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OUTLINE �2

1. Motivation 

2. Two-loop numerical unitarity 

3. Analytic five-patron amplitudes



MOTIVATION �3

The LHC will still be running for many years, probing the Standard Model at the percent 
level for many observables: theory must keep up with experiments



‣ Percent-level precision for many observables: 
requires NNLO QCD. 

‣Many 2 to 2 processes are known at NNLO 
‣Can we probe kinematic dependence of final 

states? Add recoiling jet? 

‣Can we add mass effects?

Two key building blocks: 

‣Handling of IR divergences at NNLO. 

‣Calculation of two-loop (multi-leg/scale) amplitudes.

MOTIVATION �4

Les Houches whishlist 2017 [1803.07977]

[Eur.Phys.J.C 77, no.6, 367 (2017)]

𝛼s determination



TWO-LOOP FIVE-PARTON QCD AMPLITUDES �5

A =
X

i

ci(~x, ✏)mi(~x, ✏)
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Master coefficients: 
specific to each process. 

Rational (algebraic) 
functions of the external 

kinematics and the 
dimensional regulator

Master integrals:  
depend only on the kinematics 

of the process 
Special functions 

(polylogarithms, elliptic, …) of 
the external kinematics and the 

dimensional regulator

Cross-section for  
3jet production 

at NNLO

‣ Important contribution to NNLO corrections 
‣ Laboratory for complex multi-scale calculation 
‣ Analytic results: faster, stable and flexible 
‣ Study interesting mathematical properties



RECENT 5-POINT INTEGRALS/AMPLITUDE COMPUTATIONS
Analytic massless 5-point integrals 

• Planar 

• Non-planar: symbol results

Recent progress in 5-point QCD amplitudes 

• Numerics 5-parton: 

• Analytic 5g -++++: 

• Analytic 5-parton: 

• Analytic 5g +++++:

[Papadopoulos, Tommasini, Wever 15] [Gehrmann, Henn, lo Presti 15, 18]

[Chicherin, Gehrmann, Henn, Wasser, Zhang, Zoia, 18]

�6

[Abreu, Dixon, Herrman, Page, Zeng 18]

IBP tables 

• Planar 

• Non-planar: partial

[Boels, Jin, Luo 18] [Chawdhry, Lim, Mitov 18]

[Böhm, Georgoudis, Larsen, Schönemann, Zhang 18] 

[Abreu, Febres Cordero, Ita, Page, Sotnikov, Zeng 17, 18]
[Badger, Brønnum-Hansen, Bayu, Gehrmann, Hartanto, Henn, lo Presti, Peraro 17, 18]

[Badger, Brønnum-Hansen, Bayu, Hartanto, Peraro 18]

[Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov 18, 19]

[Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, Zhang, Zoia, 19]



            Feynman diagrams 

  Master integral decomposition 

        Integrated expression 
(very simple compared to size of intermediate                              
                      expressions)

- Tensor reduction [Passarino, Veltman 79] 
- IBPs [Tkachov, Chetyrkin 81, Laporta 01]

Numerical unitarity method  

1. Numerical approach: suitable 
for multi-scale processes 

2. Reduction & coefficient 
evaluation done simultaneously 

3. Use numerical data to 
reconstruct analytics

A =
X

�

X

i2M�

c�,i(D)I�,i(D)

- Diff. eq. [Kotikov 91, Gehrmann, Remiddi 01; 
   Henn 13] 
- Direct integration […, HyperInt] 
- Numeric integration […, SecDec, Fiesta]

Completely general approach, but: 
- large intermediate expressions 
- large IBP system 
- parallelisation is non-trivial

Bad scaling with number of legs 
and masses

TWO-LOOP AMPLITUDE — STANDARD APPROACH �7



TWO-LOOP NUMERICAL UNITARITY



A(`l) =
X

�

X

i2M�[S�

c�,i(D)
m�,i(`l, D)Q

j2P�
⇢j

Change of integrand basis: 
Construct surface terms 
and master integrands

A =
X

�

X

i2M�

c�,i(D)I�,i(D)
Obtain integrated amplitude: 
Determine coefficients with (generalised) unitarity 
and insert expression for master integrals

Generalisation of one-loop: Ossola, Papadopoulos, Pittau 07;  Ellis, Giele Kunszt 07; Giele Kunszt, Melnikov 08; 
Berger, Bern, Dixon, Febres Cordero, Ita, Kosower, Maitre 08 
Related two-loop approaches: Badger, Frellesvig, Zhang 12, 13; Mastrolia, Mirabella, Ossola, Peraro 12; Mastrolia, 
Peraro, Primo 16; Badger, Brønnum-Hansen, Hartanto, Peraro 17; Boels, Jin, Luo 18; Chawdhry, Lim, Mitov 18

