
Back to the future with next lepton colliders:
status and perspectives for the Standard Model calculations

Janusz Gluza

in collaboration with

Ievgen Dubovyk, Ayres Freitas, Tord Riemann, Johann Usovitsch
and Staszek Jadach, and Alain Blondel, and Patrick Janot, ...

HU Berlin, 13 June 2019

1 / 99



Outline

1 Motivation
2 Half a century of the SM
3 Future HE experiments
4 Challenges for theory

Experimental demands
Intersection between QED and EW
S-matrix Ansatz
Calculation of EWPOs
EWPOs fits
EWPOs: calculational methods and results
Needs for EWPOs beyond 2-loops

5 Backup slides: numerics, FCC physics

2 / 99



Motivation

Motivation

The recent open European Strategy meeting in Granada as well as the
discussions, indicated that
(i) the next machine ought to be an e+e− collider;
(ii) Europe should proceed with a flagship collider programme at CERN;
(iii) a vigorous R&D programme must continue to pave the way towards

the highest possible centre-of-mass energy with high luminosities.
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Motivation

Is there a future for our field?

(i) Theory
(ii) Experiment

4 / 99



Half a century of the SM

The Z-boson theory (1967) – 2 pages work

S. Weinberg

"A MODEL
OF LEPTONS"

-

�

�
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Half a century of the SM

J.C. Ward, 1950, the shortest, great publication?
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Half a century of the SM

And, 46 years of the Z-boson discovery (1973)

Gargamelle
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Half a century of the SM

Dawn of the SM
Is the SM renormalizable? In Weinberg’s paper (1967):
"The model may be renormalizable"
"if this model is renormalizable, what happens when we extend it to include the couplings
of ~Aµ and Bµ to the hadrons?"
Z-boson needed? Glashow (1961):
found considerations on "partial symmetries" academic, "without decisive experimental
consequence"
Solution: Gargamelle, 1973. There is more photon (and O(3), etc...)
Direct detection pp̄, UA1, UA2, CERN, 1983
SLC (1980), LEP (1989) - 7-years, 17 millions of Z’s
1985 - 1-loop Z-decay EW correctios, global fits: top (Tevatron 1995) and Higgs indirect
searches

and LHC 2012, happened.
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Half a century of the SM

F. Jegerlehner, in arXiv:1905.05078.

sin2 Θi cos2 Θi = π α√
2GµM2

Z

1
1−∆ri

; ∆ri = ∆ri(α,Gµ,MZ ,mH ,mf 6=t,mt) ,

sin2 ΘW = 1− M2
W

M2
Z

,

sin2 Θg = e2/g2 = πα√
2GµM2

W

,

sin2 Θf = 1
4|Qf |

(
1− vf

af

)
, f 6= ν , EXP at MZ!

∆ri = ∆α− fi(sin2 Θi) ∆ρ+ ∆ri reminder ,

∼ 30 SD disagreement between some SM prediction and experiment without subleading SM
corrections, and only with the leading corrections ∆α(M2

Z) and ∆ρ.
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Half a century of the SM

F. Jegerlehner, in arXiv:1905.05078.
Example: the W and Z mass from α(MZ), Gµ and sin2 Θ` eff :
(i) sin2 ΘW = 1−M2

W /M
2
Z , sin2 θ`,eff(MZ) =

(
1 + cos2 ΘW

sin2 ΘW ∆ρ
)

sin2 ΘW ,

∆ρ = 3M2
t

√
2Gµ

16π2 ; Mt = 173± 0.4 GeV

The iterative solution with input sin2 θ`,eff(MZ) ≡ (1− v`/a`)/4 = 0.23148 EXP! is
sin2 ΘW = 0.22426
(ii) M exp

W = 80.379± 0.012 GeV ; M exp
Z = 91.1876± 0.0021 GeV,−→ 1−M2

W /M
2
Z = 0.22263

Predicting then the masses we have

MW = A0

sin2 ΘW
; A0 =

√
πα√
2Gµ

; MZ = MW

cos ΘW

where, including photon VP correction α−1(MZ) = 128.953± 0.016. For the W,Z mass we then get

M the
W = 81.1636± 0.0346 GeV ; M the

Z = 92.1484± 0.0264 GeV .

Deviavions (errors added in quadrature): W : 23σ ; Z : 36σ
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Half a century of the SM

F. Jegerlehner, in arXiv:1905.05078.
Fred Jegerlehner (in report):
"The result is of course scheme-dependent, but illustrates well the sensitivity to taking into
account the proper radiative corrections. Actually, including full one-loop and leading two-loop
corrections reduces the disagreement below the 2 σ level."

Alain Blondel (e-mail):
"...to me this shows that one should *never, ever* define sin2 θW from the ratio of W and Z
masses, and think of it as a mixing angle. This is an old mistake that has cost many many
wrong conclusions up to this day, the meaning of both value *and error* are different."
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Half a century of the SM

1-, some 2-, 3-, 4-loop contributions, from 1604.00406

Update?

12 / 99



Half a century of the SM

Rich physics

�

Erler, Freitas, PDG’17

Presently:

Very good agreement

theory — experiment

over large number of EWPOs
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Future HE experiments

NOW: LHC
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Future HE experiments

LHC & Higgs

Known with 10-20% accuracy: in future ∼1-5% possible (HL-LHC)
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Future HE experiments

SM at the TeV scale
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Future HE experiments

... and FUTURE?

