp−dd−2p, or dp0dp1dp3dp4dd−4p, or dpdd−1Ω, and
so on, but then calculation becomes complicated. In the massive two-loop four-point diagrams, the
number of relevant regions can be more than ten, and it is hopeless to express all of them in a useful
way in the momentum representation. Another advantage of the parametric representations comes
from the fact that the relevant regions turn out to be related to the propagators but not to the loop
momenta. By construction, the Feynman parameters and the alpha parameters can be interpreted as
the inverse of the propagators, so the scaling of the propagators is inherited by these parameters. On
the other hand, the relation between scaling of the loop momenta and of the propagators is indirect. In
particular, a combination of hard loop momenta, hard external momenta, and a hard mass can result
in a soft propagator. However, despite these advantages, the parametric representation has mostly
been used in formal considerations of the method of regions. In the examples treated in this paper,
it is unavoidable to use the parametric representations. Recently, it was proposed to use yet another
parametric representation to apply the method of regions [39]. For all representations mentioned
above, one has to follow Step 1 to 5 for practical calculation.

3 Toy Integral
ss:toy

We consider the integral

I =

∫ ∞

0

xε dx

(x+m)(x+M)
(3.1) toyi

in the limit m ! M . The factor xε imitates dimensional regularization. In this example, the direct
calculation is easy and the result reads

I =
logM − logm

M −m
+O(ε) . (3.2) toyres

The purpose of this section is to review the method of regions by applying it to the toy integral (3.1)
and reproducing Eq. (3.2).

We already declared the hierarchy m ! M , which corresponds to Step 1. In a physical calculation,
low-energy parameters such as m are called soft parameters and high-energy parameters such as M
are called hard parameters. We use this terminology throughout this paper.

In Step 2, we find two relevant scalings; x ∼ m and x ∼ M . We will derive these scalings in the
following subsections in three different ways, but let us for now assume that the scalings are correct
and proceed with the calculation to see how the method of regions works.

For Step 3, we obtain

I =

∫ ∞

0

xε dx

(x+m)

(
1

M
+

−x

M2
+

x2

M3
+ · · ·

)
+

∫ ∞

0

xε dx

(x+M)

(
1

x
+

−m

x2
+

m2

x3
+ · · ·

)
, (3.3) toy1

which consists of two parts, reflecting the fact that there are two relevant scalings for this integral.
We call the first part the soft contribution since the integrals are characterized by the soft parameter
m, and call the second part the hard contribution since the integrals are characterized by the hard
parameter M . Note that the domain of integration is unchanged. It is convenient to introduce an
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=

∫ ∞

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
−
∫ ∞

Λ
dx xε

( ∞∑

n=0

(−m)n

xn+1

)( ∞∑

k=0

(−x)k

Mk+1

)
. (3.11) toyder1-5

In the last line, we further expand the integrand using the fact that x > m in the entire domain of
integration. A similar procedure can be performed for the second term of Eq. (3.8) and we obtain

∫ ∞

Λ
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
(3.12) toyder1-6

=

∫ ∞

0
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
−
∫ Λ

0
dx xε

( ∞∑

n=0

(−m)n

xn+1

)( ∞∑

k=0

(−x)k

Mk+1

)
. (3.13) toyder1-7

Substituting Eqs. (3.11), (3.13) into Eq. (3.8), we obtain

I =

∫ ∞

0
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
+

∫ ∞

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)

−
∫ ∞

0
dx xε

( ∞∑

n=0

(−m)n

xn+1

)( ∞∑

k=0

(−x)k

Mk+1

)
. (3.14) toyder1-8

The last term is a sum of scaleless integrals, which we set to zero as declared in Step 4. Thus Eq. (3.3)
is derived.

It is interesting to investigate what will happen if we introduce another scaling, say x ∼ (m2/M),
in addition to the above two scalings. In this case, we need two cutoffs Λ1,Λ2 satisfying (m2/M) <
Λ1 < m < Λ2 < M in order to separate the interval of integration as

I =

∫ Λ1

0
dx

xε

(x+m)(x+M)
+

∫ Λ2

Λ1

dx
xε

(x+m)(x+M)
+

∫ ∞

Λ2

dx
xε

(x+m)(x+M)
. (3.15) toyder1-9

The first term can be expanded as

∫ Λ1

0
dx xε

( ∞∑

n=0

(−x)n

mk+1

)( ∞∑

n=0

(−x)n

Mk+1

)
. (3.16)

The integrand is already completely expanded, so the contributions from this region are scaleless
integrals, which have no effect on the final result.

The derivation shown here works only when the two expansions (in m/x and in x/M) commute.
Namely, the integrand of the second term of Eq. (3.11) and the integrand of the second term of
Eq. (3.13) should be the same. If they are different, we cannot combine them into one integral, and
we will arrive at a useless expression. However, there are many examples where the derivation here
fails although the method of regions works well. The generalization of Jantzen’s derivation to include
such cases is an open question.

3.2 Proof by Sumino
ss:sumino

Here we follow the derivation by Sumino [43].
The original integral is expressed in terms of a contour integral as

I = lim
R→∞

IR (3.17)

– 6 –

auxiliary soft-scaling parameter χ to control the expansion of each region in a systematic way. In this
case, the scalings of m, M are m ∼ χ, M ∼ 1, respectively, and the scaling of x varies: x ∼ χ in
the soft region and x ∼ 1 in the hard region. Instead of declaring the scaling like this, we substitute
m → χm,x → χx,M → M in the soft region and m → χm,x → x,M → M in the hard region, and
then expand in χ. At the end of calculation, we set χ = 1.

In Step 4, we obtain

I =
mε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n+ ε)Γ(−ε− n) +
M ε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n− ε)Γ(ε− n) (3.4) toy2

=

(
− 1

εM
− logm

M

) ∞∑

n=0

(m
M

)n
+

(
1

εM
+

logM

M

) ∞∑

n=0

(m
M

)n
+O(ε) . (3.5) toy25

Note that both the soft contribution and the hard contribution have poles in ε.
Finally, in Step 5, we obtain

I =
logM − logm

M

∞∑

n=0

(m
M

)n
+O(ε) , (3.6) toy3

which is identical to Eq. (3.2) when m < M . In this example, the poles in ε cancel after summing
the soft contribution and the hard contribution since the original integral is finite in the limit ε → 0.
Higher order terms in ε are not shown here for the sake of simplicity but it is straightforward to show
that they agree to an arbitrary order in ε. Although the agreement of Eq. (3.2) and Eq. (3.6) confirms
the correctness of the method, it might be unclear why the method gives the correct result. The
calculations done below Eq. (3.3) are mathematically rigorous, and the crucial point is actually how
to derive Eq.(3.3). In other words, the key is how to reveal the relevant regions in Step 2. To answer
these questions, we present three derivations in the following three subsections.

3.1 Proof by Beneke, Smirnov, Jantzen
ss:jantzen

Here we follow the derivation by Beneke [42], Smirnov [11] and Jantzen [38].
Due to the hierarchy m $ M , it is always possible to introduce a cutoff Λ which satisfies the

condition m < Λ < M . By dividing the interval of integration into
∫ Λ
0 and

∫∞
Λ , we can perform the

well-defined series expansion for each integrals:

I =

∫ Λ

0
dx

xε

(x+m)(x+M)
+

∫ ∞

Λ
dx

xε

(x+m)(x+M)
(3.7) toyder1-1

=

∫ Λ

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
+

∫ ∞

Λ
dx

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)
. (3.8) toyder1-2

The first term is divided into two terms by using the relation
∫ Λ
0 =

∫∞
0 −

∫∞
Λ as

∫ Λ

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
(3.9) toyder1-3

=

∫ ∞

0
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
−
∫ ∞

Λ
dx

xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
(3.10) toyder1-4
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to apply the method [33]. For example, when we consider the one-loop box diagram, there are four
internal lines, thus there are four integration variables in the parametric representations whereas
the number of integration variables in the momentum representation is essentially one, which is not
sufficient to realize all of the relevant regions. In principle, it is possible to increase the effective
number of variables by decomposing ddp to dp+dp−dd−2p, or dp0dp1dp3dp4dd−4p, or dpdd−1Ω, and
so on, but then calculation becomes complicated. In the massive two-loop four-point diagrams, the
number of relevant regions can be more than ten, and it is hopeless to express all of them in a useful
way in the momentum representation. Another advantage of the parametric representations comes
from the fact that the relevant regions turn out to be related to the propagators but not to the loop
momenta. By construction, the Feynman parameters and the alpha parameters can be interpreted as
the inverse of the propagators, so the scaling of the propagators is inherited by these parameters. On
the other hand, the relation between scaling of the loop momenta and of the propagators is indirect. In
particular, a combination of hard loop momenta, hard external momenta, and a hard mass can result
in a soft propagator. However, despite these advantages, the parametric representation has mostly
been used in formal considerations of the method of regions. In the examples treated in this paper,
it is unavoidable to use the parametric representations. Recently, it was proposed to use yet another
parametric representation to apply the method of regions [39]. For all representations mentioned
above, one has to follow Step 1 to 5 for practical calculation.

3 Toy Integral
ss:toy

We consider the integral

I =

∫ ∞

0

xε dx

(x+m)(x+M)
(3.1) toyi

in the limit m ! M . The factor xε imitates dimensional regularization. In this example, the direct
calculation is easy and the result reads

I =
logM − logm

M −m
+O(ε) . (3.2) toyres

The purpose of this section is to review the method of regions by applying it to the toy integral (3.1)
and reproducing Eq. (3.2).

We already declared the hierarchy m ! M , which corresponds to Step 1. In a physical calculation,
low-energy parameters such as m are called soft parameters and high-energy parameters such as M
are called hard parameters. We use this terminology throughout this paper.

In Step 2, we find two relevant scalings; x ∼ m and x ∼ M . We will derive these scalings in the
following subsections in three different ways, but let us for now assume that the scalings are correct
and proceed with the calculation to see how the method of regions works.

For Step 3, we obtain

I =

∫ ∞

0

xε dx

(x+m)

(
1

M
+

−x

M2
+

x2

M3
+ · · ·

)
+

∫ ∞

0

xε dx

(x+M)

(
1

x
+

−m

x2
+

m2

x3
+ · · ·

)
, (3.3) toy1

which consists of two parts, reflecting the fact that there are two relevant scalings for this integral.
We call the first part the soft contribution since the integrals are characterized by the soft parameter
m, and call the second part the hard contribution since the integrals are characterized by the hard
parameter M . Note that the domain of integration is unchanged. It is convenient to introduce an
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to apply the method [33]. For example, when we consider the one-loop box diagram, there are four
internal lines, thus there are four integration variables in the parametric representations whereas
the number of integration variables in the momentum representation is essentially one, which is not
sufficient to realize all of the relevant regions. In principle, it is possible to increase the effective
number of variables by decomposing ddp to dp+dp−dd−2p, or dp0dp1dp3dp4dd−4p, or dpdd−1Ω, and
so on, but then calculation becomes complicated. In the massive two-loop four-point diagrams, the
number of relevant regions can be more than ten, and it is hopeless to express all of them in a useful
way in the momentum representation. Another advantage of the parametric representations comes
from the fact that the relevant regions turn out to be related to the propagators but not to the loop
momenta. By construction, the Feynman parameters and the alpha parameters can be interpreted as
the inverse of the propagators, so the scaling of the propagators is inherited by these parameters. On
the other hand, the relation between scaling of the loop momenta and of the propagators is indirect. In
particular, a combination of hard loop momenta, hard external momenta, and a hard mass can result
in a soft propagator. However, despite these advantages, the parametric representation has mostly
been used in formal considerations of the method of regions. In the examples treated in this paper,
it is unavoidable to use the parametric representations. Recently, it was proposed to use yet another
parametric representation to apply the method of regions [39]. For all representations mentioned
above, one has to follow Step 1 to 5 for practical calculation.

3 Toy Integral
ss:toy

We consider the integral

I =

∫ ∞

0

xε dx

(x+m)(x+M)
(3.1) toyi

in the limit m ! M . The factor xε imitates dimensional regularization. In this example, the direct
calculation is easy and the result reads

I =
logM − logm

M −m
+O(ε) . (3.2) toyres

The purpose of this section is to review the method of regions by applying it to the toy integral (3.1)
and reproducing Eq. (3.2).

We already declared the hierarchy m ! M , which corresponds to Step 1. In a physical calculation,
low-energy parameters such as m are called soft parameters and high-energy parameters such as M
are called hard parameters. We use this terminology throughout this paper.

In Step 2, we find two relevant scalings; x ∼ m and x ∼ M . We will derive these scalings in the
following subsections in three different ways, but let us for now assume that the scalings are correct
and proceed with the calculation to see how the method of regions works.