[S. Abreu, F. Febres Cordero, H. Ita, M. Jaquier, B. Page, M. Zeng, 17]
TWO-LOOP UNITARITY AT 2-LOOPS �9

Choosing good variables: 
Polynomial  and unitarity compatible 
parametrisation of the integrand

A(`l) =
X

�

dim(�)X

i=1

c�,i
m̃�,i(`l)Q
j2P�

⇢j
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INTEGRAND PARAMETRISATION & SURFACE TERMS

A =
X

�

X

i2M�

c�,i(D)I�,i(D) A(`l) =
X

�

X

i2M�[S�

c�,i(D)
m�,i(`l, D)Q

j2P�
⇢j

Make decomposition in terms of master integrals explicit at the integrand level:

[H. Ita 15; S. Abreu, F. Febres Cordero, H. Ita, M. Jaquier, B. Page, M. Zeng 17]

Integrand numerator is polynomial in components of loop momentum:

m�,i(`l) �! m�,i(⇢,�,↵) �! m�,i(�,↵)

Monomials that depend on transverse variables: 

↵i
k↵

j
k !

✓
↵i
k↵

j
k � µij

D � 4

◆
Polynomial in propagators 

and ISPs

• Monomials with odd powers are surface terms

• Construct surface terms for even powers

[Passarino-Veltman reduction]
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SURFACE TERMS & IBPS

A(`l) =
X

�

X

i2M�[S�

c�,i(D)
m�,i(`l, D)Q

j2P�
⇢j

Z
dD`l

X

k

@

@`⌫k

"
u⌫
kQ

j2P�
⇢j

#
= 0 u⌫

k
@

@`⌫k
⇢j = fj⇢j

Surface terms from specific IBP relations: control propagator power

Construct IBP-generating vectors as polynomial solution to, 

[generating set from Singular]

Fill remaining integrand function space with master integrands

[H. Ita 15; S. Abreu, F. Febres Cordero, H. Ita, M. Jaquier, B. Page, M. Zeng 17]

[Gluza, Kajda, Kosower 10;
Schabinger 11]

[related work J. Boehm, A. Georgoudis, K. J. Larsen, M. Schulze, Y. Zhang 16 - 18]

�11



INTEGRAND FOR TWO-LOOP FIVE-POINT MASSLESS �12

All propagator structures



INTEGRAND FOR TWO-LOOP FIVE-POINT MASSLESS �13

Topologies with master integrals



DETERMINING THE COEFFICIENTS WITH UNITARITY

Determine the coefficients from on-shell information

A(`l) =
X

�

X

i2M�[S�

c�,i(D)
m�,i(`l, D)Q

j2P�
⇢j

[Bern, Dixon, Kosower, Dunbar 94,95]

Construct and solve linear system for the coefficients

Leading pole: 
standard procedure

Subleading pole: 
need to be more careful

Same on-shell phase space

Starting at two-loops, need to worry about subleading poles

Final results: decomposition in terms of master integrals:

A =
X

�

X

i2M�

c�,i(D)I�,i(D)

Requires fast 
evaluation of tree 

amplitudes: 
Berends-Giele recursion

Construct both 
numerators 

together

[S. Abreu, F. Febres Cordero, H. Ita, M. Jaquier, B. Page 17]

�14

: loop momenta evaluated at`� ⇢j = 0 , 8j 2 P�
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lim
`l!`�l

A(`l) =

Q
A

tree(`�l )Q
j2P�

⇢j(`�l )
+O(⇢j)
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A(`l) =
X

�

dim(�)X

i=1

c�,i
m�,i(`l)Q
j2P�

⇢j

Parametrisation of integrand

A(`l) =
X

�

X

i2M�[S�

c�,i(D)
m�,i(`l, D)Q

j2P�
⇢j

Master/surface term 
decomposition

TWO-LOOP NUMERICAL UNITARITY AT 2-LOOPS

A =
X

�

X

i2M�

c�,i(D)I�,i(D)

Evaluation of coefficients

Analytic expressions Numerics

Floating point arithmetic: 
• good behaviour with increase in number of scales 
• can compute at arbitrary (even non-rational) PS point 
• need to worry about loss of precision 

Finite-field arithmetic: 
• exact calculation, no loss of precision  
• opens the door to possible analytic reconstruction 
• only rational PS points 
• `complicated’ PS points take longer (more FF needed) 
• update algorithm to avoid non-rational numbers at 

intermediate steps

Used in 4-gluon 2-loop calculation 
[S. Abreu, F. Febres Cordero, H. Ita, M. 
Jaquier, B. Page, M. Zeng, 17]

Used in 5-gluon 2-loop calculation 
[S. Abreu, F. Febres Cordero, H. Ita, B. 
Page, M. Zeng, 17]

[Schabinger, von Manteuffel 14], [Peraro 16]

�15



FINITE FIELDS AND NUMERICAL UNITARITY

▸ Work in a finite field:  

• Integers modulo p 

• Operations modulo p, define inverse through Euclidean algorithm 

• Algorithms exist for mapping from       to     . Might require several finite 
fields. 