Theory shaped by experiment
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Future HE experiments

HL-LHC/HE-LHC, FCC-hh, Ion, Ion-e, LHeC/FCC-eh, b/c/tau, muon,
CEPC, SppC, FCC-ee, ILC, CLIC
LHC: next steps
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Future HE experiments
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Future HE experiments
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Future HE experiments
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Future HE experiments

How many colliders so far?
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Future HE experiments
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Future HE experiments

"The first accelarator dates back to prehistoric-historic times, when men
built bows and arrows for hunting.", S.Y. Lee, "Accelarator Physics"

ADA/ADONE: The first [circular] e+e− collider
1969-1993, Frascati,

√
s ≤ 3 GeV

24 / 99



Future HE experiments

How do circular and linear e+e− colliders compare?

F. Zimmermann, 11th FCC-ee Workshop, CERN, January 2019
https://indico.cern.ch/event/766859 25 / 99
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Future HE experiments

How do circular and linear e+e− colliders compare?

(i) Beam sizes

More issues: (ii) Positron source (20÷ 40 times more needed than todays SLC record); (iii)
Beam emittance;
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Future HE experiments

Costs, and who is greener?

1 4 GCHF for the FCC-ee collider and injector;
2 17 GCHF for the FCC-hh collider and injector (of which 9.4 GCHF for the magnets);
3 7.6 GCHF for the common civil engineering and technical infrastructure.

ILC250 - 6.5 GCHF, without the site construction;
First stage of CLIC (of the order of 6 GCHF).
CEPC - 6.5 GCHF.
FCC-ee: 1.7 TWh/year; 1.2 TWh/year LHC and the expected 1.4 TWh/year for HL-LHC.
CLIC380: 0.8 TWh/year
LEP2 energy consumption ranged between 0.9 and 1.1 TWh/year

Table: Operation costs of low-energy Higgs factories, expressed in euros per Higgs boson.

Collider ILC250 CLIC380 FCC-ee240
Cost (Euros/Higgs) 7,000 to 12,000 2,000 255
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Future HE experiments

Energy: generation, consumption, storage. Magnets, RF, cooling, computing
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Challenges for theory

ESPPU Granada
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Challenges for theory Experimental demands

arXiv:1809.01830, arXiv:1905.05078, submitted to CERN Yellow Report

Phase Run duration Center-of-mass Integrated Event
(years) Energies Luminosity Statistics

( GeV ) (ab−1)
FCC-ee-Z 4 88-95 150 3.1012 visible Z decays
FCC-ee-W 2 158-162 12 108 WW events
FCC-ee-H 3 240 5 106 ZH events
FCC-ee-tt 5 345-365 1.5 106 tt̄ events 30 / 99
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Challenges for theory Experimental demands
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Challenges for theory Experimental demands

W and top
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Challenges for theory Experimental demands

Several reasons to stay optimistic in "microscoping" higher order calculations

1 Steady progress in numerical calculations, methods and tools;
2 Lessons from the past (LEP, LHC,...) - anticipated SM predictions improved considerably

- sometimes even several times after experiments took off;
3 Often problems can be attacked from different perspectives (it is needed for independent

confirmations);

Bhabha scattering, 10 years ago
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Challenges for theory Experimental demands

We are not optimists: we are realists.
Many, many examples when needs (and competition!) triggered progress.
Now we have new arguments. And the table, with calculations behind. It is conviencing me
personally why we should aim at the most ambitious experimental programs.
A. Freitas: 1604.00406 (modified)

Measurement error Theory error
Present (LEP) ILC CEPC FCC-ee Current Future†

MW [MeV] 15 3–4 3 1 4 1-1.5
ΓZ [MeV] 2.3 0.8 0.5 0.1 0.5 0.2
Rb [10−5] 66 14 17 6 15 7
sin2 θ`eff [10−5] 16 1 2.3 0.6 4.5 1.5

Table: Projected experimental and theoretical uncertainties for some electroweak precision
pseudo-observables.
† Based on estimations for: O(α2

bos),O(αα2
s),O(Nfα

2αs),O(N2
fα

3)
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Challenges for theory Experimental demands

NLO Automations - many (complete) tools
Over the last decade or so modern methods of

on-shell recursion relations (Britto, Cachazo, Feng, Witten,...)

and
unitarity methods (Bern, Dixon, Kosower, ..., Ossola, Pittau, Papadopoulos, ..., Badger,.....)

overtaken to a large extent traditional Feynman diagrammatic approach, including one-loop
calculations. Knowledge of (scalar) basis and their analytic structure allowed to focus and find

coefficients of reductions (OPP, Kosower, ..., Mastrolia,...), integrand reduction techniques (Ellis,
Giele, Kunszt,Melnikov, Tramontano, Heinrich, Reiter,...)

Altogether - a bunch of automatic packages: FeynArts, BlackHat,
Golem/Samurai, GoSam, Helac-NLO, MadGraph@NLO, Collier, PJFRY, ...