For Step 3, we obtain

I =

∫ ∞

0

xε dx

(x+m)

(
1

M
+

−x

M2
+

x2

M3
+ · · ·

)
+

∫ ∞

0

xε dx

(x+M)

(
1

x
+

−m

x2
+

m2

x3
+ · · ·

)
, (3.3) toy1

which consists of two parts, reflecting the fact that there are two relevant scalings for this integral.
We call the first part the soft contribution since the integrals are characterized by the soft parameter
m, and call the second part the hard contribution since the integrals are characterized by the hard
parameter M . Note that the domain of integration is unchanged. It is convenient to introduce an
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The concept of dividing the domain of integration variables into several regions and expanding
the integrand according to hierarchies in each region was introduced by Beneke and Smirnov [33]. The
method is now called “expansion by regions” or “strategy of regions,” and in this paper we call it the
method of regions.

A mathematical proof of the method of regions for a general integral is not yet known although
many successful applications have been reported. In fact, the author of the most up-to-date textbook
on this topic says in his book [34]

The strategy of expansion by regions still has the status of experimental mathematics.

In the cases of off-shell large-momentum expansion and large-mass expansion, a mathematical proof
based on a graph-theoretical language is known and it is called as “expansion by subgraphs” [11, 35].
The procedure of expansion by subgraphs is implemented and can be performed in an automatic
way [36, 37]. The large-mt expansion mentioned above belongs to this category. A new proof of the
method of regions was proposed by Jantzen [38] but its application is limited. The purpose of this paper
is to show non-trivial examples where the method of regions works well, and our calculation shows the
first application of the method to the high energy expansion of non-planar four-point integrals.

The remainder of the paper is organized as follows: in Section 2, we briefly summarize the method
of regions. In Section 3, we apply the method of regions to a simple toy integral. In this model, it is
possible to provide a mathematical proof, and we show two different proofs to see how the method of
regions can be justified. In Section 4 we introduce conventions, ideas, and techniques, which will be
used in the following sections. In Section 5, 6 and 7, we apply the method of regions to the one-loop
box diagram, the two-loop planar massive diagrams, and the two-loop non-planar massive diagrams,
respectively. In Section 8, we compare the high energy expansion and the large-mt expansion and
discuss what makes the high-energy expansion difficult.

2 General Idea of the Method of Regions
ss:gene

The procedure of the method of regions is the following [11, 33, 34, 38, 39]:

Step 1. Assign a hierarchy to the dimensionful parameters.

Step 2. Reveal the relevant scaling of the integration variable.

Step 3. For each region, expand the integrand according to its scaling.

Step 4. Integrate. Scaleless integrals like
∫∞
0 dx xa are set to zero.

Step 5. Sum over the contributions from all the relevant regions.

The Step 2 is the crucial part of the method of regions, and an algorithm to reveal such scalings for
a general integral is established based on the analysis of the convex hull [40, 41]. One can use the
algorithm, implimented in the package asy2.1.m [41]. Although it is not proved that the algorithm
works correctly for all cases, no counterexample is known so far. The practical bottleneck is Step 4,
since the integration tends to be complicated even after the expansion if the original integral is very
complicated. This is one of the reasons why testing the method of regions is difficult.

The method of regions was first applied to the momentum representation of the Feynman integrals,
so the “regions” mean some domains of the loop momenta. Later, it was found that parametric
representations such as the Feynman representation and the alpha representation are more convenient
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to apply the method [33]. For example, when we consider the one-loop box diagram, there are four
internal lines, thus there are four integration variables in the parametric representations whereas
the number of integration variables in the momentum representation is essentially one, which is not
sufficient to realize all of the relevant regions. In principle, it is possible to increase the effective
number of variables by decomposing ddp to dp+dp−dd−2p, or dp0dp1dp3dp4dd−4p, or dpdd−1Ω, and
so on, but then calculation becomes complicated. In the massive two-loop four-point diagrams, the
number of relevant regions can be more than ten, and it is hopeless to express all of them in a useful
way in the momentum representation. Another advantage of the parametric representations comes
from the fact that the relevant regions turn out to be related to the propagators but not to the loop
momenta. By construction, the Feynman parameters and the alpha parameters can be interpreted as
the inverse of the propagators, so the scaling of the propagators is inherited by these parameters. On
the other hand, the relation between scaling of the loop momenta and of the propagators is indirect. In
particular, a combination of hard loop momenta, hard external momenta, and a hard mass can result
in a soft propagator. However, despite these advantages, the parametric representation has mostly
been used in formal considerations of the method of regions. In the examples treated in this paper,
it is unavoidable to use the parametric representations. Recently, it was proposed to use yet another
parametric representation to apply the method of regions [39]. For all representations mentioned
above, one has to follow Step 1 to 5 for practical calculation.

3 Toy Integral
ss:toy

We consider the integral

I =

∫ ∞

0

xε dx

(x+m)(x+M)
(3.1) toyi

in the limit m ! M . The factor xε imitates dimensional regularization. In this example, the direct
calculation is easy and the result reads

I =
logM − logm

M −m
+O(ε) . (3.2) toyres

The purpose of this section is to review the method of regions by applying it to the toy integral (3.1)
and reproducing Eq. (3.2).

We already declared the hierarchy m ! M , which corresponds to Step 1. In a physical calculation,
low-energy parameters such as m are called soft parameters and high-energy parameters such as M
are called hard parameters. We use this terminology throughout this paper.

In Step 2, we find two relevant scalings; x ∼ m and x ∼ M . We will derive these scalings in the
following subsections in three different ways, but let us for now assume that the scalings are correct
and proceed with the calculation to see how the method of regions works.

For Step 3, we obtain

I =

∫ ∞

0

xε dx

(x+m)

(
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+
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M3
+ · · ·

)
+
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xε dx
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+
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)
, (3.3) toy1

which consists of two parts, reflecting the fact that there are two relevant scalings for this integral.
We call the first part the soft contribution since the integrals are characterized by the soft parameter
m, and call the second part the hard contribution since the integrals are characterized by the hard
parameter M . Note that the domain of integration is unchanged. It is convenient to introduce an
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IR =

∫ R

0
dx

xε

(x+m)(x+M)
(3.18)

=
1

1− e2πiε

∫

C
dx

xε

(x+m)(x+M)
−
∫

C̄
dx

xε

(x+m)(x+M)
, (3.19) toyder2-1

where the contours C, C̄ are shown in Fig. 1. We choose the branch cut of xε to lie on the positive real
axis. Note that the contribution from the contour C̄ vanishes in the limit of R → ∞. Using Cauchy’s
theorem, the contribution from the contour C is expressed as the sum of the residues at x = −m and
x = −M :

∫

C

xε dx

(x+m)(x+M)
= Res

[
xε

(x+m)(x+M)

]

x=−m

+Res

[
xε

(x+m)(x+M)

]

x=−M

. (3.20) toyder2-2

On the contribution from the residue at x = −m, we can perform the well-defined series expansion in
terms of m/M . Then, we bring the residues back to the contour integral expression as

Res

[
xε

(x+m)(x+M)

]

x=−m

= Res

[
xε

(x+m)

∞∑

n=0

(−x)n

Mn+1

]

x=−m

(3.21) toyder2-3

=

∫

C

xε dx

(x+m)

∞∑

n=0

(−x)n

Mn+1
. (3.22) toyder2-4

The integrand of Eq. (3.22) has a pole at x = −m only, reflecting the fact that the contribution was
originally the residue at x = −m.

A similar procedure can be done for the residue at x = −M and Eq. (3.19) is expressed as

IR =
1

1− e2πiε

∫

C

[
xε dx

(x+m)

∞∑

n=0

(−x)n

Mn+1
+

xε dx

(x+M)

∞∑

n=0

(−m)n

xn+1

]
−
∫

R

xε dx

(x+m)(x+M)
(3.23) toyder2-5

=

∫ R

0
dx

[
xε

(x+m)

( ∞∑

n=0

(−x)n

Mn+1

)
+

xε

(x+M)

( ∞∑

n=0

(−m)n

xn+1

)]
. (3.24) toyder2-6

By taking the limit R → ∞, we reproduce Eq. (3.3).
In this derivation, the relevant scalings are detected from the poles of the integrand and each

region contributes nontrivially. Therefore, by construction, scaleless integrals do not appear. The
regularization parameter ε is necessary to convert the integral into the residue expression.

3.3 Geometric Approach to Reveal the Relevant Regions
ss:geo

Here we follow the method discovered by Pak and Smirnov [40]. Unlike the previous two derivations,
this method just reveals the relevant regions, and does not prove the correctness of the method of
regions itself. Nevertheless this method, and the program implementing it, asy2.1.m, is practically
the most useful to apply the method of regions to Feynman integrals.

We introduce the alpha-representation-like expression for the integral of Eq. (3.1)

I =

∫ ∞

0
dx xε

∫ ∞

0
dα1e

−α1(x+m)

∫ ∞

0
dα2e

−α2(x+M)

= Γ(1 + ε)

∫ ∞

0
dα1

∫ ∞

0
dα2 (α1 + α2)

−1−εe−mα1−Mα2 , (3.25) geo1
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Figure 1. (a) the integration contour C of Eq. (3.19). (b) the integration contour C̄ of Eq. (3.19). fig:contour2

and the corresponding Symanzik-like polynomials are

Ũ = α1 + α2 (3.26) geo2

F̃ = (mα1 +Mα2)(α1 + α2) . (3.27) geo3

The product of Ũ and F̃ results in six terms

ŨF̃ = mα3
1 +mα2

1α2 +mα1α
2
2 +Mα2

1α2 +Mα1α
2
2 +Mα3

2 , (3.28) geo4

and we interpret them as six points in a three-dimensional space1 (r0, r1, r2), where r0 is the exponent
of m, the soft parameter, and ri=1,2 is the exponent of αi=1,2. We call the set of the points {ŨF̃} and a
graphical representation is illustrated in Fig. 2. Due to the homogeneity of Ũ and F̃ , {ŨF̃} is confined
in a two-dimensional plane. When a certain scaling is assigned to (α1,α2), each point has its scaling
characterized by ri. After the expansion, the two-dimensional plane is squashed into one-dimension.
More precisely, the edge of “bottom” side plays the role of the leading order contribution and the points
“above” the edge are expanded. If the edge reduces to a point, which is a zero-dimensional object,2

the corresponding scaling results in scaleless integrals and thus does not contribute. In this example
there are two bottom edges, and we can deduce two relevant scalings from these edges. For example,
let us consider the edge between the points (1,3,0) and (0,2,1), and denote the scaling corresponding
to this edge as α1 ∼ χw1 ,α2 ∼ χw2 . Since the two points have the same scaling in χ, we obtain a
relation 1 + 3w1 = 2w1 + w2, and one possible solution is w1 = 0, w2 = 1. In the same way, the edge
between (0,2,1), (0,1,2), (0,0,3) gives w1 = 0, w2 = 0 as a candidate of the scaling.

The contribution from the scaling w1 = 0, w2 = 1 is

I(0,1) =

∫ ∞

0
dα1

∫ ∞

0
dα2

∞∑

n=0

Γ(1 + ε+ n)

n!

(−α2)n

(α1)1+ε+n
e−mα1−Mα2

=
mε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n+ ε)Γ(−ε− n) , (3.29)

1 In general, (n+ 1)-dimensional space where n is the number of alpha parameters.
2 In general, (n− 2)-dimensional hyperplane where n is the number of alpha parameters.
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the corresponding scaling results in scaleless integrals and thus does not contribute. In this example
there are two bottom edges, and we can deduce two relevant scalings from these edges. For example,
let us consider the edge between the points (1,3,0) and (0,2,1), and denote the scaling corresponding
to this edge as α1 ∼ χw1 ,α2 ∼ χw2 . Since the two points have the same scaling in χ, we obtain a
relation 1 + 3w1 = 2w1 + w2, and one possible solution is w1 = 0, w2 = 1. In the same way, the edge
between (0,2,1), (0,1,2), (0,0,3) gives w1 = 0, w2 = 0 as a candidate of the scaling.

The contribution from the scaling w1 = 0, w2 = 1 is
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=
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The product of Ũ and F̃ results in six terms
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and we interpret them as six points in a three-dimensional space1 (r0, r1, r2), where r0 is the exponent
of m, the soft parameter, and ri=1,2 is the exponent of αi=1,2. We call the set of the points {ŨF̃} and a
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characterized by ri. After the expansion, the two-dimensional plane is squashed into one-dimension.
More precisely, the edge of “bottom” side plays the role of the leading order contribution and the points
“above” the edge are expanded. If the edge reduces to a point, which is a zero-dimensional object,2

the corresponding scaling results in scaleless integrals and thus does not contribute. In this example
there are two bottom edges, and we can deduce two relevant scalings from these edges. For example,
let us consider the edge between the points (1,3,0) and (0,2,1), and denote the scaling corresponding
to this edge as α1 ∼ χw1 ,α2 ∼ χw2 . Since the two points have the same scaling in χ, we obtain a
relation 1 + 3w1 = 2w1 + w2, and one possible solution is w1 = 0, w2 = 1. In the same way, the edge
between (0,2,1), (0,1,2), (0,0,3) gives w1 = 0, w2 = 0 as a candidate of the scaling.