▸ Requires: 
• Rational external kinematics (e.g. use mom. twistors for 5 points) 
• Avoid complex numbers (use +-+- metric) 
• Rational on-shell momenta (use orthogonal vectors) 
• Avoid constructing polarisation states in BG recursion

Fp = {0, . . . , p� 1}

Fp Q

[Peraro 16] [S. Abreu, F. Febres Cordero, H. Ita, B. Page, M. Zeng 17]
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TWO-LOOP NUMERICAL UNITARITY �17

Computed all planar two-loop five-parton amplitude (full Nf dependence)

Step 1: construct analytic ansatz for the integrand

Step 2: numerically fix the ansatz at each phase-space point 
‣ Generalised unitarity, factorisation in on-shell limits

Step 4: insert expressions for master integrals

Step 3: solve numerical linear system for master integral coefficient

Improvements: numerical calculations in finite field, get exact coefficients

[H. Ita 15; S. Abreu, F. Febres Cordero, H. Ita, M. Jaquier, B. Page, M. Zeng 17]

[Schabinger, von Manteuffel 14], [Peraro 16], [S. Abreu, F. Febres Cordero, H. Ita, B. Page, M. Zeng, 17]

[S. Abreu, H. Ita, F. Febres Cordero, B. Page, V. Sotnikov]JHEP 1811 (2018) 116



RESULTS — 5-PARTON AMPLITUDES

▸ All helicities, no quark-loops 

Exact numeric results: precision depends on number of digits of GiNaC 
output when evaluating master integrals

[S. Abreu, F. Febres Cordero, H. Ita, B. Page, M. Zeng 17]

�18



ANALYTIC 5 PARTON AMPLITUDES



WHAT IS A QUARK HELICITY AMPLITUDE IN DIM REG? �20

Extend (Clifford algebra) to D dimensions

Quark amplitudes are tensors:

CDR

HV

Interference with tree gives tracing prescription

[JHEP 0409 (2004) 039, Bern, de Freitas]
[JHEP 0404 (2004) 021, Glover]

Note: Not trivial to 
implement in numerical 
calculation, efficiently 

handled with extra scalar 
particle

[arXiv:1803.11127, Anger, Sotnikov]
[Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov, 19]

spires-open-journal://
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NUMERICAL UNITARITY & ANALYTIC RECONSTRUCTION �21

Two-loop numerical unitarity:  

‣ generic approach, scales well with the number of variables 

‣ possible numerical instabilities over phase space, longer calculation times 

😀
🙁

Use exact two-loop numerical unitarity results to  
determine the analytic expressions