1990-2000�
�	
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Challenges for theory Experimental demands

"The two-loop explosion" - G. Zanderighi, CERN Courier Mar 17, 2017

Fig. by G P Salam, 2016 LHCP conference 36 / 99



Challenges for theory Experimental demands

Progress in analytical approaches
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Challenges for theory Experimental demands

Progress in analytical approaches
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Challenges for theory Intersection between QED and EW

Rough scheme for extracting the Zf̄f vertex and EW corrections (1)

Scanned by CamScanner
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Challenges for theory Intersection between QED and EW

Rough scheme for extracting the Zf̄f vertex and EW corrections (2)

Scanned by CamScanner
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Challenges for theory Intersection between QED and EW

QED unfolding

Altogether 17 · 106 Z-boson decays at LEP
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Challenges for theory Intersection between QED and EW

What is needed in EWK HE studies: Basic issues

What we need:
Calculations at

√
s

!= MZ and around
−→ Line shape studies;
Calculations for a clean setup of EWPOs at fixed order of virtual
corrections
Implementing higher order QED effects to MC, and resummations;
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Challenges for theory Intersection between QED and EW

QED perturbative leading and subleading corrections, 1903.09895

ISR (e±) and FSR (µ±) at the Z peak

α ≡ αQED
L ≡ Lf = ln(s/m2

f ), f = e, µ

(a) 0.5%
1
αL α
α2L2 α2L α2

α3L3 α3L2 α3L α3

α4L4 α4L3 α4L2 α4L1 α4

...
...

...

(b) 0.02%
1
αL α
α2L2 α2L α2

α3L3 α3L2 α3L α3

α4L4 α4L3 α4L2 α4L1 α4

...
...

...
(c) 0.001%

1
αL α
α2L2 α2L α2

α3L3 α3L2 α3L α3

α4L4 α4L3 α4L2 α4L1 α4

α5L5 ...
...

...
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Challenges for theory Intersection between QED and EW

EW SM theory at loops, an example (∆ef 6= 0)



ΓZ ,Γpartial

Aeff.,BornFB,peak , A
eff.,Born
LR,peak

Rb, R`, ...

−→



veff`,ν,u,d,b

aeff`,ν,u,d,b

sin2 θb
eff , sin2 θlept

eff

e.g. : improvements needed for subtle corrections ∆1,2 (e.g. boxes, 2L-boxes)

Aeff.,BornFB,peak =
2<e

[
vea∗e
|ae|2

]
2<e

[
vfa
∗
f

|af |2

]
(
1 + |ve|2

|ae|2
) (

1 + |vf |2
|af |2

) + ∆1 −∆2 '
3
4AeAf ,

∆1 = 2<e [∆ef ] , ∆2 = |∆ef |2 + 2<e
[
vea
∗
e

|ae|2
vfa
∗
f

|af |2
∆∗ef

]
,

∆ef = 16|QeQf |s4
W (κef − κeκf ) 44 / 99



Challenges for theory S-matrix Ansatz

How to unfold - rough scheme
We have to describe

e+e− −→ (γ, Z) −→ f+f−(γ), (1)
S-matrix Ansatz in the complex energy plane

Ae+e−→bb = RZ
s− sZ

+

Background︷ ︸︸ ︷
Rγ
s

+ S + (s− sZ)S′ + . . .,

︸ ︷︷ ︸
γ−Z interference

sZ = M
2
Z − iMZΓZ

R,S, S′, . . . are individually gauge-invariant and UV-finite - unitarity and analyticity of
the S-matrix. IR-finite, when soft and collinear real photon emission is added.
[Willenbrock, Valencia,1991] [Sirlin,1991] [Stuart,1991] [Riemann, 1991, 1992] [H. Veltman,1994] [Passera, Sirlin, 1998] [Gambino, Grassi, 2000]

[Awramik, Czakon, Freitas, 2006].
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Challenges for theory S-matrix Ansatz

The term Rγ(s)/s is part of the the background

The poles of A have complex residua RZ and Rγ .
There is only ONE pole in mathematics, while in physics we observe two of them: photon
exchange at s = 0, Z exchange at s0 = sZ . Mathematicaly, the appearance of the photon
pole is result of summing of part of background around Z pole, s0 = sZ
[T. Riemann, APPB 2015]

Rγ(s)
s

=
∑∞
n=0Rn(s− s0)n

s

=
∑∞
n=0Rn(s− s0)n

s0 − (s0 − s)

=
∞∑
n=0

Rn(s− s0)n 1
s0

1
1− s0−s

s0

=
∞∑
n=0

Rn(s− s0)n 1
s0

[
1 + s0 − s

s0
+
(
s0 − s
s0

)2
· · ·
]

;
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Challenges for theory S-matrix Ansatz

From Theory: The way to keep a proper track is the S-matrix approach

e+e− −→ (γ, Z) −→ ff(γ),

Ae+e−→ff
0 = RZ

s−M 2
Z + iΓZMZ

+ S0 + (s− sZ)S ′ + . . . ,

σ0 ' |A0|2 = sr + (s−M 2
Z)jγ−Zint

|s− s2
Z |2

+ corr.[background]

r = (v2
e + a2

e)(v2
f + a2

f) + ...