The contribution from the scaling w1 = 0, w2 = 1 is
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n!

(−α2)n
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∞∑
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Figure 2. Graphical representation of the points corresponding to the polynomial (3.28). fig:geo

which is identical to the first term of Eq. (3.4). On the other hand, the contribution from the scaling
w1 = 0, w2 = 0 is

I(0,0) = Γ(1 + ε)

∫ ∞

0
dα1

∫ ∞

0
dα2 (α1 + α2)

−1−ε
∞∑

n=0

(−mα1)n

n!
e−Mα2

=
M ε

M

∞∑

n=0

(
−m

M

)n

Γ(1 + n− ε)Γ(ε− n) , (3.30)

which is identical to the second term of Eq. (3.4).
Finally we reproduce the original integral by summing the two contributions

I = I(0,1) + I(0,0) . (3.31)

It is worth emphasizing again that we did not derive the expansion of the original integral here. What
we did was to reveal the scalings which give non-scaleless integrals and to sum the contributions from
the relevant scalings, and as a result we obtain the correct answer.

The two mathematically rigorous derivations are not yet successfully applied to the actual Feynman
integrals treated in the following sections. Instead, we follow the geometric approach, using the package
asy2.1.m, to evaluate the integrals and confirm the results with

4 Notation and Technical Tools
ss:setup

We turn to the calculation of Feynman integrals. First, we clarify the conventions and summarize the
notation and techniques used in the calculation.

4.1 Conventions
ss:conv

We distinguish the exact equal sign “ = ” and the equal sign under a certain analytic continuation.

For this purpose, we introduce a sign “
AC
= ” and use it as, e.g.,

log(z + i0+)
AC
= log(−z − i0+) + iπ , (4.1) ac
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where

(m,↵1,↵2) ⇠ (m,ms1 ,ms2)
<latexit sha1_base64="u/eIAI9ZlJA+zXn4Ec1rK9F5IoA=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCC1omRdBl0Y3LCvYCnXHIpGkbmswMSUYowzyFG1/FjQtF3Io738a0HUFbD4R8/P85JOcPYs6Udpwva2l5ZXVtvbBR3Nza3tm19/ZbKkokoU0S8Uh2AqwoZyFtaqY57cSSYhFw2g5GVxO/fU+lYlF4q8cx9QQehKzPCNZG8u3TsjhxMY+H2Ec/UKu4igloHHGXKh9ls7uWVXy75FSdacFFQDmUQF4N3/50exFJBA014VipLnJi7aVYakY4zYpuomiMyQgPaNdgiAVVXjpdK4PHRunBfiTNCTWcqr8nUiyUGovAdAqsh2rem4j/ed1E9y+8lIVxomlIZg/1Ew51BCcZwR6TlGg+NoCJZOavkAyxxESbJIsmBDS/8iK0alXkVNHNWal+mcdRAIfgCJQBAuegDq5BAzQBAQ/gCbyAV+vRerberPdZ65KVzxyAP2V9fAOsq53Q</latexit><latexit sha1_base64="u/eIAI9ZlJA+zXn4Ec1rK9F5IoA=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCC1omRdBl0Y3LCvYCnXHIpGkbmswMSUYowzyFG1/FjQtF3Io738a0HUFbD4R8/P85JOcPYs6Udpwva2l5ZXVtvbBR3Nza3tm19/ZbKkokoU0S8Uh2AqwoZyFtaqY57cSSYhFw2g5GVxO/fU+lYlF4q8cx9QQehKzPCNZG8u3TsjhxMY+H2Ec/UKu4igloHHGXKh9ls7uWVXy75FSdacFFQDmUQF4N3/50exFJBA014VipLnJi7aVYakY4zYpuomiMyQgPaNdgiAVVXjpdK4PHRunBfiTNCTWcqr8nUiyUGovAdAqsh2rem4j/ed1E9y+8lIVxomlIZg/1Ew51BCcZwR6TlGg+NoCJZOavkAyxxESbJIsmBDS/8iK0alXkVNHNWal+mcdRAIfgCJQBAuegDq5BAzQBAQ/gCbyAV+vRerberPdZ65KVzxyAP2V9fAOsq53Q</latexit><latexit sha1_base64="u/eIAI9ZlJA+zXn4Ec1rK9F5IoA=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCC1omRdBl0Y3LCvYCnXHIpGkbmswMSUYowzyFG1/FjQtF3Io738a0HUFbD4R8/P85JOcPYs6Udpwva2l5ZXVtvbBR3Nza3tm19/ZbKkokoU0S8Uh2AqwoZyFtaqY57cSSYhFw2g5GVxO/fU+lYlF4q8cx9QQehKzPCNZG8u3TsjhxMY+H2Ec/UKu4igloHHGXKh9ls7uWVXy75FSdacFFQDmUQF4N3/50exFJBA014VipLnJi7aVYakY4zYpuomiMyQgPaNdgiAVVXjpdK4PHRunBfiTNCTWcqr8nUiyUGovAdAqsh2rem4j/ed1E9y+8lIVxomlIZg/1Ew51BCcZwR6TlGg+NoCJZOavkAyxxESbJIsmBDS/8iK0alXkVNHNWal+mcdRAIfgCJQBAuegDq5BAzQBAQ/gCbyAV+vRerberPdZ65KVzxyAP2V9fAOsq53Q</latexit><latexit sha1_base64="u/eIAI9ZlJA+zXn4Ec1rK9F5IoA=">AAACFnicbZDLSgMxFIYzXmu9jbp0EyxCC1omRdBl0Y3LCvYCnXHIpGkbmswMSUYowzyFG1/FjQtF3Io738a0HUFbD4R8/P85JOcPYs6Udpwva2l5ZXVtvbBR3Nza3tm19/ZbKkokoU0S8Uh2AqwoZyFtaqY57cSSYhFw2g5GVxO/fU+lYlF4q8cx9QQehKzPCNZG8u3TsjhxMY+H2Ec/UKu4igloHHGXKh9ls7uWVXy75FSdacFFQDmUQF4N3/50exFJBA014VipLnJi7aVYakY4zYpuomiMyQgPaNdgiAVVXjpdK4PHRunBfiTNCTWcqr8nUiyUGovAdAqsh2rem4j/ed1E9y+8lIVxomlIZg/1Ew51BCcZwR6TlGg+NoCJZOavkAyxxESbJIsmBDS/8iK0alXkVNHNWal+mcdRAIfgCJQBAuegDq5BAzQBAQ/gCbyAV+vRerberPdZ65KVzxyAP2V9fAOsq53Q</latexit>

Assume a certain scaling

The scaling of each term can be expressed as m~r·~s
<latexit sha1_base64="LaMder0ERjOf2jakyOah0xJR+eM=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBFclEUGXRTcuK9gLNLFMJtN26FzCzKRQYhe+ihsXirj1Ndz5Nk7TLLT1h4GP/5zDOfNHCaPaeN63U1pZXVvfKG9WtrZ3dvfc/YOWlqnCpIklk6oTIU0YFaRpqGGkkyiCeMRIOxrdzOrtMVGaSnFvJgkJORoI2qcYGWv13CP+kAVjgqEKcCwNzFlPe27Vq3m54DL4BVRBoUbP/QpiiVNOhMEMad31vcSEGVKGYkamlSDVJEF4hAaka1EgTnSY5fdP4al1YtiXyj5hYO7+nsgQ13rCI9vJkRnqxdrM/K/WTU3/KsyoSFJDBJ4v6qcMGglnYcCYKoINm1hAWFF7K8RDpBA2NrKKDcFf/PIytM5rvlfz7y6q9esijjI4BifgDPjgEtTBLWiAJsDgETyDV/DmPDkvzrvzMW8tOcXMIfgj5/MHjlyVyQ==</latexit><latexit sha1_base64="LaMder0ERjOf2jakyOah0xJR+eM=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBFclEUGXRTcuK9gLNLFMJtN26FzCzKRQYhe+ihsXirj1Ndz5Nk7TLLT1h4GP/5zDOfNHCaPaeN63U1pZXVvfKG9WtrZ3dvfc/YOWlqnCpIklk6oTIU0YFaRpqGGkkyiCeMRIOxrdzOrtMVGaSnFvJgkJORoI2qcYGWv13CP+kAVjgqEKcCwNzFlPe27Vq3m54DL4BVRBoUbP/QpiiVNOhMEMad31vcSEGVKGYkamlSDVJEF4hAaka1EgTnSY5fdP4al1YtiXyj5hYO7+nsgQ13rCI9vJkRnqxdrM/K/WTU3/KsyoSFJDBJ4v6qcMGglnYcCYKoINm1hAWFF7K8RDpBA2NrKKDcFf/PIytM5rvlfz7y6q9esijjI4BifgDPjgEtTBLWiAJsDgETyDV/DmPDkvzrvzMW8tOcXMIfgj5/MHjlyVyQ==</latexit><latexit sha1_base64="LaMder0ERjOf2jakyOah0xJR+eM=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBFclEUGXRTcuK9gLNLFMJtN26FzCzKRQYhe+ihsXirj1Ndz5Nk7TLLT1h4GP/5zDOfNHCaPaeN63U1pZXVvfKG9WtrZ3dvfc/YOWlqnCpIklk6oTIU0YFaRpqGGkkyiCeMRIOxrdzOrtMVGaSnFvJgkJORoI2qcYGWv13CP+kAVjgqEKcCwNzFlPe27Vq3m54DL4BVRBoUbP/QpiiVNOhMEMad31vcSEGVKGYkamlSDVJEF4hAaka1EgTnSY5fdP4al1YtiXyj5hYO7+nsgQ13rCI9vJkRnqxdrM/K/WTU3/KsyoSFJDBJ4v6qcMGglnYcCYKoINm1hAWFF7K8RDpBA2NrKKDcFf/PIytM5rvlfz7y6q9esijjI4BifgDPjgEtTBLWiAJsDgETyDV/DmPDkvzrvzMW8tOcXMIfgj5/MHjlyVyQ==</latexit><latexit sha1_base64="LaMder0ERjOf2jakyOah0xJR+eM=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBFclEUGXRTcuK9gLNLFMJtN26FzCzKRQYhe+ihsXirj1Ndz5Nk7TLLT1h4GP/5zDOfNHCaPaeN63U1pZXVvfKG9WtrZ3dvfc/YOWlqnCpIklk6oTIU0YFaRpqGGkkyiCeMRIOxrdzOrtMVGaSnFvJgkJORoI2qcYGWv13CP+kAVjgqEKcCwNzFlPe27Vq3m54DL4BVRBoUbP/QpiiVNOhMEMad31vcSEGVKGYkamlSDVJEF4hAaka1EgTnSY5fdP4al1YtiXyj5hYO7+nsgQ13rCI9vJkRnqxdrM/K/WTU3/KsyoSFJDBJ4v6qcMGglnYcCYKoINm1hAWFF7K8RDpBA2NrKKDcFf/PIytM5rvlfz7y6q9esijjI4BifgDPjgEtTBLWiAJsDgETyDV/DmPDkvzrvzMW8tOcXMIfgj5/MHjlyVyQ==</latexit>