A =
X

i

ci(~x, ✏)mi(~x, ✏)
<latexit sha1_base64="uCM+nc3/QpWpxiOn25GEvvbAHWU=">AAACHnicbVDLSgNBEJyNrxhfqx69DAYhQgi7ouhFiHrxGME8IBuW2UknGTI7u8zMBsOSL/Hir3jxoIjgSf/GyeOgiQUNRVU33V1BzJnSjvNtZZaWV1bXsuu5jc2t7R17d6+mokRSqNKIR7IREAWcCahqpjk0YgkkDDjUg/7N2K8PQCoWiXs9jKEVkq5gHUaJNpJvn11deioJfYapn7JRwRsAxQ9FD2LFeCSOvaLxFlTfzjslZwK8SNwZyaMZKr796bUjmoQgNOVEqabrxLqVEqkZ5TDKeYmCmNA+6ULTUEFCUK108t4IHxmljTuRNCU0nqi/J1ISKjUMA9MZEt1T895Y/M9rJrpz0UqZiBMNgk4XdRKOdYTHWeE2k0A1HxpCqGTmVkx7RBKqTaI5E4I7//IiqZ2UXKfk3p3my9ezOLLoAB2iAnLROSqjW1RBVUTRI3pGr+jNerJerHfrY9qasWYz++gPrK8f8sWhvg==</latexit><latexit sha1_base64="uCM+nc3/QpWpxiOn25GEvvbAHWU=">AAACHnicbVDLSgNBEJyNrxhfqx69DAYhQgi7ouhFiHrxGME8IBuW2UknGTI7u8zMBsOSL/Hir3jxoIjgSf/GyeOgiQUNRVU33V1BzJnSjvNtZZaWV1bXsuu5jc2t7R17d6+mokRSqNKIR7IREAWcCahqpjk0YgkkDDjUg/7N2K8PQCoWiXs9jKEVkq5gHUaJNpJvn11deioJfYapn7JRwRsAxQ9FD2LFeCSOvaLxFlTfzjslZwK8SNwZyaMZKr796bUjmoQgNOVEqabrxLqVEqkZ5TDKeYmCmNA+6ULTUEFCUK108t4IHxmljTuRNCU0nqi/J1ISKjUMA9MZEt1T895Y/M9rJrpz0UqZiBMNgk4XdRKOdYTHWeE2k0A1HxpCqGTmVkx7RBKqTaI5E4I7//IiqZ2UXKfk3p3my9ezOLLoAB2iAnLROSqjW1RBVUTRI3pGr+jNerJerHfrY9qasWYz++gPrK8f8sWhvg==</latexit><latexit sha1_base64="uCM+nc3/QpWpxiOn25GEvvbAHWU=">AAACHnicbVDLSgNBEJyNrxhfqx69DAYhQgi7ouhFiHrxGME8IBuW2UknGTI7u8zMBsOSL/Hir3jxoIjgSf/GyeOgiQUNRVU33V1BzJnSjvNtZZaWV1bXsuu5jc2t7R17d6+mokRSqNKIR7IREAWcCahqpjk0YgkkDDjUg/7N2K8PQCoWiXs9jKEVkq5gHUaJNpJvn11deioJfYapn7JRwRsAxQ9FD2LFeCSOvaLxFlTfzjslZwK8SNwZyaMZKr796bUjmoQgNOVEqabrxLqVEqkZ5TDKeYmCmNA+6ULTUEFCUK108t4IHxmljTuRNCU0nqi/J1ISKjUMA9MZEt1T895Y/M9rJrpz0UqZiBMNgk4XdRKOdYTHWeE2k0A1HxpCqGTmVkx7RBKqTaI5E4I7//IiqZ2UXKfk3p3my9ezOLLoAB2iAnLROSqjW1RBVUTRI3pGr+jNerJerHfrY9qasWYz++gPrK8f8sWhvg==</latexit><latexit sha1_base64="uCM+nc3/QpWpxiOn25GEvvbAHWU=">AAACHnicbVDLSgNBEJyNrxhfqx69DAYhQgi7ouhFiHrxGME8IBuW2UknGTI7u8zMBsOSL/Hir3jxoIjgSf/GyeOgiQUNRVU33V1BzJnSjvNtZZaWV1bXsuu5jc2t7R17d6+mokRSqNKIR7IREAWcCahqpjk0YgkkDDjUg/7N2K8PQCoWiXs9jKEVkq5gHUaJNpJvn11deioJfYapn7JRwRsAxQ9FD2LFeCSOvaLxFlTfzjslZwK8SNwZyaMZKr796bUjmoQgNOVEqabrxLqVEqkZ5TDKeYmCmNA+6ULTUEFCUK108t4IHxmljTuRNCU0nqi/J1ISKjUMA9MZEt1T895Y/M9rJrpz0UqZiBMNgk4XdRKOdYTHWeE2k0A1HxpCqGTmVkx7RBKqTaI5E4I7//IiqZ2UXKfk3p3my9ezOLLoAB2iAnLROSqjW1RBVUTRI3pGr+jNerJerHfrY9qasWYz++gPrK8f8sWhvg==</latexit>

The ci are rational functions, can be determined from enough numerical data 
‣ fast and exact data from two-loop numerical unitarity in finite field

The ci are simpler than what intermediate steps in standard approach suggest 
‣ directly target analytics of simpler expressions

[Peraro 16]

[PRL 122 (2019) 082002, Abreu, Dormans, Ita, Febres Cordero, Page]
[JHEP 1901 (2019) 186, Badger, Brønnum-Hansen, Hartanto, Peraro]

[FireFly, 2019, J. Klappert, F. Lange]

[FiniteFlow, 2019, Peraro]

Analytic reconstruction programs  
are now available



ANALYTIC RECONSTRUCTION �22

Finite two-loop remainder: subtract known contributions from lower loops
R(2) = A(2) � I(1)A(1) � I(2)A(0)