[Willenbrock, Valencia,1991] [Sirlin,1991] [Stuart,1991] [Riemann, 1991, 1992] [H. Veltman,1994]

[Passera, Sirlin, 1998] [Gambino, Grassi, 2000] [Awramik, Czakon, Freitas, 2006].
Solved issue: 2-loop vertex, present issue: 3-loop vertex, potential issue:
2-loop boxes 47 / 99



Challenges for theory S-matrix Ansatz

Scheme of construction and the use of EWPO/EWPP at post-LEP era
R

ep
or

t
1

an
d

19
03

.0
98

5

48 / 99



Challenges for theory S-matrix Ansatz

EWPOs - refers to |M |2; EWPPs - refers to M

Beyond Born level, one can write

M(0)
γ (e−e+ → f−f+) = 4πiαem(s)

s
QeQf γα ⊗ γα,

M(0)
Z (e−e+ → f−f+) = 4ie2χZ(s)

s

[
M ef
vv γα ⊗ γα −M ef

av γαγ5 ⊗ γα

−M ef
va γα × γαγ5 +M ef

aa γαγ5 ⊗ γαγ5
]
.

In the pole scheme, where M̄Z is defined as the real part of the pole of the S matrix, one has

χZ(s) = GFM
2
Z√

2 8παem
KZ(s) ' 1

1 + i Γ̄Z
M̄Z

s

s− M̄2
Z + iM̄Z Γ̄Z

' s

s−M2
Z + iMZΓZ(s)

,

ΓZ(s) = s

M2
Z

ΓZ
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Challenges for theory S-matrix Ansatz

EWPOs - refers to |M |2; EWPPs - refers to M
Definitions are related:

M̄Z ≈MZ −
1
2

Γ2
Z

MZ
≈ MZ − 34 MeV,

Γ̄Z ≈ ΓZ −
1
2

Γ3
Z

M2
Z

≈ ΓZ − 0.9 MeV.

Known from LEP. One of examples why changing
frameworks/assumptions/simplifications of calculations matter (!).
However, at FCC-ee δΓZ ∼ 0.1 MeV. Non-facotrization effects must be added properly
beyond 1-loop.
Is it necessary for FCC-ee accuracy to implement MC with radiative corrections calculated
at the amplitudes level?
At this precision it is important which parameters are taken as input parameters in
schemes.
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Challenges for theory Calculation of EWPOs

Input and renormalization schemes
1 Input and calculated/measured parameters

SU(2)L ⊗U(1)Y
Higgs mechanism

g2,g1,v
yt, λ, . . .

Thomson
scattering e+e−, ep,p( )p̄

p( )p̄, e+e−

→ Z

p( )p̄, e+e−

→ H

e+e− → f f̄
e+e− → e+e−

νe, νN

µ-decay

e+e−

p( )p̄, e+e−

→ W+W−

e+e−

p( )p̄, e+e−

→ tt̄

α αs

MZ

MW

Gµ

Mtyt

MHλ

sin2 ΘW

vf , af

αQED in "Report 2", F. Jegerlehner
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Challenges for theory Calculation of EWPOs

Let’s assume we unfolded EW physics well.
And defined all contributions taking into account non-factorizable effects.

Then we can calculate comfortable SM corrections order by order in Z-boson physics.
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Challenges for theory EWPOs fits

Currently most precise prediction for sin2 θb
eff

sin2 θb
eff =s0 + d1 LH + d2 L

2
H + d3 ∆α + d4 ∆t + d5 ∆2

t

+ d6 ∆t LH + d7 ∆αs + d8 ∆t ∆αs + d9 ∆Z

(2)

LH = log
(

MH

125.7GeV

)
, ∆t =

(
mt

173.2GeV

)2
− 1, ∆Z =

MZ

91.1876GeV
− 1,

∆α =
∆α

0.0059
− 1, ∆αs =

αs

0.1184
− 1.

(3)

s0 = 0.232704, d1 = 4.723× 10−4
, d2 = 1.97× 10−4

, d3 = 2.07× 10−2
,

d4 = −9.733× 10−4
, d5 = 3.93× 10−4

, d6 = −1.38× 10−4
,

d7 = 2.42× 10−4
, d8 = −8.10× 10−4

, d9 = −0.664.

(4)

MW is calculated from the Fermi constant Gµ [Awramik, et al., 2004]

The deviations to the full calculation amount to average (maximal) 2× 10−7

(1.3× 10−6), in the input parameter ranges.
DFGRU, Phys.Lett. B762 (2016) 184
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Challenges for theory EWPOs fits

Goodnes of fits

Observable max. dev. EXP now FCC-ee CEPC ILC
sin2 θ`eff × 104 0.056 1.6 0.06 0.23 0.1
sin2 θb

eff × 104 0.025 160 0.18 9 15

Table: Influence of input parameters in the fitting formulas on the leptonic and bottom-quark effective
weak mixing angles, compared with the envisaged precision of measurements (statistical errors) at the
collider projects FCC-ee CDR, CEPC CDR and ILC. To our knowledge, there is no corresponding data
available for EWPOs at CLIC. . The entry “EXP now” gives the present experimental precision, as
known since LEP 1 .