~s = (1, s1, s2)
<latexit sha1_base64="GKOUI8b6pE+O/sU2mScqwMtyPns=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoICUpgl6EohePFewHtCFstpt26WYTdjfFUvpXvHhQxKt/xJv/xk2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/uo1FJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLrL/PaYSsVi8agnCfUiPBAsZARrI/l2qTemBKmbinuh/Kxq575ddqrOHGiVuDkpQ46Gb3/1+jFJIyo04Viprusk2ptiqRnhdFbspYommIzwgHYNFTiiypvOb5+hM6P0URhLU0Kjufp7YoojpSZRYDojrIdq2cvE/7xuqsNrb8pEkmoqyGJRmHKkY5QFgfpMUqL5xBBMJDO3IjLEEhNt4iqaENzll1dJq1Z1nar7cFmu3+ZxFOAETqECLlxBHe6hAU0g8ATP8Apv1sx6sd6tj0XrmpXPHMMfWJ8/U1qSqg==</latexit><latexit sha1_base64="GKOUI8b6pE+O/sU2mScqwMtyPns=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoICUpgl6EohePFewHtCFstpt26WYTdjfFUvpXvHhQxKt/xJv/xk2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/uo1FJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLrL/PaYSsVi8agnCfUiPBAsZARrI/l2qTemBKmbinuh/Kxq575ddqrOHGiVuDkpQ46Gb3/1+jFJIyo04Viprusk2ptiqRnhdFbspYommIzwgHYNFTiiypvOb5+hM6P0URhLU0Kjufp7YoojpSZRYDojrIdq2cvE/7xuqsNrb8pEkmoqyGJRmHKkY5QFgfpMUqL5xBBMJDO3IjLEEhNt4iqaENzll1dJq1Z1nar7cFmu3+ZxFOAETqECLlxBHe6hAU0g8ATP8Apv1sx6sd6tj0XrmpXPHMMfWJ8/U1qSqg==</latexit><latexit sha1_base64="GKOUI8b6pE+O/sU2mScqwMtyPns=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoICUpgl6EohePFewHtCFstpt26WYTdjfFUvpXvHhQxKt/xJv/xk2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/uo1FJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLrL/PaYSsVi8agnCfUiPBAsZARrI/l2qTemBKmbinuh/Kxq575ddqrOHGiVuDkpQ46Gb3/1+jFJIyo04Viprusk2ptiqRnhdFbspYommIzwgHYNFTiiypvOb5+hM6P0URhLU0Kjufp7YoojpSZRYDojrIdq2cvE/7xuqsNrb8pEkmoqyGJRmHKkY5QFgfpMUqL5xBBMJDO3IjLEEhNt4iqaENzll1dJq1Z1nar7cFmu3+ZxFOAETqECLlxBHe6hAU0g8ATP8Apv1sx6sd6tj0XrmpXPHMMfWJ8/U1qSqg==</latexit><latexit sha1_base64="GKOUI8b6pE+O/sU2mScqwMtyPns=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoICUpgl6EohePFewHtCFstpt26WYTdjfFUvpXvHhQxKt/xJv/xk2bg7Y+GHi8N8PMvCDhTGnH+bbW1jc2t7YLO8Xdvf2DQ/uo1FJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLrL/PaYSsVi8agnCfUiPBAsZARrI/l2qTemBKmbinuh/Kxq575ddqrOHGiVuDkpQ46Gb3/1+jFJIyo04Viprusk2ptiqRnhdFbspYommIzwgHYNFTiiypvOb5+hM6P0URhLU0Kjufp7YoojpSZRYDojrIdq2cvE/7xuqsNrb8pEkmoqyGJRmHKkY5QFgfpMUqL5xBBMJDO3IjLEEhNt4iqaENzll1dJq1Z1nar7cFmu3+ZxFOAETqECLlxBHe6hAU0g8ATP8Apv1sx6sd6tj0XrmpXPHMMfWJ8/U1qSqg==</latexit>

where

Consider the leading order terms,  
which corresponds to the points in the bottom side

Non-vanishing contributions consist of the points having the same scaling m~rA·~s = m~rB ·~s
<latexit sha1_base64="2YRym4kb8Z6ptPj/SxiPNK8S/HQ=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCPUunFZwT6giWEymbRDZ5IwMymU0O9w46+4caGIO3Hj3zhNA9rWAxfOnHMvc+/xE0alsqxvo7Syura+Ud6sbG3v7O6Z+wdtGacCkxaOWSy6PpKE0Yi0FFWMdBNBEPcZ6fjDm6nfGREhaRzdq3FCXI76EQ0pRkpLnmnzh8wZEQyFd+3gIFYwf8nJ1a/RmDM8s2rVrBxwmdgFqYICTc/8dIIYp5xECjMkZc+2EuVmSCiKGZlUnFSSBOEh6pOephHiRLpZftoEnmglgGEsdEUK5urfiQxxKcfc150cqYFc9Kbif14vVeGlm9EoSRWJ8OyjMGVQxXCaEwyoIFixsSYIC6p3hXiABMJKp1nRIdiLJy+T9lnNtmr23Xm13ijiKIMjcAxOgQ0uQB3cgiZoAQwewTN4BW/Gk/FivBsfs9aSUcwcgjkYXz+fx6CX</latexit><latexit sha1_base64="2YRym4kb8Z6ptPj/SxiPNK8S/HQ=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCPUunFZwT6giWEymbRDZ5IwMymU0O9w46+4caGIO3Hj3zhNA9rWAxfOnHMvc+/xE0alsqxvo7Syura+Ud6sbG3v7O6Z+wdtGacCkxaOWSy6PpKE0Yi0FFWMdBNBEPcZ6fjDm6nfGREhaRzdq3FCXI76EQ0pRkpLnmnzh8wZEQyFd+3gIFYwf8nJ1a/RmDM8s2rVrBxwmdgFqYICTc/8dIIYp5xECjMkZc+2EuVmSCiKGZlUnFSSBOEh6pOephHiRLpZftoEnmglgGEsdEUK5urfiQxxKcfc150cqYFc9Kbif14vVeGlm9EoSRWJ8OyjMGVQxXCaEwyoIFixsSYIC6p3hXiABMJKp1nRIdiLJy+T9lnNtmr23Xm13ijiKIMjcAxOgQ0uQB3cgiZoAQwewTN4BW/Gk/FivBsfs9aSUcwcgjkYXz+fx6CX</latexit><latexit sha1_base64="2YRym4kb8Z6ptPj/SxiPNK8S/HQ=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCPUunFZwT6giWEymbRDZ5IwMymU0O9w46+4caGIO3Hj3zhNA9rWAxfOnHMvc+/xE0alsqxvo7Syura+Ud6sbG3v7O6Z+wdtGacCkxaOWSy6PpKE0Yi0FFWMdBNBEPcZ6fjDm6nfGREhaRzdq3FCXI76EQ0pRkpLnmnzh8wZEQyFd+3gIFYwf8nJ1a/RmDM8s2rVrBxwmdgFqYICTc/8dIIYp5xECjMkZc+2EuVmSCiKGZlUnFSSBOEh6pOephHiRLpZftoEnmglgGEsdEUK5urfiQxxKcfc150cqYFc9Kbif14vVeGlm9EoSRWJ8OyjMGVQxXCaEwyoIFixsSYIC6p3hXiABMJKp1nRIdiLJy+T9lnNtmr23Xm13ijiKIMjcAxOgQ0uQB3cgiZoAQwewTN4BW/Gk/FivBsfs9aSUcwcgjkYXz+fx6CX</latexit><latexit sha1_base64="2YRym4kb8Z6ptPj/SxiPNK8S/HQ=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdCPUunFZwT6giWEymbRDZ5IwMymU0O9w46+4caGIO3Hj3zhNA9rWAxfOnHMvc+/xE0alsqxvo7Syura+Ud6sbG3v7O6Z+wdtGacCkxaOWSy6PpKE0Yi0FFWMdBNBEPcZ6fjDm6nfGREhaRzdq3FCXI76EQ0pRkpLnmnzh8wZEQyFd+3gIFYwf8nJ1a/RmDM8s2rVrBxwmdgFqYICTc/8dIIYp5xECjMkZc+2EuVmSCiKGZlUnFSSBOEh6pOephHiRLpZftoEnmglgGEsdEUK5urfiQxxKcfc150cqYFc9Kbif14vVeGlm9EoSRWJ8OyjMGVQxXCaEwyoIFixsSYIC6p3hXiABMJKp1nRIdiLJy+T9lnNtmr23Xm13ijiKIMjcAxOgQ0uQB3cgiZoAQwewTN4BW/Gk/FivBsfs9aSUcwcgjkYXz+fx6CX</latexit>

) ~s · (~rA � ~rB) = 0
<latexit sha1_base64="pIWMT2pGXPmqXBGznpWAIa7WaWs=">AAACFnicbZDLSgMxFIYzXmu9VV26CRahLlpmRNCNUOvGZRV7gc5QMmmmDc1MhuRMpZQ+hRtfxY0LRdyKO9/GtJ2Ftv4Q+PKfc0jO78eCa7Dtb2tpeWV1bT2zkd3c2t7Zze3t17VMFGU1KoVUTZ9oJnjEasBBsGasGAl9wRp+/3pSbwyY0lxG9zCMmReSbsQDTgkYq50rune82wOilHzA7oBRrF3akYAL04tqXxVTqJxc2u1c3i7ZU+FFcFLIo1TVdu7L7UiahCwCKojWLceOwRsRBZwKNs66iWYxoX3SZS2DEQmZ9kbTtcb42DgdHEhlTgR46v6eGJFQ62Hom86QQE/P1ybmf7VWAsGFN+JRnACL6OyhIBEYJJ5khDtcMQpiaIBQxc1fMe0RRSiYJLMmBGd+5UWon5Ycu+TcnuXLlTSODDpER6iAHHSOyugGVVENUfSIntErerOerBfr3fqYtS5Z6cwB+iPr8wfvJJ3p</latexit><latexit sha1_base64="pIWMT2pGXPmqXBGznpWAIa7WaWs=">AAACFnicbZDLSgMxFIYzXmu9VV26CRahLlpmRNCNUOvGZRV7gc5QMmmmDc1MhuRMpZQ+hRtfxY0LRdyKO9/GtJ2Ftv4Q+PKfc0jO78eCa7Dtb2tpeWV1bT2zkd3c2t7Zze3t17VMFGU1KoVUTZ9oJnjEasBBsGasGAl9wRp+/3pSbwyY0lxG9zCMmReSbsQDTgkYq50rune82wOilHzA7oBRrF3akYAL04tqXxVTqJxc2u1c3i7ZU+FFcFLIo1TVdu7L7UiahCwCKojWLceOwRsRBZwKNs66iWYxoX3SZS2DEQmZ9kbTtcb42DgdHEhlTgR46v6eGJFQ62Hom86QQE/P1ybmf7VWAsGFN+JRnACL6OyhIBEYJJ5khDtcMQpiaIBQxc1fMe0RRSiYJLMmBGd+5UWon5Ycu+TcnuXLlTSODDpER6iAHHSOyugGVVENUfSIntErerOerBfr3fqYtS5Z6cwB+iPr8wfvJJ3p</latexit><latexit sha1_base64="pIWMT2pGXPmqXBGznpWAIa7WaWs=">AAACFnicbZDLSgMxFIYzXmu9VV26CRahLlpmRNCNUOvGZRV7gc5QMmmmDc1MhuRMpZQ+hRtfxY0LRdyKO9/GtJ2Ftv4Q+PKfc0jO78eCa7Dtb2tpeWV1bT2zkd3c2t7Zze3t17VMFGU1KoVUTZ9oJnjEasBBsGasGAl9wRp+/3pSbwyY0lxG9zCMmReSbsQDTgkYq50rune82wOilHzA7oBRrF3akYAL04tqXxVTqJxc2u1c3i7ZU+FFcFLIo1TVdu7L7UiahCwCKojWLceOwRsRBZwKNs66iWYxoX3SZS2DEQmZ9kbTtcb42DgdHEhlTgR46v6eGJFQ62Hom86QQE/P1ybmf7VWAsGFN+JRnACL6OyhIBEYJJ5khDtcMQpiaIBQxc1fMe0RRSiYJLMmBGd+5UWon5Ycu+TcnuXLlTSODDpER6iAHHSOyugGVVENUfSIntErerOerBfr3fqYtS5Z6cwB+iPr8wfvJJ3p</latexit><latexit sha1_base64="pIWMT2pGXPmqXBGznpWAIa7WaWs=">AAACFnicbZDLSgMxFIYzXmu9VV26CRahLlpmRNCNUOvGZRV7gc5QMmmmDc1MhuRMpZQ+hRtfxY0LRdyKO9/GtJ2Ftv4Q+PKfc0jO78eCa7Dtb2tpeWV1bT2zkd3c2t7Zze3t17VMFGU1KoVUTZ9oJnjEasBBsGasGAl9wRp+/3pSbwyY0lxG9zCMmReSbsQDTgkYq50rune82wOilHzA7oBRrF3akYAL04tqXxVTqJxc2u1c3i7ZU+FFcFLIo1TVdu7L7UiahCwCKojWLceOwRsRBZwKNs66iWYxoX3SZS2DEQmZ9kbTtcb42DgdHEhlTgR46v6eGJFQ62Hom86QQE/P1ybmf7VWAsGFN+JRnACL6OyhIBEYJJ5khDtcMQpiaIBQxc1fMe0RRSiYJLMmBGd+5UWon5Ycu+TcnuXLlTSODDpER6iAHHSOyugGVVENUfSIntErerOerBfr3fqYtS5Z6cwB+iPr8wfvJJ3p</latexit>
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Method of regions: geometric approach
[Pak, Smirnov ’10, Jantzen, Smirnov, Smirnov ’12]

mathematical 
derivation 

geometric 
approach 

toy model possible possible

actual Feynman 
integrals not known possible

to apply the method [33]. For example, when we consider the one-loop box diagram, there are four
internal lines, thus there are four integration variables in the parametric representations whereas
the number of integration variables in the momentum representation is essentially one, which is not
sufficient to realize all of the relevant regions. In principle, it is possible to increase the effective
number of variables by decomposing ddp to dp+dp−dd−2p, or dp0dp1dp3dp4dd−4p, or dpdd−1Ω, and
so on, but then calculation becomes complicated. In the massive two-loop four-point diagrams, the
number of relevant regions can be more than ten, and it is hopeless to express all of them in a useful
way in the momentum representation. Another advantage of the parametric representations comes
from the fact that the relevant regions turn out to be related to the propagators but not to the loop
momenta. By construction, the Feynman parameters and the alpha parameters can be interpreted as
the inverse of the propagators, so the scaling of the propagators is inherited by these parameters. On
the other hand, the relation between scaling of the loop momenta and of the propagators is indirect. In
particular, a combination of hard loop momenta, hard external momenta, and a hard mass can result
in a soft propagator. However, despite these advantages, the parametric representation has mostly
been used in formal considerations of the method of regions. In the examples treated in this paper,
it is unavoidable to use the parametric representations. Recently, it was proposed to use yet another
parametric representation to apply the method of regions [39]. For all representations mentioned
above, one has to follow Step 1 to 5 for practical calculation.