<latexit sha1_base64="lcTBbflrXCu8GzU4HvAWSmJQ7EE=">AAACInicbVDLSgMxFM3UV62vUZdugkVoF5aZIqgLodWN7qrYB7S1ZNJMG5rJDElGKMN8ixt/xY0LRV0JfoxpZxa19UC4J+fcS3KPEzAqlWV9G5ml5ZXVtex6bmNza3vH3N1rSD8UmNSxz3zRcpAkjHJSV1Qx0goEQZ7DSNMZXU385iMRkvr8Xo0D0vXQgFOXYqS01DPP7x6iQrkYX1STehx1HBfexPpmF+NqUmbEciJaxbhn5q2SNQVcJHZK8iBFrWd+dvo+Dj3CFWZIyrZtBaobIaEoZiTOdUJJAoRHaEDamnLkEdmNpivG8Egrfej6Qh+u4FSdnYiQJ+XYc3Snh9RQznsT8T+vHSr3rBtRHoSKcJw85IYMKh9O8oJ9KghWbKwJwoLqv0I8RAJhpVPN6RDs+ZUXSaNcsq2SfXuSr1ymcWTBATgEBWCDU1AB16AG6gCDJ/AC3sC78Wy8Gh/GV9KaMdKZffAHxs8vsXCgrQ==</latexit><latexit sha1_base64="lcTBbflrXCu8GzU4HvAWSmJQ7EE=">AAACInicbVDLSgMxFM3UV62vUZdugkVoF5aZIqgLodWN7qrYB7S1ZNJMG5rJDElGKMN8ixt/xY0LRV0JfoxpZxa19UC4J+fcS3KPEzAqlWV9G5ml5ZXVtex6bmNza3vH3N1rSD8UmNSxz3zRcpAkjHJSV1Qx0goEQZ7DSNMZXU385iMRkvr8Xo0D0vXQgFOXYqS01DPP7x6iQrkYX1STehx1HBfexPpmF+NqUmbEciJaxbhn5q2SNQVcJHZK8iBFrWd+dvo+Dj3CFWZIyrZtBaobIaEoZiTOdUJJAoRHaEDamnLkEdmNpivG8Egrfej6Qh+u4FSdnYiQJ+XYc3Snh9RQznsT8T+vHSr3rBtRHoSKcJw85IYMKh9O8oJ9KghWbKwJwoLqv0I8RAJhpVPN6RDs+ZUXSaNcsq2SfXuSr1ymcWTBATgEBWCDU1AB16AG6gCDJ/AC3sC78Wy8Gh/GV9KaMdKZffAHxs8vsXCgrQ==</latexit><latexit sha1_base64="lcTBbflrXCu8GzU4HvAWSmJQ7EE=">AAACInicbVDLSgMxFM3UV62vUZdugkVoF5aZIqgLodWN7qrYB7S1ZNJMG5rJDElGKMN8ixt/xY0LRV0JfoxpZxa19UC4J+fcS3KPEzAqlWV9G5ml5ZXVtex6bmNza3vH3N1rSD8UmNSxz3zRcpAkjHJSV1Qx0goEQZ7DSNMZXU385iMRkvr8Xo0D0vXQgFOXYqS01DPP7x6iQrkYX1STehx1HBfexPpmF+NqUmbEciJaxbhn5q2SNQVcJHZK8iBFrWd+dvo+Dj3CFWZIyrZtBaobIaEoZiTOdUJJAoRHaEDamnLkEdmNpivG8Egrfej6Qh+u4FSdnYiQJ+XYc3Snh9RQznsT8T+vHSr3rBtRHoSKcJw85IYMKh9O8oJ9KghWbKwJwoLqv0I8RAJhpVPN6RDs+ZUXSaNcsq2SfXuSr1ymcWTBATgEBWCDU1AB16AG6gCDJ/AC3sC78Wy8Gh/GV9KaMdKZffAHxs8vsXCgrQ==</latexit><latexit sha1_base64="lcTBbflrXCu8GzU4HvAWSmJQ7EE=">AAACInicbVDLSgMxFM3UV62vUZdugkVoF5aZIqgLodWN7qrYB7S1ZNJMG5rJDElGKMN8ixt/xY0LRV0JfoxpZxa19UC4J+fcS3KPEzAqlWV9G5ml5ZXVtex6bmNza3vH3N1rSD8UmNSxz3zRcpAkjHJSV1Qx0goEQZ7DSNMZXU385iMRkvr8Xo0D0vXQgFOXYqS01DPP7x6iQrkYX1STehx1HBfexPpmF+NqUmbEciJaxbhn5q2SNQVcJHZK8iBFrWd+dvo+Dj3CFWZIyrZtBaobIaEoZiTOdUJJAoRHaEDamnLkEdmNpivG8Egrfej6Qh+u4FSdnYiQJ+XYc3Snh9RQznsT8T+vHSr3rBtRHoSKcJw85IYMKh9O8oJ9KghWbKwJwoLqv0I8RAJhpVPN6RDs+ZUXSaNcsq2SfXuSr1ymcWTBATgEBWCDU1AB16AG6gCDJ/AC3sC78Wy8Gh/GV9KaMdKZffAHxs8vsXCgrQ==</latexit>