Not to be mixed up with theoretical errors due to missing higher order
radiative corrections
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Challenges for theory EWPOs: calculational methods and results

Published results on EWPOs in the SM @NNLO

Complete corrections ∆r, sin2 θleff : Freitas, Hollik, Walter, Weiglein: ’00
Awramik,Czakon: ’02,Onishchenko,Veretin: ’02

Awramik,Czakon,Freitas,Weiglein: ’04
Awramik,Czakon,Freitas: ’06
Hollik,Meier,Uccirati: ’05,’07

Degrassi,Gambino,Giardino: ’14
Fermionic corrections sin2 θbeff , af , vf : Awramik,Czakon,Freitas,Kniehl: ’09

Czarnecki,Kühn: ’96
Harlander,Seidensticker,Steinhauser: ’98

Freitas: ’13,’14

Bosonic corrections: sin2 θb
eff : Dubovyk, Freitas, JG, Riemann, Usovitsch ’16

Bosonic corrections: ΓZ , Rl, ... : Dubovyk, Freitas, JG, Riemann, Usovitsch ’18
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Challenges for theory EWPOs: calculational methods and results

Mellin-Barnes and Sector Decomposition methods are very much complementary!

MB works well for hard threshold, on-shell cases, not many internal masses (more IR);
SD more useful for integrals with many internal masses
−→ talk by Johann Usovitsch, LL2018
−→ JG, Tord Riemann in PoS-LL2016 & DFGRU in PLB’16.

10−8 accuracy achieved for any self-energy and vertex Feynman integral
with one of the methods - in Minkowskian region.

Available
forseveralyears!

0

0

s

MZ

MZ

0

0

s

MZ

MZ

0

0

s

MZ MZ

0

0

s

MZ

MZ 56 / 99



Challenges for theory EWPOs: calculational methods and results

NNLO results

Input parameters:

Parameter Value Parameter Value
MZ 91.1876 GeV mMS

b 4.20 GeV
ΓZ 2.4952 GeV mMS

c 1.275 GeV
MW 80.385 GeV mτ 1.777 GeV
ΓW 2.085 GeV ∆α 0.05900
MH 125.1 GeV αs(MZ) 0.1184
mt 173.2 GeV Gµ 1.16638× 10−5 GeV−2
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Challenges for theory EWPOs: calculational methods and results

The 2-loops EWPOs results∗ for O(α2
bos), hep-ph/1804.10236

Γi [MeV] Γe,Γµ,Γτ Γνe ,Γνµ ,Γντ Γd,Γs Γu,Γc Γb ΓZ

Born 81.142 160.096 371.141 292.445 369.56 2420.2
O(α) 2.273 6.174 9.717 5.799 3.857 60.22
O(ααs) 0.288 0.458 1.276 1.156 2.006 9.11
O(N2

fα
2) 0.244 0.416 0.698 0.528 0.694 5.13

O(Nfα
2) 0.120 0.185 0.493 0.494 0.144 3.04

O(α2
bos) 0.017 0.019 0.058 0.057 0.167 0.505

O(αtα
2
s , αtα

3
s , α

2
tαs, α

3
t ) 0.038 0.059 0.191 0.170 0.190 1.20

1 Fun fact of the day: so far all contributions positive.
2 2016, estimation, bosonic NNLO ∼ 0± 0.1 MeV
2018, exact result: 0.505 MeV

∗ Fixed values of MW
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Challenges for theory EWPOs: calculational methods and results

The 2-loops EWPOs results for O(α2
bos), hep-ph/1804.10236

ΓZ [GeV] σ0
had [nb]

Born 2.53601 41.6171
+ O(α) 2.49770 41.4687
+ O(ααs) 2.49649 41.4758
+ O(αtα

2
s , αtα

3
s , α

2
tαs, α

3
t ) 2.49560 41.4770

+ O(N2
fα

2, Nfα
2) 2.49441 41.4883

+ O(α2
bos) [+0.34 MeV]=2.49475 [+1.3 pb]=41.4896

Results for ΓZ and σ0
had, with MW calculated from Gµ using the same order of perturbation

theory as indicated in each line.
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Challenges for theory EWPOs: calculational methods and results

The 2-loops EWPOs results for O(α2
bos), hep-ph/1804.10236

R` Rc Rb

Born 21.0272 0.17306 0.21733
+ O(α) 20.8031 0.17230 0.21558
+ O(ααs) 20.7963 0.17222 0.21593
+ O(αtα

2
s , αtα

3
s , α

2
tαs, α

3
t ) 20.7943 0.17222 0.21593

+ O(N2
fα

2, Nfα
2) 20.7512 0.17223 0.21580

+ O(α2
bos) 20.7516 0.17222 0.21585

Results for the ratios R`, Rc and Rb, with MW calculat ed from Gµ to the same order as
indicated in each line.
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Challenges for theory Needs for EWPOs beyond 2-loops

Updates for error estimations

see, Ayres Freitas: 1604.00406
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Challenges for theory Needs for EWPOs beyond 2-loops

E.g.: Theory error estimation for ΓZ , 1804.10236 [1604.00406]
1 Geometric series

δ1 : O(α3)−O(α3
t ) ∼

O(α2)−O(α2
t )

O(α) O(α2) ∼ 0.20 MeV [0.26 MeV]

δ2 : O(α2αs)−O(α2
tαs) ∼

O(α2)−O(α2
t )

O(α) O(ααs) ∼ 0.21 MeV [0.3 MeV]

δ3 : O(αα2
s)−O(αtα2

s) ∼
O(ααs)−O(αtαs)

O(α) O(ααs) ∼ 0.23 MeV

δ4 : O(αα3
s)−O(αtα3

s) ∼
O(ααs)−O(αtαs)

O(α) O(αα2
s) ∼ 0.035 MeV

δ5 : O(α2
bos) ∼ O(αbos)2 ∼ 0.1 MeV [Now we know it!]