3 Toy Integral
ss:toy

We consider the integral

I =

∫ ∞

0

xε dx

(x+m)(x+M)
(3.1) toyi

in the limit m ! M . The factor xε imitates dimensional regularization. In this example, the direct
calculation is easy and the result reads

I =
logM − logm

M −m
+O(ε) . (3.2) toyres

The purpose of this section is to review the method of regions by applying it to the toy integral (3.1)
and reproducing Eq. (3.2).

We already declared the hierarchy m ! M , which corresponds to Step 1. In a physical calculation,
low-energy parameters such as m are called soft parameters and high-energy parameters such as M
are called hard parameters. We use this terminology throughout this paper.

In Step 2, we find two relevant scalings; x ∼ m and x ∼ M . We will derive these scalings in the
following subsections in three different ways, but let us for now assume that the scalings are correct
and proceed with the calculation to see how the method of regions works.

For Step 3, we obtain

I =

∫ ∞

0

xε dx

(x+m)

(
1

M
+

−x

M2
+

x2

M3
+ · · ·

)
+

∫ ∞

0

xε dx

(x+M)

(
1

x
+

−m

x2
+

m2

x3
+ · · ·

)
, (3.3) toy1

which consists of two parts, reflecting the fact that there are two relevant scalings for this integral.
We call the first part the soft contribution since the integrals are characterized by the soft parameter
m, and call the second part the hard contribution since the integrals are characterized by the hard
parameter M . Note that the domain of integration is unchanged. It is convenient to introduce an

– 4 –

Algorithm is implemented  
in the Mathematica package “asy.m” 
[Pak, Smirnov ’10, Jantzen, Smirnov, Smirnov ’12]

x ⇠ M
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x ⇠ m
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Expansion in

Naive expansion of the integrand like

gives wrong result.

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

is finite.

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

massive massless

Using the program asy.m, we obtain five regions which are specified by scalings of alpha-paramaters (α1,α2,α3,α4)
as following:

R1 = (0, 0, 0, 0) (5)

R2 = (0, 0, 1, 1) (6)

R3 = (0, 1, 1, 0) (7)

R4 = (1, 0, 0, 1) (8)

R5 = (1, 1, 0, 0). (9)

For example, in the region R2, we expand eq.(4) in terms of small scale valuables α3 ∼ α4 ∼ m2. In practical
calculation, I replace like α3 → xα3,α4 → xα4,m2 → xm2 and expand with a single variable x.

1.1 region 1

The contribution from region 1 is expressed as one-fold Mellin-Barnes integral.

I(1) =

∫ ∞

0

4∏

n=0

dαn α−d/2
1234 exp(−(sα1α3 + tα2α4)/α1234)

∞∑

n=0

(−m2α1234)n

n!
(10)

=
∞∑

n=0

∫ ζ+i∞

ζ−i∞
dz

(−m2)ntzΓ(2 + n+ ε)

n!s2+n+ε+z
β(−n− ε,−n− ε) [β(1 + z,−1− n− ε− z)]2 β(−z, 2 + n+ ε+ z), (11)

where β is the Beta function and the real part of integration path ζ is taken as −1 < ζ < 0. The initial value of
ε = (4− d)/2 is chosen to satisfy a condition

−2− n− z < ε < −1− n− z (12)

in order to regularize the integral (11).
By evaluating the integral (11), we obtain the series coefficients of I(1)

I(1) =
∞∑

n=0

(m2)nf (1)
n (13)

and the leading contribution f0 is

f (1)
0 =

1

st

(
4

ε2
− 2 log st

ε
+ 2 log s log t− 4π2

3

)
. (14)

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (15)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ε)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(16)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2

)−δ1−δ2−ε
Γ(δ1 + δ2 + ε− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(17)

I(2)2 =
s−δ3−3t−δ4−3

(
m2

)−δ1−δ2−ε
Γ(δ1 + δ2 + ε− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (18)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (19)

2
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Method of region

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)
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``all-hard” region = massless integral

the scaling of propagators in terms of alpha-parameter representation

[Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]
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Method of region

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k
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k + p1 + p2

k + p3

I =

∫
Dk
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the scaling of propagators in terms of alpha-parameter representation
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[Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]

we denote them as

(α1,α2,α3,α4)
χ∼ (1, 0, 1, 0) (4.8)

or simply (1, 0, 1, 0). Also, the sum of the variables will be expressed as

αi1...in ≡ αi1 + · · ·+ αin , δi1...inin+1...in′ ≡ δi1 + · · ·+ δin − δin+1 + · · ·+ δin′ . (4.9)

The bar on an index indicates that the variable corresponding to the index is subtracted instead of
added. Sometimes ε and δj are treated in the same way, and in those cases we express ε as δ0. For
example, δ0012̄ = 2ε+ δ1 − δ2.

Finally, we introduce the following compact notation for the product of Γ-functions

Γ [x1, . . . , xn] ≡
n∏

i=1

Γ(xi) . (4.10) gamma

4.2 Kinematics and High Energy Expansion
ss:kinematics

The assignment of the external momenta q1, ..., q4 is illustrated in Fig. 3. We consider the 2 to 2 process
but define all the external momenta as incoming. In addition to the usual Mandelstam variables s, t, u,
(which we call physical Mandelstam variables), we introduce S, T, U as

S = −s = −(q1 + q2)
2, T = −t = −(q1 + q3)

2, U = −u = −(q2 + q3)
2 . (4.11) stu

In our calculation we assume that S, T, and U are positive and thus call them positive Mandelstam
variables. They are required in subsection 7.1.

In this paper, we consider some of the master integrals of Higgs pair production at next-to-leading
order. The loops are induced by the top quark, so there are two mass scales, the Higgs mass mH and
the top quark mass mt. We consider the high energy limit where the following hierarchy is satisfied

m2
H < m2

t $ S, T, U . (4.12) hie0

The high energy expansion in this case is two-fold. First, we treat m2
H as the soft parameter and

m2
t , S, T, U as the hard parameters. Afterwards, we treat m2

t as the soft parameter and S, T, U as the
hard parameters.

In the first expansion, i.e. the mH -expansion, mH enters the integrals through the on-shell con-
dition of the external momenta

q21 = 0, q22 = 0, q23 = m2
H , q24 = m2

H . (4.13) os1

In terms of χ, the scaling we impose here is

m2
H ∼ χ, m2

t ∼ 1, S ∼ 1, T ∼ 1, U ∼ 1 , (4.14) sca1

and the resulting series expression of an integral I is expressed symbolically as3

I(S, T, U,m2
t ,m

2
H) =

∑

nH

(m2
H)nH cnH (S, T, U,m2

t ) . (4.15) symbol1

3 In general, the coefficients cnH depend on log(m2
H), but in our case not.
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Method of region: ``all-hard” region

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

2
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+= ( (
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p1 p3
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1
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1+ ( (

Internal Note

Go Mishima
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p2

p1 p3

p4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

· · · + · · ·

We can apply the integration by parts (IBP) reduction.

m2
t

(m2
t )

2

In our case, the expansion in this region corresponds to the naive Taylor expansion. 

The right hand side consists of massless diagrams with dots.
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Method of region: soft-collinear regions 
InternalNote

GoMishima

May25,2017

p2

p1p3

p4

1

=

Z 1

0

Usual momentum representation is not always possible…

Cancellation of auxiliary parameters between soft regions occurs.
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p1p3
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1 + �2

1 + �3

1 + �4

The integrals are ill-defined, 
so we have to introduce  
analytic regularization 
of the exponent of propagators.
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(
4∏

n=1

dαn

)
(1)

α−d/2
12 e−m2α12−(sα1α3+tα2α4)/α12 (2)

− α−d/2−2
12 (α3 + α4)((d/2)α12 +m2(α12)

2 − sα1α3 − tα2α4) (3)

× e−m2α12−(sα1α3+tα2α4)/α12 (4)

+ · · · (5)

α1234 = α1 + α2 + α3 + α4 (6)

1

Internal Note

Go Mishima

June 2, 2017

(
4∏

n=1

dαn

)
(1)

α−d/2
12 e−m2α12−(sα1α3+tα2α4)/α12 (2)

− α−d/2−2
12 (α3 + α4)((d/2)α12 +m2(α12)

2 − sα1α3 − tα2α4) (3)

× e−m2α12−(sα1α3+tα2α4)/α12 (4)

+ · · · (5)

α1234 = α1 + α2 + α3 + α4 (6)

1

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ε)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(22)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2
)−δ1−δ2−ε

Γ(δ1 + δ2 + ε− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(23)

I(2)2 =
s−δ3−3t−δ4−3

(
m2
)−δ1−δ2−ε

Γ(δ1 + δ2 + ε− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (25)

we obtain

f (2)
0 =

(m2)−ε

st

[
1

ε

(
− 1

δ3
− 1

δ4
+ log st

)]
(26)

f (3)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t/m2

)
+

π2

12

]
(27)

f (4)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s/m2

)
+

π2

12

]
(28)

f (5)
0 =

(m2)−ε

st

[
− 2

ε2
+

1

ε

(
1

δ3
+

1

δ4
− 2 logm2

)
+

π2

6

]
(29)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
1

st
(2 log s log t− π2) (31)

f1 =
2m2

s2t2
[
−2 log2

(
m2
)
(s+ t) + 2 log

(
m2
)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(32)

f2 =
2m4

s3t3
[
− log

(
m2
) (

−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2
)
+ 6 log2

(
m2
)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5
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Method of region: total

1 one-loop case

2 one-loop case

We consider the following scalar integral:

2

1 one-loop case

We consider the following scalar integral:

p2

p1 p3

p4

k

k + p1

k + p1 + p2

k + p3

I =

∫
Dk

1

(k2 −m2) ((k + p1)2 −m2) ((k + p1 + p2)2 −m2) ((k + p3)2 −m2)
. (1)

2

InternalNote

GoMishima

May25,2017

p2

p1p3

p4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

= + +

InternalNote

GoMishima

May25,2017

p2

p1p3

p4

1

Internal Note

Go Mishima

May 25, 2017

p2

p1 p3

p4

1

++

By evaluating the integral (??), we obtain the series coefficients of I(1)

I(1) =
∞∑

n=0

(m2)nf (1)
n (13)

and the leading contribution f0 is

f (1)
0 =

1

st

(
4

ε2
− 2 log st

ε
+ 2 log s log t− 4π2

3

)
. (14)

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (15)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ε)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(16)

I(2)1 = −
s−δ3−2t−δ4−2

(
m2

)−δ1−δ2−ε
Γ(δ1 + δ2 + ε− 1)((δ4 + 1)sΓ(δ1 − δ3)Γ(δ2 − δ4 − 1) + (δ3 + 1)tΓ(δ1 − δ3 − 1)Γ(δ2 − δ4))

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(17)