GOAL: reconstruct the simplest objects you can think of

`Pentagon functions’ decomposition: remove relations between master integrals
[D. Chicherin, J. Henn, V. Mitev 17; T. Gehrmann, J. Henn, N. Lo Presti 18]

R(2) =
X

i

ci(~x)hi(~x)
<latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit><latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit><latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit><latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit>

see e.g. [Gehrmann, Henn, lo Presti 15] in the context of 2-loop 5-pt amplitudes

Master integrals from IBPs are linearly independent before 
expanding in epsilon, but many relations after expansion

[Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov 18, 19]



VARIABLES �23

R(2) =
X

i

ci(~x)hi(~x)
<latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit><latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit><latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit><latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit>

Finite fields requires rational parametrisation of 5-point massless phase-space 

~s = {1, s23, s34, s45, s15}
<latexit sha1_base64="TPcFYBanqaC5b/vwn3gVmRW4Nxk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgKUpI+0I1QdOOygn1AE8JkOmmHTh7MTAol5Bvc+CtuXCji1pU7/8ZJmoW2XhjO4Zx7uXOPGzEqpGF8ayura+sbm6Wt8vbO7t6+fnDYFWHMMengkIW87yJBGA1IR1LJSD/iBPkuIz13cpv5vSnhgobBg5xFxPbRKKAexUgqydHPrSnBiUivrcS8EE5Sq6cZ1Bs5NJo5mM3USh29YlSNvOAyMQtSAUW1Hf3LGoY49kkgMUNCDEwjknaCuKSYkbRsxYJECE/QiAwUDZBPhJ3kJ6XwVClD6IVcvUDCXP09kSBfiJnvqk4fybFY9DLxP28QS+/KTmgQxZIEeL7IixmUIczygUPKCZZspgjCnKq/QjxGHGGpUiyrEMzFk5dJt1Y1jap536i0boo4SuAYnIAzYIJL0AJ3oA06AINH8AxewZv2pL1o79rHvHVFK2aOwJ/SPn8Autqc2w==</latexit><latexit sha1_base64="TPcFYBanqaC5b/vwn3gVmRW4Nxk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgKUpI+0I1QdOOygn1AE8JkOmmHTh7MTAol5Bvc+CtuXCji1pU7/8ZJmoW2XhjO4Zx7uXOPGzEqpGF8ayura+sbm6Wt8vbO7t6+fnDYFWHMMengkIW87yJBGA1IR1LJSD/iBPkuIz13cpv5vSnhgobBg5xFxPbRKKAexUgqydHPrSnBiUivrcS8EE5Sq6cZ1Bs5NJo5mM3USh29YlSNvOAyMQtSAUW1Hf3LGoY49kkgMUNCDEwjknaCuKSYkbRsxYJECE/QiAwUDZBPhJ3kJ6XwVClD6IVcvUDCXP09kSBfiJnvqk4fybFY9DLxP28QS+/KTmgQxZIEeL7IixmUIczygUPKCZZspgjCnKq/QjxGHGGpUiyrEMzFk5dJt1Y1jap536i0boo4SuAYnIAzYIJL0AJ3oA06AINH8AxewZv2pL1o79rHvHVFK2aOwJ/SPn8Autqc2w==</latexit><latexit sha1_base64="TPcFYBanqaC5b/vwn3gVmRW4Nxk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgKUpI+0I1QdOOygn1AE8JkOmmHTh7MTAol5Bvc+CtuXCji1pU7/8ZJmoW2XhjO4Zx7uXOPGzEqpGF8ayura+sbm6Wt8vbO7t6+fnDYFWHMMengkIW87yJBGA1IR1LJSD/iBPkuIz13cpv5vSnhgobBg5xFxPbRKKAexUgqydHPrSnBiUivrcS8EE5Sq6cZ1Bs5NJo5mM3USh29YlSNvOAyMQtSAUW1Hf3LGoY49kkgMUNCDEwjknaCuKSYkbRsxYJECE/QiAwUDZBPhJ3kJ6XwVClD6IVcvUDCXP09kSBfiJnvqk4fybFY9DLxP28QS+/KTmgQxZIEeL7IixmUIczygUPKCZZspgjCnKq/QjxGHGGpUiyrEMzFk5dJt1Y1jap536i0boo4SuAYnIAzYIJL0AJ3oA06AINH8AxewZv2pL1o79rHvHVFK2aOwJ/SPn8Autqc2w==</latexit><latexit sha1_base64="TPcFYBanqaC5b/vwn3gVmRW4Nxk=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgKUpI+0I1QdOOygn1AE8JkOmmHTh7MTAol5Bvc+CtuXCji1pU7/8ZJmoW2XhjO4Zx7uXOPGzEqpGF8ayura+sbm6Wt8vbO7t6+fnDYFWHMMengkIW87yJBGA1IR1LJSD/iBPkuIz13cpv5vSnhgobBg5xFxPbRKKAexUgqydHPrSnBiUivrcS8EE5Sq6cZ1Bs5NJo5mM3USh29YlSNvOAyMQtSAUW1Hf3LGoY49kkgMUNCDEwjknaCuKSYkbRsxYJECE/QiAwUDZBPhJ3kJ6XwVClD6IVcvUDCXP09kSBfiJnvqk4fybFY9DLxP28QS+/KTmgQxZIEeL7IixmUIczygUPKCZZspgjCnKq/QjxGHGGpUiyrEMzFk5dJt1Y1jap536i0boo4SuAYnIAzYIJL0AJ3oA06AINH8AxewZv2pL1o79rHvHVFK2aOwJ/SPn8Autqc2w==</latexit>