Total: δΓZ =
√

5∑
i=1

δ2
i ∼ 0.4 MeV [0.5 MeV]
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Challenges for theory Needs for EWPOs beyond 2-loops

Summary: estimations for higher order EW and QCD corrections

δ1 : δ2 : δ3 : δ4 : δ5 : δΓZ [MeV]
O(α3) O(α2αs) O(αα2

s ) O(αα3
s ) O(α2

bos) =
√∑5

i=1 δ
2
i

TH1 (estimated error limits from geometric series of perturbation)
0.26 0.3 0.23 0.035 0.1 0.5
TH1-new (estimated error limits from geometric series of perturbation)
0.2 0.21 0.23 0.035 < 10−4 0.4

δ′1 : δ′2 : δ′3 : δ4 : δΓZ [MeV]
O(N≤1

f α3) O(α3αs) O(α2α2
s ) O(αα3

s )
√
δ′21 + δ′22 + δ′32 + δ2

4
TH2 (extrapolation through prefactor scaling)

0.04 0.1 0.1 0.035 10−4 0.15

63 / 99



Challenges for theory Needs for EWPOs beyond 2-loops

Crucial issue: accuracy of calculations

For 2-loops we maintained 4 digits for EWPOs.

A calculation of the radiative corrections δ1 ÷ δ4
and δ′1÷δ′3 with a 10% accuracy (corresponding to
two significant digits) should suffice to meet future
experimental demands.
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Challenges for theory Needs for EWPOs beyond 2-loops

Minimal precision of 3-loop EW calculations:

1 Calculating N 3LO with 10% accuracy (two digits), we can replace
theory error estimation δΓZ =

√
5∑
i=1

δ2
i ∼ 0.4 MeV by

δΓZ =
√

5∑
i=1

(δi/10)2 ∼ 0.04 MeV.

1 The requirement of FCC-eeexper. error(ΓZ) ∼ 0.1 MeV can be met and
the condition

δ[FCCeetheor.(ΓZ)] ∼ 0.04 MeV<δ[FCCeeexper.(ΓZ)] ∼ 0.1 MeV

will be fullfilled.
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Challenges for theory Needs for EWPOs beyond 2-loops

Estimations for total values of missing EWPOs

δΓZ [MeV] δRl [10−4] δRb [10−5] sin2 θl
eff [10−5] sin2 θb

eff [10−5] σ0
had [pb]

EXP-FCCee 0.1 2÷ 20 2÷ 6 6 70 4
TH1∗ 0.4 60 10 4.5 5 6
TH2∗ 0.15 60 5 1.5 1.5÷ 2 6

TH1 - estimates from geometric series (3-loops)
TH2 - estimates from prefactor scaling (beyond 3-loops)
∗ 10% knowledge (2 digits) of the error would decrease numbers
by factor 10

And this should be the goal for future ≥ N 3LO calculations
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BACKUP SLIDES
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Discussion of NNNLO accuracy

Two factors play role:
Number of diagrams
Their complexity

Goal: at least 2-digits accuracy for EWPOs.

We estimate it to be possible, even from present perspective.
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2-loops −→ 3-loops

m1 = Mt,m2 = MW

The integrals contain up to three dimensionless parameters{
M2
H

M2
Z

,
M2
W

M2
Z

,
m2
t

M2
Z

,
(MZ + iε)2

M2
Z

}
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2-loops −→ 3-loops

The standard model prediction for the effective weak mixing angle can
be written as

sin2 θb
eff =

1− M 2
W

M 2
Z

 (1 + ∆κb)

The bosonic electroweak two-loop corrections amount to

∆κ(α2,bos)
b = −0.9855× 10−4

DFGRU, Phys.Lett. B762 (2016) 184
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Collection of radiative corrections: Full stabilization at 10−4!

Order Value [10−4]
α 468.945
ααs −42.655
α2

ferm 3.866
α2

bos -0.9855

Order Value [10−4]
α2
tαs 1.362
α3
t 0.123
αtα

2
s −7.074

αtα
3
s −1.196

Table: Comparison of different orders of radiative corrections to ∆κb.
Input Parameters: MZ , ΓZ , MW , ΓW , MH , mt, αs and ∆α

±0.001 ! -

one-loop contributions [Akhundov, Bardin, Riemann, 1986] [Beenakker, Hollik, 1988]

two-loop fermionic contributions [Awramik, Czakon, Freitas, Kniehl, 2009]

two-loop bosonic contributions [Dubovyk, Freitas, JG, Riemann, Usovitsch, 2016]
Partial higher-order corrections
O(αtα

2
s ) Avdeev: 1994,Chetyrkin: 1995

O(αtα
3
s ) Schroder: 2005,Chetyrkin: 2006,Boughezal: 2006

O(α2αt) and O(α3
t ) vanderBij: 2000,Faisst: 2003 71 / 99
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3-loops. Basic bookkeeping

Z → bb̄

Number of
topologies

1 loop 2 loops 3 loops
1 14→(A) 7 →(B) 5 211 →(A) 84 →(B) 50

Number of diagrams 15 2383→(A,B) 1114 490387 →(A,B)120187
Fermionic loops 0 150 17580
Bosonic loops 15 964 102607
Planar diagrams 1T/15D 4T/981D 35T/84059D