I(2)2 =
s−δ3−3t−δ4−3

(
m2

)−δ1−δ2−ε
Γ(δ1 + δ2 + ε− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (18)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (19)

we obtain

f (2)
0 =

1

ε

(
− 1

δ3
− 1

δ4
+ log st

)
(20)

f (3)
0 = − 1

ε2
+

1

ε

(
1

δ3
− 1

δ4
+ log t
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+

π2

12
(21)

f (4)
0 = − 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
+ log s
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(22)

f (5)
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1

ε

(
1

δ3
+

1

δ4

)
+

π2

6
. (23)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (24)

f0 =
1

st
(2 log s log t− π2) (25)

f1 =
2m2

s2t2
[
−2 log2

(
m2

)
(s+ t) + 2 log

(
m2

)
(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(26)

f2 =
2m4

s3t3
[
− log

(
m2

) (
−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2

)
+ 6 log2

(
m2

)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(27)

3

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ε)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
(22)
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+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit
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]
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f (4)
0 =

(m2)−ε

st

[
− 1

ε2
+

1

ε

(
− 1

δ3
+

1

δ4
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]
(28)
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[
− 2
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+
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ε

(
1
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+
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δ4
− 2 logm2

)
+

π2

6

]
(29)

1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
1

st
(2 log s log t− π2) (31)

f1 =
2m2

s2t2
[
−2 log2

(
m2
)
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m2
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(s+ t)(log(s) + log(t)− 3) + 4s log(t)− 2 log(s)((s+ t) log(t)− s− 2t)

+π2s+ 4s+ π2t+ 4t+ 2t log(t)
]

(32)

f2 =
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− log

(
m2
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−23s2 − 40st+ 6(s+ t)2 log(s) + 6(s+ t)2 log(t)− 23t2
)
+ 6 log2
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m2
)
(s+ t)2

+ log(s)
(
−7s2 − 20st+ 6(s+ t)2 log(t)− 16t2

)
− 16s2 log(t)− 3π2s2 − 8s2 − 6π2st− 20st− 20st log(t)

−3π2t2 − 8t2 − 7t2 log(t)
]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5

1.2 region 2,3,4,5

The contribution from region 2 is expressed analytically as

I(2) =
∞∑

n=0

(m2)nI(2)n (21)

I(2)0 =
s−δ3−1t−δ4−1Γ(δ1 − δ3)Γ(δ2 − δ4)Γ(δ1 + δ2 + ε)

Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4)
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I(2)1 = −
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(
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)−δ1−δ2−ε
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Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 2)
(23)

I(2)2 =
s−δ3−3t−δ4−3

(
m2
)−δ1−δ2−ε

Γ(δ1 + δ2 + ε− 2)

2Γ(δ1 + 1)Γ(δ2 + 1)Γ(δ1 + δ2 − δ3 − δ4 − 4)

×
[(
δ24 + 3δ4 + 2

)
s2Γ(δ1 − δ3)Γ(δ2 − δ4 − 2) + (δ3 + 1)t(2(δ4 + 1)sΓ(δ1 − δ3 − 1)Γ(δ2 − δ4 − 1)

+(δ3 + 2)tΓ(δ1 − δ3 − 2)Γ(δ2 − δ4))] (24)

and so on. Here we introduced analytic regularization parameters δi so that the exponents of propagators are 1 + δi
for i = 1, . . . , 4.

I(3), I(4), I(5) are obtained by replacements of {δ2 ↔ δ4}, {δ1 ↔ δ3}, and {δ1 ↔ δ3, δ2 ↔ δ4} respectively.
Taking a sequence of limit

lim
ε→0

lim
δ4→0

lim
δ3→0

lim
δ2→0

lim
δ1→0

, (25)

we obtain
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0 =
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+
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− 2 logm2

)
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1.3 summing up contributions from all regions

By summing f (1)
n , . . . , f (5)

n , we obtain δi-independent finite functions of s, t,m. Here I showed the results up to n = 2.

I =
∞∑

n=0

(m2)nfn (30)

f0 =
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(2 log

s
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− π2) (31)
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[
−2 log2
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]

(32)
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]

(33)

In figure 1, our results are compared with the exact result calculated using LoopTools. Note that the analytic
continuation of s → −S < 0 has to be done.

I confirmed that eqs.(30)-(33) are correct by using completely different method and obtain the same results. In
the second method, asy.m is not used and the expansion with m2 is controlled by Mellin-Barnes integral.

2 two-loop case: example 1

We consider the following scalar integral:

5

Cancellation of auxiliary parameters between soft regions occurs.
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Expansion in       : using differential equation

1 one-loop case

2 one-loop case

We consider the following scalar integral:
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Substituting the form,

1 one-loop case

2 one-loop case

We consider the following scalar integral:
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The massive-Higgs diagram can be expressed as an infinite sum of the massless-Higgs diagrams.



Higgs pair production at NLO

Go Mishima: Karlsruhe Institute of Technology (KIT), Nov. 21, 2019, Theory Seminar Zeuthen, Humboldt-Universität Berlin /5033

Expansion of non-planar two-loop integrals
(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

(k)

Figure 2: Examples of two-loop diagrams entering the virtual amplitude.

The amplitude generation leads to about 10000 integrals before any symmetries are

taken into account. After accounting for symmetries and after reduction (complete

reduction of the planar sectors and partial reduction of the non-planar ones), we end

up with 145 planar master integrals plus 70 non-planar integrals, and a further 112

integrals that di↵er by a crossing. As these integrals contain four independent mass

scales, ŝ, t̂, m2
t , m

2
h, only a small subset is known analytically. Besides the diagrams

which are factorizing into two one-loop diagrams [56], the known integrals are the two-

loop diagrams with two light-like legs and one massive leg, which enter single Higgs

boson production, calculated e.g. in Refs. [75–79], and the triangles with one light-

– 9 –
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The geometric approach rely on the positivity of    F
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+ 2
∂t

∂(m2
H)

∣∣∣∣
mH=0

∂2f1
∂t∂(m2

H)

∣∣∣∣
t=t0,mH=0

+
∂2f1

∂(m2
H)2

∣∣∣∣
t=t0,mH=0

(5.12) mh-8

where t0 = t|mH=0. Apparently, Eq. (5.9) becomes complicated when Eqs. (5.10), (5.11), (5.12) are
substituted. However, taking into account the mH -expansion of f1(t, 0)

f1(t, 0) = f1(t0, 0) +
∂t

∂(m2
H)

∣∣∣∣
mH=0

∂f1
∂t

∣∣∣∣
t=t0,mH=0

+ · · · , (5.13)

the expression becomes simpler

f2(p
2
T ,m

2
H) = f1(t, 0) + (m2

H)
∂f1

∂(m2
H)

∣∣∣∣
mH=0

+
(m2

H)2

2

∂2f1
∂(m2

H)2

∣∣∣∣
mH=0

+O((m2
H)3) , (5.14)

where the mH -dependent t (5.7) is used. In general, for a given order of m2
H , the difference between

the strict mH -expansion of f2(p2T ,m
2
H) for fixed pT and the mH -expansion of f1(t,m2

H) for the mH -
dependent t is higher order in m2

H .
The conclusions of this subsection are the following:

◦ As the result of the mH -expansion, the integrals reduce to integrals with massless external legs.

◦ The mH -expansion for fixed pT is obtained by the mH -expansion with fixed t, keeping the
mH -dependence of t.

5.2 Expansion in the Top Quark Mass
ss:one-top

After the expansion in mH , we have integrals which depend on mt, S, and T . We now consider the
expansion in mt assuming the hierarchy (4.17). The integral of interest is

∫
D4αδ U−d/2e−F/U , (5.15) one-alpha2

with

U = α1234, F = m2
tα1234U + Sα1α3 + Tα2α4 . (5.16) one-uf2

Here we use the positive Mandelstam variables, S, T , to make all the terms in F positive. Otherwise,
hard terms could cancel and result in a soft term, which breaks the method of regions. The use
of positive Mandelstam variables in Eq. (5.16) is conceptually not new, since it corresponds to the
integral in the u-channel where s < 0, t < 0 and u = −s − t > 0. The absence of a negative term in
the u-channel is reasonable because there is no physical cut in those kinematics.

By using the package asy2.1.m, we reveal five relevant scalings:

(0, 0, 0, 0)︸ ︷︷ ︸
1

, (0, 0, 1, 1)︸ ︷︷ ︸
2

, (0, 1, 1, 0)︸ ︷︷ ︸
3

, (1, 0, 0, 1)︸ ︷︷ ︸
4

, (1, 1, 0, 0)︸ ︷︷ ︸
5

. (5.17) one-scale

The scalings of regions 2 to 5 reflect the symmetries of the integral, α1 ↔ α3 and α2 ↔ α4. Eq. (5.15)
is thus expressed as the sum of the contributions from these five regions:

∑5
i=1 I

(i).
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Figure 7. The two-loop double massive box diagram (left) and the two-loop single massive box diagram

(right) defined in Eq. (6.2) and Eq. (6.3), respectively. fig:two-pl

6 Two-Loop Planar Diagram
ss:twoPL

We consider the following Feynman integral families

JPL1
a1,a2,a3,a4,a5,a6,a7

=

∫
dd!1
iπd/2

dd!2
iπd/2

1

(−p27)
a7

6∏

n=1

1

(m2
t − p2n)

an
(6.1) pl-1

JPL2
a1,a2,a3,a4,a5,a6,a7

=

∫
dd!1
iπd/2

dd!2
iπd/2

∏

n=1,2,3,7

1

(m2
t − p2n)

an

6∏

n=4

1

(−p2n)
an

(6.2) pl-2

where the momenta of the lines are

{p1, p2, p3, p4, p5, p6, p7} = {!1 + q1, !1, !1 − q2, !2 − q2, !2 + q13, !2 + q1, !1 − !2} . (6.3) pl-3

Recall that q13 = q1 + q3. We consider the integrals IPL1 = JPL1
1,1,1,1,1,1,1 and IPL2 = JPL2

1,1,1,1,1,1,1 whose
diagrammatic representations are shown in Fig. 7.

The mH -expansion can be performed in the same way as subsection 5.1, and the alpha represen-
tation of the integrals after the mH -expansion are

UPL1 = UPL2 = α123α456 + α123456α7 (6.4)

FPL1 = m2
tα123456UPL1 + S [α1 (α4α67 + α3α4567) + α6 (α23α4 + α34α7)] + Tα2α5α7 (6.5)

FPL2 = m2
tα1237UPL2 + S [α1 (α4α67 + α3α4567) + α6 (α23α4 + α34α7)] + Tα2α5α7 . (6.6)

Conceptually there is no difference between the procedure of applying the method of regions to these
integrals and the example discussed in section 5. In particular, the property of the F-function that
it is positive definite in the u-channel is the same [cf. the text below Eq. (5.16)]. The only new
ingredient is that now the template integrals are expressed by at most 2-dimensional Mellin-Barnes
integrals, which are not trivial to solve. However, that calculation is a subset of the calculation in the
case of non-planar integrals, so we do not describe it here [cf. subsection 7.4]. Therefore we briefly
summarize the important ingredients of the two-loop planar integrals in this section.

Double Massive Box Diagram

By using the package asy2.1.m, we reveal thirteen relevant scalings:

(0, 0, 0, 0, 0, 0, 0), (0, 0, 1, 0, 0, 1, 1), (0, 0, 1, 1, 0, 0, 1), (0, 0, 1, 1, 1, 0, 0), (0, 1, 1, 1, 0, 0, 0),

(1, 0, 0, 0, 0, 1, 1), (1, 0, 0, 0, 1, 1, 0), (1, 0, 0, 1, 0, 0, 1), (1, 1, 0, 0, 0, 1, 0), (0, 0, 1, 1, 1, 1, 1),
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Figure 7. The two-loop double massive box diagram (left) and the two-loop single massive box diagram

(right) defined in Eq. (6.2) and Eq. (6.3), respectively. fig:two-pl
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Conceptually there is no difference between the procedure of applying the method of regions to these
integrals and the example discussed in section 5. In particular, the property of the F-function that
it is positive definite in the u-channel is the same [cf. the text below Eq. (5.16)]. The only new
ingredient is that now the template integrals are expressed by at most 2-dimensional Mellin-Barnes
integrals, which are not trivial to solve. However, that calculation is a subset of the calculation in the
case of non-planar integrals, so we do not describe it here [cf. subsection 7.4]. Therefore we briefly
summarize the important ingredients of the two-loop planar integrals in this section.

Double Massive Box Diagram

By using the package asy2.1.m, we reveal thirteen relevant scalings:

(0, 0, 0, 0, 0, 0, 0), (0, 0, 1, 0, 0, 1, 1), (0, 0, 1, 1, 0, 0, 1), (0, 0, 1, 1, 1, 0, 0), (0, 1, 1, 1, 0, 0, 0),
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Figure 7. The two-loop double massive box diagram (left) and the two-loop single massive box diagram
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6 Two-Loop Planar Diagram
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where the momenta of the lines are

{p1, p2, p3, p4, p5, p6, p7} = {!1 + q1, !1, !1 − q2, !2 − q2, !2 + q13, !2 + q1, !1 − !2} . (6.3) pl-3

Recall that q13 = q1 + q3. We consider the integrals IPL1 = JPL1
1,1,1,1,1,1,1 and IPL2 = JPL2

1,1,1,1,1,1,1 whose
diagrammatic representations are shown in Fig. 7.