tr5 = 4i"(p1, p2, p3, p4)
<latexit sha1_base64="hj2HR4sM4NMSY+p11HAtxdH8fAE=">AAACE3icbVC7SgNBFJ31GeNr1dJmMQhRJOxqRBshaGMZwSRCEpbZyY0Ozs4OM3eDYck/2PgrNhaK2NrY+TdOHoWvAwcO59zLzD2REtyg7386U9Mzs3PzuYX84tLyyqq7tl43SaoZ1FgiEn0VUQOCS6ghRwFXSgONIwGN6PZsmDd6oA1P5CX2FbRjei15lzOK1grd3RbCHWaoB+HhSZm3elSDMlwksqjCYE+F+5YHluWd0C34JX8E768IJqJAJqiG7kerk7A0BolMUGOaga+wnVGNnAkY5FupAUXZLb2GppWSxmDa2eimgbdtnY7XTbSlRG/kft/IaGxMP47sZEzxxvzOhuZ/WTPF7nE741KlCJKNH+qmwsPEGxbkdbgGhqJvBWWa27967IZqytDWmLclBL9P/ivq+6XALwUX5ULldFJHjmySLVIkATkiFXJOqqRGGLknj+SZvDgPzpPz6ryNR6ecyc4G+QHn/Qt9K502</latexit><latexit sha1_base64="hj2HR4sM4NMSY+p11HAtxdH8fAE=">AAACE3icbVC7SgNBFJ31GeNr1dJmMQhRJOxqRBshaGMZwSRCEpbZyY0Ozs4OM3eDYck/2PgrNhaK2NrY+TdOHoWvAwcO59zLzD2REtyg7386U9Mzs3PzuYX84tLyyqq7tl43SaoZ1FgiEn0VUQOCS6ghRwFXSgONIwGN6PZsmDd6oA1P5CX2FbRjei15lzOK1grd3RbCHWaoB+HhSZm3elSDMlwksqjCYE+F+5YHluWd0C34JX8E768IJqJAJqiG7kerk7A0BolMUGOaga+wnVGNnAkY5FupAUXZLb2GppWSxmDa2eimgbdtnY7XTbSlRG/kft/IaGxMP47sZEzxxvzOhuZ/WTPF7nE741KlCJKNH+qmwsPEGxbkdbgGhqJvBWWa27967IZqytDWmLclBL9P/ivq+6XALwUX5ULldFJHjmySLVIkATkiFXJOqqRGGLknj+SZvDgPzpPz6ryNR6ecyc4G+QHn/Qt9K502</latexit><latexit sha1_base64="hj2HR4sM4NMSY+p11HAtxdH8fAE=">AAACE3icbVC7SgNBFJ31GeNr1dJmMQhRJOxqRBshaGMZwSRCEpbZyY0Ozs4OM3eDYck/2PgrNhaK2NrY+TdOHoWvAwcO59zLzD2REtyg7386U9Mzs3PzuYX84tLyyqq7tl43SaoZ1FgiEn0VUQOCS6ghRwFXSgONIwGN6PZsmDd6oA1P5CX2FbRjei15lzOK1grd3RbCHWaoB+HhSZm3elSDMlwksqjCYE+F+5YHluWd0C34JX8E768IJqJAJqiG7kerk7A0BolMUGOaga+wnVGNnAkY5FupAUXZLb2GppWSxmDa2eimgbdtnY7XTbSlRG/kft/IaGxMP47sZEzxxvzOhuZ/WTPF7nE741KlCJKNH+qmwsPEGxbkdbgGhqJvBWWa27967IZqytDWmLclBL9P/ivq+6XALwUX5ULldFJHjmySLVIkATkiFXJOqqRGGLknj+SZvDgPzpPz6ryNR6ecyc4G+QHn/Qt9K502</latexit><latexit sha1_base64="hj2HR4sM4NMSY+p11HAtxdH8fAE=">AAACE3icbVC7SgNBFJ31GeNr1dJmMQhRJOxqRBshaGMZwSRCEpbZyY0Ozs4OM3eDYck/2PgrNhaK2NrY+TdOHoWvAwcO59zLzD2REtyg7386U9Mzs3PzuYX84tLyyqq7tl43SaoZ1FgiEn0VUQOCS6ghRwFXSgONIwGN6PZsmDd6oA1P5CX2FbRjei15lzOK1grd3RbCHWaoB+HhSZm3elSDMlwksqjCYE+F+5YHluWd0C34JX8E768IJqJAJqiG7kerk7A0BolMUGOaga+wnVGNnAkY5FupAUXZLb2GppWSxmDa2eimgbdtnY7XTbSlRG/kft/IaGxMP47sZEzxxvzOhuZ/WTPF7nE741KlCJKNH+qmwsPEGxbkdbgGhqJvBWWa27967IZqytDWmLclBL9P/ivq+6XALwUX5ULldFJHjmySLVIkATkiFXJOqqRGGLknj+SZvDgPzpPz6ryNR6ecyc4G+QHn/Qt9K502</latexit>