Non-planar diagrams 0 1T/133D 15T/36128D

Table: Some statistical overview for Z → bb̄ multiloop studies. At 3 loops there are in total almost half
a million of diagrams present. After basic refinements (A) and (B) about 105 genuine 3-loop vertex
diagrams remain. In (A) tadpoles and products of lower loops are excluded, in (B) symmetries of
topologies are taken into account.
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A complete zoo of heavy particles mt,mW ,mZ ,mH @NNNLO level

MB: ε0[8-dim], 1/ε[7-dim]; SD: ε0[8-dim] , 1/ε[7-dim];

Z

b̄

bZ

b t

W W b

A

WH

p2

@-k1 + k2,mmbD

@-k1 + k2 - p2,mmAD

p3

@-k1 - k3,mmbD

@-k1 - k3 + p3,mmZD

-p2 - p3

@k1 + k3 + p2,mmHD

@-k1,mmtD

@k2,mmWD

@k1 + p2,mmWD

@-k3,mmWD

At 2-loops up to three dimensionless parameters (all 4 at 3-loops):{
M2
H

M2
Z

,
M2
W

M2
Z

,
m2
t

M2
Z

,
(MZ + iε)2

M2
Z

}
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Step 1

Construction of MB integrals
http://us.edu.pl/∼gluza/ambre/
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Mellin-Barnes representations in HEP - method

"Om definita integraler", R. H. Mellin, Acta Soc. Sci. Fenn. 20(7), 1 (1895),
"The theory of the gamma function", E. W. Barnes Messenger Math. 29(2), 64 (1900).

mathematics −→ 1
(A+B)λ = 1

Γ(λ)
1

2πi

∫ +i∞

−i∞
dzΓ(λ+ z)Γ(−z) Bz

Aλ+z

physics −→ 1
(p2 −m2)a = 1

Γ(a)
1

2πi

∫ +i∞

−i∞
dzΓ(a+ z)Γ(−z) (m2)z

(p2)a+z

It is recursive =⇒ multidimensional complex integrals.
− 1

3 +i∞∫
− 1

3−i∞

dz1

− 2
3 +i∞∫

− 2
3−i∞

dz2

(
−s
M2
Z

)−z1 Γ[−z1]3Γ[1 + z1]Γ[z1 − z2]Γ[−z2]3Γ[1 + z2]Γ[1− z1 + z2]
s Γ[1− z1]2Γ[−z1 − z2]Γ[1 + z1 − z2]

Overlaped integrals
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Multiloop Feynman diagrams, general MB integrals
1

Dn1
1 Dn2

2 . . . DnN
N

→
∫ N∏

j=1
dxj x

nj−1
j δ(1−

N∑
i=1

xi)
U(x)Nν−d(L+1)/2

F (x)Nν−dL/2

Nν = n1 + . . .+ nN

The functions U and F are called graph or Symanzik polynomials.

Trees contributing to the polynomial U for the square diagram

2− trees contributing to the polynomial F for the square diagram

x1

x2

x3

x4

p1

p2

p3

p4

U = x1 + x2 + x3 + x4 ! 1-loop −→ 1

F = t · x1x3 + s · x2x4

Cuts of internal lines such that:
U : (i) every vertex is still connected to every
other vertex by a sequence of uncut lines; (ii)
no further cuts without violating (i)
F : (iii) divide the graph into two disjoint parts
such that within each part (i) and (ii) are
obeyed and such that at least one external
momentum line is connected to each part;

Dimension of MB integrals depends on
factorizations of F and U! 78 / 99
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Step 2

Numerics of MB integrals
http://mbtools.hepforge.org/
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Two basic observations for shifting z follows
∫
dz1 . . . dzk . . . I(. . . , Re[zk] + n+ Im[zk], . . .) Iorig

= Residue[
∫
dz1 . . .��dzk . . . I]Re[zk]+n IRes

+
∫
dz1 . . . dzk . . . I(. . . , Re[zk] + (n+ 1) + Im[zk], . . .) Inew

1 Residues lower dimensionality of original MB integrals.
2 Integral after passing a pole (proper shifts) can be made smaller.

•
•• •

•C
C
C
C
CCO�

���@@I
�
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Top-bottom approach to evaluation of multidimensional MB integrals

MBnumerics.m - I. Dubovyk, J. Usovitsch, T. Riemann

Scanned by CamScanner
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BASIC PROBLEMS in Minkowski kinematics

I. Bad oscillatory behavior of integrands;
II. Fragile stability for integrations over products and ratios of Γ functions.