The mH -expansion can be performed in the same way as subsection 5.1, and the alpha represen-
tation of the integrals after the mH -expansion are

UPL1 = UPL2 = α123α456 + α123456α7 (6.4)
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FPL2 = m2
tα1237UPL2 + S [α1 (α4α67 + α3α4567) + α6 (α23α4 + α34α7)] + Tα2α5α7 . (6.6)

Conceptually there is no difference between the procedure of applying the method of regions to these
integrals and the example discussed in section 5. In particular, the property of the F-function that
it is positive definite in the u-channel is the same [cf. the text below Eq. (5.16)]. The only new
ingredient is that now the template integrals are expressed by at most 2-dimensional Mellin-Barnes
integrals, which are not trivial to solve. However, that calculation is a subset of the calculation in the
case of non-planar integrals, so we do not describe it here [cf. subsection 7.4]. Therefore we briefly
summarize the important ingredients of the two-loop planar integrals in this section.

Double Massive Box Diagram

By using the package asy2.1.m, we reveal thirteen relevant scalings:

(0, 0, 0, 0, 0, 0, 0), (0, 0, 1, 0, 0, 1, 1), (0, 0, 1, 1, 0, 0, 1), (0, 0, 1, 1, 1, 0, 0), (0, 1, 1, 1, 0, 0, 0),
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PL1 PL2

2-loop non-planar

q21 = 0

q22 = 0

q23 = 0

q24 = 0

p1

Figure 8. The non-planar massive two-loop integral considered in Section 7. fig:two

where the momenta of the lines are

{p1, p2, p3, p4, p5, p6, p7} = {!1 + q12, !1 − q3, !12 + q23̄, !12 + q2, !2 − q1, !2, !2 + q2} . (7.2) two-2

Recall that q23̄ = q2 − q3. We consider INPL1 = JNPL1
1,1,1,1,1,1,1 as an example in this section. The

corresponding Feynman diagram is illustrated in Fig. 8.
In subsection 5.1 we showed that the expansion in mH can be obtained by the naive Taylor

expansion of the integrand. This holds also in this case, and the mH -expansion is straightforward.
Therefore we again consider only integrals with massless external legs. The alpha representation of
our non-planar integral is

INPL1 AC
=

∫
D7αδ U−d/2e−F/U , (7.3) two-4

where

U = α12α34567 + α34α567 (7.4) two-5

F = m2
tα34567U + S (α1α7α45 + α2α5α37 + α5α7α34) + Tα1α3α6 + Uα2α4α6 . (7.5) two-6

7.1 Relevant Scaling
ss:two-scale

A new feature appears in Eq. (7.5): if we impose the relation S+T +U = 0, the sign of F is indefinite.
In such cases, it is not guaranteed that the method to reveal the relevant scalings works properly [41].
An idea to solve this problem is to perform a proper change of variables and decompose the integration
domain such that F is positive-definite [41]. However in our case, this approach does not resolve the
indefinite sign of F .

The solution to this problem is to keep S, T, U as independent variables. It is obvious that Eq. (7.5)
is positive definite in this case, and we can apply the method of regions, expand the integrand, and
express the result in terms of Mellin-Barnes integrals in terms of the positive Mandelstam variables.
The procedure to obtain expression (7.5) is the following: we first compute F respecting the original
definition of the Mandelstam variables (4.11). At this point, there are some redundant terms in F
such as (S + T + U)α1α2α3. We minimize the number of terms, under the condition that F remains
positive definite. The resuling F is unique.

There are two commands in the package asy2.1.m to reveal the relevant regions. The first is
AlphaRepExpand, which accepts a set of propagators and replacement rules as input. The other is
WilsonExpand, which accepts the Symanzik polynomials as input. Here we must use WilsonExpand
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Our solution: 
Assume S>0, T>0, U>0 putting aside S+T+U=0 
and proceed the computation anyway. 
At the end of the calculation, 
restore the physical kinematics 
by an analytic continuation. 
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Our solution: 
Assume S>0, T>0, U>0 putting aside S+T+U=0 
and proceed the computation anyway. 
At the end of the calculation, 
restore the physical kinematics 
by an analytic continuation. 

It works!!
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Method of region: non-planar diagrams
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blue: hard-scaling propagator, red: soft-scaling propagators
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Method of region: non-planar diagrams

1

We fit the series with HPL and express the result in terms of hN . In the case of (7.55), the series in
v is directly fitted to hN . In the case of (7.56), we first fit the series to HPL with the argument of
(1− v) and express them in term of hN . In the case of (7.57), we first fit the series to HPL with the
argument of v/(1− v) and express them in term of hN . Taking into account that 0 ≤ v ≤ 1 and the
brach cut of hN>0 lies on the real axis of v > 1, we never cross the branch cut in the above procedure.
The information of the branch cut is encoded in the analytic continuation of logX.

We already cover all the combination of X = X1/X2, so the calculation of the crossed diagrams
can be done in the same procedure.

For our sample integral, there are about 50 one-dimensional Mellin-Barnes integrals which are
treated in this way after the reduction.

7.5 Combining the Results
ss:total

Summing the contributions from all the relevant regions, we obtain for our sample integral
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• used as the boundary condition of       -differential equation (solved up to mt^32) 

• expressed in terms of HPL’s 

• suited for the evaluation at the physical kinematical configuration (s>0, t<0) 

• satisfy the   -differential equation (independent check) 

• consistent with the Higgs+jet result

mt
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[Kudashkin, Melnikov, Wever, ’17]
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(7.59)

This result is consistent with Ref. [29] after the proper analytic continuation.
One remarkable feature of the result is that it contains terms proportionals to 1/mt. The higher

order correction also contain odd-power terms. These odd-power terms come form Region 2 and 3:
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t ∆(1/δ1, 1/δ2) +O(ε,mt) , (7.60) two-tot1

where ∆(1/δ1, 1/δ2) has poles in δ1 and δ2, and these poles are cancelled by the contributions from
the other regions.

7.6 Other Master Integrals
ss:dots

Seven-Line Integrals

After the IBP-reduction described in Ref. [32], we find that there are four more seven-line integrals.
We consider JNPL1

2,1,1,1,1,1,1, J
NPL1
1,1,2,1,1,1,1, J

NPL1
1,1,1,2,1,1,1, J

NPL1
1,1,1,1,1,2,1 which are used to calculate the Higgs

pair production cross section. (For the detail, see Ref. [32].) These integrals are expressed by the
proper shift of δj : δ1 → δ1 + 1 for JNPL1

2,1,1,1,1,1,1, for example.

Six-Line Integrals

We can use the method described in subsection 5.4 to compute the integral with fewer lines. For
example, JNPL1

1,1,1,1,1,1,0 is obtained by shifting δ7 → δ7 − 1 and repeat the same procedure described
above. Note that the analytic continuation of δj may change after the shift. For example, the template
integral of Region 12 (7.36) can be regularized with δi>0 = 0, whereas JNPL1

1,1,1,1,1,1,0 needs non-zero δ7
to regularize that template integral.

8 Comparison with the Large-mt Expansion
ss:disc

The calculation shown in section 7 was not so simple compared to the large-mt expansion, so one
might suspect that we have done unnecessarily complicated calculation. In this section, we compare

– 35 –

q1

q2

q3

q4

Figure 3. The convention of the external momenta. fig:mom

A note of caution should be made regarding the dependence on S, T, U . Since the physical Mandelstam
variables satisfy the relation s + t + u = 2m2

H , a similar relation should also hold for the positive
Mandelstam variables. As a result, functions expressed in terms of S, T, U are not unique. However
this is not a problem, because at the end of the calculation, we express the result in a unique way.
[See the text below Eq. (4.19).] The linear dependence of S, T, U in intermediate steps plays a crucial
role in the non-planar calculation. [See subsection 7.1.]

In the second expansion, i.e. the mt-expansion, the on-shell condition of the external momenta
becomes

q21 = 0, q22 = 0, q23 = 0, q24 = 0 . (4.16) os2

In terms of χ, the scaling we impose here is

m2
t ∼ χ, S ∼ 1, T ∼ 1, U ∼ 1 , (4.17) sca2

and the resulting series for an integral I is expressed symbolically as

I(S, T, U,m2
t ,m

2
H) =

∑

nH

(m2
H)nH

∑

nt

(m2
t )

ntcnH ,nt(S, T, U, log(m
2
t )) . (4.18) symbol2

The result should be expressed in a way suitable for the evaluation with the physical kinematics.
In order to achieve that, the analytic continuation

S
AC
= e−iπ+i0+(s+ i0+), T

AC
= sv, U

AC
= s(1− v), (4.19) anaconS

is applied, where i0+ represents an infinitesimal positive imaginary number, (note that the massless
on-shell condition (4.16) is adopted), and 0 ≤ v ≤ 1 in the physical kinematics. After expressing the
result in terms of s and v, the expression is unique. The analytic continuation of T,U is trivial since
their signs are consistent with those of the physical kinematics. The results are expressed in terms of
harmonic polylogarithms (HPL) [44] and we introduce an abbreviation for HPL as

h0 = HPL({0}, v), h1 = HPL({1}, v), h2 = HPL({2}, v), h2,1 = HPL({2, 1}, v), (4.20)

and so on. The argument of the HPL is always chosen to be v. For example,

HPL
(
{3},−u

s

)
= HPL ({3}, 1− v)

AC
= −h2,1 + h2h1 −

1

2
h2
1h0 −

π2

6
h1 + ζ3 . (4.21) hpl3
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… v = − t/s
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Improve the series expansion  
using Padé approximant

f0 + f1x+ · · ·+ fn+mxn+m

! a0 + a1x+ · · ·+ anxn

1 + b1x+ · · ·+ bmxm
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Applying Padé approximant for master integrals

40
Double-Higgs boson production at NLO

Go Mishima: Karlsruhe Institute of Technology (KIT), Higgs Coupling 2019, Sep. 30 - Oct. 4, Oxford

high-energy approximation
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based on JHEP 1803 (2018) 048, JHEP 1901 (2019) 176, JHEP 1902 (2019) 080

Expand each Feynman diagrams by means of the method of region.
[Beneke, Smirnov ’97, Smirnov `02, Jantzen `11]

Non-planar MIs

G33(1, 1, 1, 1, 0, 1, 1, 0, 0) G33(1, 1, 1, 1, 0, 2, 1, 0, 0) G51(1, 1, 0, 1, 1, 1, 1, 0, 0) G59(1, 0, 1, 1, 1, 1, 1, 0, 0)

G47(1, 1, 1, 0, 1, 2, 1, 0, 0) G91(1, 1, 1, 1, 0, 1, 1, 0, 0) G47(1, 0, 1, 1, 2, 1, 1, 0, 0) G33(1, 1, 1, 1, 1, 1, 1, 0, 0)

�(l1 + q4)
2

G33(1, 1, 1, 1, 1, 1, 1,�1, 0)

((l1 + q4)
2
)
2

G33(1, 1, 1, 1, 1, 1, 1,�2, 0)

((l2 + q1)
2
)
2

G33(1, 1, 1, 1, 1, 1, 1, 0,�2) G51(1, 1, 1, 1, 1, 1, 1, 0, 0)

�(l1 + q4)
2

G51(1, 1, 1, 1, 1, 1, 1,�1, 0)

�(l2 + q2)
2

G51(1, 1, 1, 1, 1, 1, 1, 0,�1)

((l1 + q4)
2
)
2

G51(1, 1, 1, 1, 1, 1, 1,�2, 0)

((l2 + q2)
2
)
2

G51(1, 1, 1, 1, 1, 1, 1, 0,�2)

total: 161 MIs(s, t � m
2
t
)
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Cross section is expressed as a series in   (we have obtained up to  ).mt m32
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Apply the Padé approximation with respect to   . 
-> The region of convergence is significantly improved. 
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numerical evaluation
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based on PRL 117 (2016) 012001, JHEP 1610 (2016) 107, JHEP 1708 (2017) 088

Two-loop integrals: evaluated points are increased: 3398 → 6320

Numerically evaluated two-loop integrals (virtual correction) combined with parton 
showers within the POWHEG-BOX-V2 and MG5_aMC@NLO frameworks.
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Figure 14: Higgs boson pair transverse momentum distribution p
hh
T (left column with hdamp=1,

right column with hdamp=250) comparing the fixed order result with showered results from both
Pythia 6 and Pythia 8 in the basic HEFT approximation (upper row) and in the full SM (lower
row).