V (s) = eεγE

iπ(4−2ε)/2

∫
d(4−2ε)k

[(k + p1)2 −m2][k2][(k − p2)2 −m2]

= V−1(s)
ε

+ V0(s) + · · · ,

V−1(s)|m=1 = − 1
2s

− 1
2 +i∞∫

− 1
2−i∞

dz

2πi (−s)−z︸ ︷︷ ︸
Problem I

Problem II︷ ︸︸ ︷
Γ3(−z)Γ(1 + z)

Γ(−2z)

= 1
2

∞∑
n=0

sn(2n
n

)
(2n+ 1)

= 2 arcsin(
√
s/2)√

4− s
√
s

,

��
�

H
HH
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Contour deformations

æ æ æ

-1.0 -0.5 0.0 0.5 1.0
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

t

zHtL

z(t) = x0 + it : V
C1
−1 (s) =

∫ +∞

−∞

(i) dt J[z(t)];

z(t) = x0 + θt + it : V
C2
−1 (s) =

∫ +∞

−∞

(θ + i) dt J[z(t)]

z(t) = x0 + at
2 + it : V

C3
−1 (s) =

∫ +∞

−∞

(2at + i) dt J[z(t)]; .
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s = 2, z(t) = <[−1/2] + i y, y ∈ (−a,+a)

V−1(2)|analyt. = 0.78539816339744830962 = π

4
V−1(2)|MB.m

Pantis = 0.7925−((((0.0225 i

V−1(2)|C1, a=15 = 0.7548660085063523−(((((
(((

((
0.229985258820015 i

V−1(2)|C1, a=102 = 0.73479313088852537844 +
((((

((((
((((

(
0.074901423602937676597 i

V−1(2)|C1, a=103 = 0.84718185073531076915−
(((

((((
(((

(((
0.094865760649354977853 i

V−1(2)|C1, a=104 = 4.4574554985139977188 +
((((

((((
((((

4.5139812364645122275 i

X V−1(2)|C2 = 0.7853981633859819− 5.420140575251864 · 10−15X i

X V−1(2)|C3 = 0.7853981632958756 + 2.435551760271437 · 10−15X i
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Transformations of integration variables (Mappings)
− 1

3 +i∞∫
− 1

3−i∞

dz1

− 2
3 +i∞∫

− 2
3−i∞

dz2

(
−s
M2
Z

)−z1 Γ[−z1]3Γ[1 + z1]Γ[z1 − z2]Γ[−z2]3Γ[1 + z2]Γ[1− z1 + z2]
s Γ[1− z1]2Γ[−z1 − z2]Γ[1 + z1 − z2]

Logarithmic (in MB.m, M. Czakon, CPC 2006):

zk = xk + i ln
(

tk
1− tk

)
, tk ∈ (0, 1), the Jacobians : Jk(tk) = 1

tk(1− tk) .

Im[Integrand] Re[Integrand]

t1
t2
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Transformations of variables (Mappings)
Tangent (in MBnumerics.m, ID, JU, TR, 2016):

zk = xk + i
1

tan(−πtk)
, tk ∈ (0, 1), the Jacobians : Jk = π

sin2 [(πtk)]
.

Im[Integrand] Re[Integrand]

t1
t2

In addition, Γ→ eln Γ improves numerical stability considerable, either.
86 / 99



Backup slides: numerics, FCC physics Numerics of MB integrals

MB vs SD
0

0

s =M 2
Z

MZ

0

0

0
0

0

Euclidean results (constant part):
Analytical : −0.4966198306057021
MB(Vegas) : −0.4969417442183914
MB(Cuhre) : −0.4966198313219404
FIESTA : −0.4966184488196595
SecDec : −0.4966192150541896

Minkowskian results (constant part):
Analytical : −0.778599608979684− 4.123512593396311 · i
MBnumerics : −0.778599608324769− 4.123512600516016 · i
MB(Vegas) : big error
MB(Cuhre) : NaN
FIESTA : big error
SecDec : big error 87 / 99
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SM W-physics, more in the report for January 2019 CERN workshop

88 / 99



Backup slides: numerics, FCC physics Numerics of MB integrals

SM W-physics
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SM W-physics
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SM W-physics
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SM precision parameters determination: α(M 2
Z)
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SM precision parameters determination: α(M 2
Z)
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Three approaches should be further explored for better error estimate
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e+e− → µ+µ− and α2(s)
σµµ:

1 the photon-exchange term, G, proportional to α2(s);
2 the Z-exchange term, Z, proportional to G2

F (where GF is the Fermi constant);
3 the Z-photon interference term, I, proportional to α(s)×GF

The muon forward-backward asymmetry, AµµFB, is maximally dependent on the interference
term

AµµFB = AµµFB,0 + 3
4

2

2
I

G + Z ,

varies with αQED(s) as follows:

∆AµµFB =
(
AµµFB −A

µµ
FB,0

)
× Z − G
Z + G ×

∆α
α
.
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e+e− → µ+µ− and α2(s)

The best accuracy is obtained for one year of running either just below or just above the Z
pole, at 87.9 and 94.3 GeV, respectively. 96 / 99
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Flavour physics
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FCC-ee and FCC-hh (FCC-eh)

1 measure and tightly constrain a comprehensive set of electroweak and
Higgs observables with high precision, 10-100 times better than so far;

2 unveil small but significant deviations with respect to the standard
model predictions,

3 observe rare new processes or particles, beyond the standard model
expectations,
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Present situation

"The effect of a concept-driven revolution is to explain
old things in new ways.

The effect of a tool-driven revolution is to discover
new things that have to be explained"

"New directions in science are launched by new tools much
more often than by new concepts ."

Freeman Dyson.
No energy reference scale anymore!
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Knowns and unknowns (from talk by Josh Ruderman, FCC Week 2018)
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Knowns and unknowns
(from talk by Josh Ruderman, FCC Week 2018)
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Rumsfeld’s Matrix of Particle Physics (from talk by JR, FCC Week 2018)
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