(a) Showered results (hdamp=250). (b) Fixed order results.

Figure 15: phT distribution comparing (a) showered results based on matrix elements in various
approximations (full, FTapprox, Born-improved HEFT) with (b) fixed order results.

also mention that the curve for hdamp= 250 in these figures is close to the NLO curves by
construction, as can be seen by comparing to the fixed order results shown in the previous
subsection.

In Fig. 19 we vary the shower starting scale Qsh in MG5_aMC@NLO by a factor of two
around the default value. In the latest version of MG5_aMC@NLO (version 2.5.3 onwards),

– 15 –
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Complementarity of HE approximation and numerics
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Previous grid
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Figure 5: Vfin as a function of
p
s for fixed values of pT . The data points and the

corresponding uncertainty bars are obtained from the grid [42]. The solid lines are based
on the Padé-improved high-energy expansion. For high values of pT the uncertainties of
the Padé results are smaller than the thickness of the lines. The uncertainties shown for
pT values below 200 GeV are taken over from Fig. 4.

We now define a criterion which provides a prescription for the improvement of the
grid [42]. In order to have guidance we show in Fig. 6 the relative uncertainty of the
Padé results in the

p
s–pT plane. We also overlay all grid points from [42] and use the

same colour scale for their uncertainties. Note that the kinematic boundary is obtained
from the requirement that 1� 4(m2

h
+ p

2

T
)/s (see Eq. (11)) is positive.

From Fig. 6 we learn that the uncertainty is below 0.1% for pT & 200 GeV and then
grows towards lower pT relatively quickly. Still, even for pT ⇡ 150 GeV the uncertainty
is around a few percent for most values of

p
s. Note that larger relative uncertainties for

larger values of
p
s are observed since in this region eVfin is small.

On the basis of this observation we extend the grid provided in [42] as follows:

• We increase the number of points computed using the full NLO result from 3398
to 6320. The new points are sampled according to the distribution of unweighted
events and, therefore, populate the same kinematic regime as the original points.

• For
p
s � 700 GeV and pT � 150 GeV we add points from the Padé approximation.

14
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Figure 7: Vfin as a function of
p
s for fixed values of pT . The data points are obtained

from the improved version of the grid and the solid lines are based on the Padé-improved
high-energy expansion.

6 Applications

In the following we discuss di↵erential distributions w.r.t. the Higgs boson pair invariant
mass mhh and the “single inclusive” Higgs boson transverse momentum pT,h for hadronic
centre-of-mass energies

p
sH = 14 TeV and

p
sH = 100 TeV. The emphasis of this analysis

is the comparison of the current [42] and improved grid introduced in the previous section.

For our analysis we use the parton distribution functions PDF4LHC15_nlo_100_pdfas [51–
53] and adopt the corresponding value for ↵s. For the top quark and Higgs boson masses
we use mh = 125 GeV and mt = 173 GeV and choose µ0 = mhh/2 as the central value for
the renormalization (µR) and factorization (µF ) scales. The uncertainties due to higher-
order QCD corrections are estimated using the usual seven-point scale variation around
µ0, i.e., for µR and µF we introduce µR,F = cR,Fµ0 with cR,F 2 {0.5, 1, 2} and omit the
extreme choices (cR, cF ) = (0.5, 2) and (cR, cF ) = (2, 0.5).

In Fig. 8 we show our results for
p
sH = 14 TeV. In the upper panels we present the

mhh and pT,h di↵erential distributions, and in the lower panels we display the ratio of the
NLO corrections to the LO values (K factor). The LO values are shown in black and the
coloured curves correspond to di↵erent versions of the NLO prediction, all of which contain
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Combine HE approximation and numerics

44Figure 6: Relative uncertainty of the Padé results in the
p
s–pT plane. The points of [42]

are overlayed. Note that a logarithmic scale is used for the relative uncertainty.

• For
p
s < 700 GeV and pT � 200 GeV we add points from the Padé approximation.

The boundary above which we include points from the Padé approximation is denoted as
a yellow line in Fig. 6. We note here that if one reproduces Figs. 5 and 6 using the 6320
points described above the behaviour is qualitatively the same and we therefore refrain
from showing them in this paper.

In Fig. 7 we compare the Padé results to the improved version of the grid, which provides
precise results in the whole relevant phase space. We note that the wiggly behaviour and
the deviation of the grid data points from the Padé approximation for larger values of

p
s

and smaller values of pT could be improved by including further data points from the Padé
approximation. This behaviour would then be pushed to higher values of

p
s. We judge

the performance of the grid as displayed by Fig. 7 to be su�cient for the phenomenological
applications of this paper, and further improvements of the grid not to be necessary. This
improved grid can be downloaded from [42].

15

use numerical  
results

use high-energy approximation
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Figure 7: Vfin as a function of
p
s for fixed values of pT . The data points are obtained

from the improved version of the grid and the solid lines are based on the Padé-improved
high-energy expansion.

6 Applications

In the following we discuss di↵erential distributions w.r.t. the Higgs boson pair invariant
mass mhh and the “single inclusive” Higgs boson transverse momentum pT,h for hadronic
centre-of-mass energies

p
sH = 14 TeV and

p
sH = 100 TeV. The emphasis of this analysis

is the comparison of the current [42] and improved grid introduced in the previous section.

For our analysis we use the parton distribution functions PDF4LHC15_nlo_100_pdfas [51–
53] and adopt the corresponding value for ↵s. For the top quark and Higgs boson masses
we use mh = 125 GeV and mt = 173 GeV and choose µ0 = mhh/2 as the central value for
the renormalization (µR) and factorization (µF ) scales. The uncertainties due to higher-
order QCD corrections are estimated using the usual seven-point scale variation around
µ0, i.e., for µR and µF we introduce µR,F = cR,Fµ0 with cR,F 2 {0.5, 1, 2} and omit the
extreme choices (cR, cF ) = (0.5, 2) and (cR, cF ) = (2, 0.5).

In Fig. 8 we show our results for
p
sH = 14 TeV. In the upper panels we present the

mhh and pT,h di↵erential distributions, and in the lower panels we display the ratio of the
NLO corrections to the LO values (K factor). The LO values are shown in black and the
coloured curves correspond to di↵erent versions of the NLO prediction, all of which contain
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Result:  distribution at 14 TeVpT
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Figure 8: mhh and pT,h distributions for a hadronic centre-of-mass energy
p
sH = 14 TeV.

the full real radiation corrections and only di↵er in the way that the virtual corrections are
implemented. The blue curve, denoted “FTapprox”, incorporates the virtual corrections
computed in the infinite top quark mass limit and rescaled by the exact LO prediction.
The red curve is based on the grid constructed in Ref. [13] but improved by increasing
the number of points from 3398 to 6320 (see discussion above). Finally, the green curve
is based on the new grid, the construction of which is described in Section 5. This curve
constitutes our best prediction. The grey and green bands around the corresponding
curves have been obtained by independent variations of µR and µF as described above.

It is interesting to note that for small mhh and pT,h there is perfect agreement of the red
and green curves, which is expected since in this region the dependence on Vfin comes
primarily from the region in the (partonic)

p
s–pT plane where the support of the old

grid was dense. For higher values of mhh and pT,h, one observes a di↵erence between the
red and the green curves. However, in both cases the red curve lies well within the green
uncertainty band.

The mhh and pT,h distributions for
p
s
H
= 100 TeV are shown in Fig. 9, where the same

notation is used as in Fig. 8. Note that now a significant di↵erence is observed between
the red and green curves; for higher values of mhh and pT,h the red curve lies outside the
green uncertainty band. As an example let us consider pT,h = 2000 GeV. For this value
the K factor is reduced from K ⇡ 1.7 to K ⇡ 1.5 after including the high-energy results
in the grid.

Let us mention that in Figs. 8 and 9, the same phase-space points have been used for all
curves. Thus, the di↵erences between the curves is only due to the di↵erent implementa-
tions of the virtual corrections.

We should emphasize that one observes no change in the total cross section due to the
change from the red to the green curve, since the main contribution to �tot comes from
smaller centre-of-mass energies. However, Figs. 8 and 9 show that it is important to use

17



Higgs pair production at NLO

Go Mishima: Karlsruhe Institute of Technology (KIT), Nov. 21, 2019, Theory Seminar Zeuthen, Humboldt-Universität Berlin /5047

10
�7

10
�5

10
�3

10
�1

d
�
/d

m
h

h
[f
b
/G

e
V

]

LHC 14 TeV

PDF4LHC15 NLO

µ = mhh/2

LO

NLO FTapprox

NLO Grid

NLO Grid + Padé
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Figure 8: mhh and pT,h distributions for a hadronic centre-of-mass energy
p
sH = 14 TeV.

the full real radiation corrections and only di↵er in the way that the virtual corrections are
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The red curve is based on the grid constructed in Ref. [13] but improved by increasing
the number of points from 3398 to 6320 (see discussion above). Finally, the green curve
is based on the new grid, the construction of which is described in Section 5. This curve
constitutes our best prediction. The grey and green bands around the corresponding
curves have been obtained by independent variations of µR and µF as described above.

It is interesting to note that for small mhh and pT,h there is perfect agreement of the red
and green curves, which is expected since in this region the dependence on Vfin comes
primarily from the region in the (partonic)

p
s–pT plane where the support of the old

grid was dense. For higher values of mhh and pT,h, one observes a di↵erence between the
red and the green curves. However, in both cases the red curve lies well within the green
uncertainty band.

The mhh and pT,h distributions for
p
s
H
= 100 TeV are shown in Fig. 9, where the same

notation is used as in Fig. 8. Note that now a significant di↵erence is observed between
the red and green curves; for higher values of mhh and pT,h the red curve lies outside the
green uncertainty band. As an example let us consider pT,h = 2000 GeV. For this value
the K factor is reduced from K ⇡ 1.7 to K ⇡ 1.5 after including the high-energy results
in the grid.

Let us mention that in Figs. 8 and 9, the same phase-space points have been used for all
curves. Thus, the di↵erences between the curves is only due to the di↵erent implementa-
tions of the virtual corrections.

We should emphasize that one observes no change in the total cross section due to the
change from the red to the green curve, since the main contribution to �tot comes from
smaller centre-of-mass energies. However, Figs. 8 and 9 show that it is important to use

17

Result:  distribution at 14 TeVmhh



Higgs pair production at NLO

Go Mishima: Karlsruhe Institute of Technology (KIT), Nov. 21, 2019, Theory Seminar Zeuthen, Humboldt-Universität Berlin /5048

10
�7

10
�5

10
�3

10
�1

10
1

d
�
/d

p T
,h

[f
b
/G

e
V

]

FCC 100 TeV

PDF4LHC15 NLO

µ = mhh/2

LO

NLO FTapprox

NLO Grid

NLO Grid + Padé
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Figure 9: mhh and pT,h distributions for a hadronic centre-of-mass energy
p
sH = 100 TeV.

the improved grid for phenomenological analyses, if one wishes to consider large values of
mhh or pT,h, even for

p
sH = 14 TeV. In these regions the predictions based on “FTapprox”

deviate significantly from the green curve.

7 Conclusions

We provide optimized predictions for the NLO corrections to Higgs boson pair production
by combining the exact numerical results with analytic expressions for the form factors
obtained in a high-energy expansion. For the latter the region of convergence is signifi-
cantly improved by constructing Padé approximants, which are validated at the level of
master integrals. Furthermore, we identify regions in the phase space where both the ex-
act numerical evaluations and the Padé results provide precise predictions and find good
agreement. We thus combine both approaches and generate a new grid which is available
from [42]. The analytic expressions for the high-energy expansion of the form factors are
available from [48].

We apply the improved grid to phenomenological studies of the Higgs boson pair invari-
ant mass and Higgs boson transverse momentum distributions at LHC energies and for
p
sH = 100 TeV. We show that at high energies the improvements are noticeable and we

recommend to use the updated grid for phenomenological studies, even for
p
sH = 14 TeV.
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Figure 9: mhh and pT,h distributions for a hadronic centre-of-mass energy
p
sH = 100 TeV.
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Summary

50

• We have improved the NLO virtual corrections to the Higgs pair production cross section 
via gluon fusion by combining numerical evaluation and the high-energy approximation. 

• We apply the method of regions to two-loop four-point functions for the first time. 

• For the non-planar integrals, we solve the problem of the indefinite sign of F-function 
using an analytic continuation. 
  

• Numerical evaluation and the high-energy approximation agree when 

. 

• Padé improved high-energy approximation provides reasonable results even down to 

. 

• The updated gird is available at https://github.com/mppmu/hhgrid

200 GeV < pT < 400 GeV, s < 800 GeV

pT ≃ 150 GeV

https://github.com/mppmu/hhgrid