need to rationalise 
square-root to use 
finite fields!

Solution 1: twistor variables

Solution 2: keep square root explicit, use Mandelstams

N = N+(~s) + tr5 N
�(~s)

<latexit sha1_base64="JHSrju2cfdQbbeoDfiVtgiigaJk=">AAACD3icbVDJSgNBEO1xjXGLevTSGJRINMyIohch6MVTiGCikElCT6eiTXoWumuCYcgfePFXvHhQxKtXb/6NnUVwe1DweK+KqnpeJIVG2/6wJianpmdmU3Pp+YXFpeXMympVh7HiUOGhDNWVxzRIEUAFBUq4ihQw35Nw6XVOB/5lF5QWYXCBvQjqPrsORFtwhkZqZrZKx6VGPud2gVO9nXcRbjFB1W8euDulxu6X0cxk7YI9BP1LnDHJkjHKzcy72wp57EOAXDKta44dYT1hCgWX0E+7sYaI8Q67hpqhAfNB15PhP326aZQWbYfKVIB0qH6fSJivdc/3TKfP8Eb/9gbif14txvZRPRFBFCMEfLSoHUuKIR2EQ1tCAUfZM4RxJcytlN8wxTiaCNMmBOf3y39Jda/g2AXnfD9bPBnHkSLrZIPkiEMOSZGckTKpEE7uyAN5Is/WvfVovVivo9YJazyzRn7AevsE2e6apA==</latexit><latexit sha1_base64="JHSrju2cfdQbbeoDfiVtgiigaJk=">AAACD3icbVDJSgNBEO1xjXGLevTSGJRINMyIohch6MVTiGCikElCT6eiTXoWumuCYcgfePFXvHhQxKtXb/6NnUVwe1DweK+KqnpeJIVG2/6wJianpmdmU3Pp+YXFpeXMympVh7HiUOGhDNWVxzRIEUAFBUq4ihQw35Nw6XVOB/5lF5QWYXCBvQjqPrsORFtwhkZqZrZKx6VGPud2gVO9nXcRbjFB1W8euDulxu6X0cxk7YI9BP1LnDHJkjHKzcy72wp57EOAXDKta44dYT1hCgWX0E+7sYaI8Q67hpqhAfNB15PhP326aZQWbYfKVIB0qH6fSJivdc/3TKfP8Eb/9gbif14txvZRPRFBFCMEfLSoHUuKIR2EQ1tCAUfZM4RxJcytlN8wxTiaCNMmBOf3y39Jda/g2AXnfD9bPBnHkSLrZIPkiEMOSZGckTKpEE7uyAN5Is/WvfVovVivo9YJazyzRn7AevsE2e6apA==</latexit><latexit sha1_base64="JHSrju2cfdQbbeoDfiVtgiigaJk=">AAACD3icbVDJSgNBEO1xjXGLevTSGJRINMyIohch6MVTiGCikElCT6eiTXoWumuCYcgfePFXvHhQxKtXb/6NnUVwe1DweK+KqnpeJIVG2/6wJianpmdmU3Pp+YXFpeXMympVh7HiUOGhDNWVxzRIEUAFBUq4ihQw35Nw6XVOB/5lF5QWYXCBvQjqPrsORFtwhkZqZrZKx6VGPud2gVO9nXcRbjFB1W8euDulxu6X0cxk7YI9BP1LnDHJkjHKzcy72wp57EOAXDKta44dYT1hCgWX0E+7sYaI8Q67hpqhAfNB15PhP326aZQWbYfKVIB0qH6fSJivdc/3TKfP8Eb/9gbif14txvZRPRFBFCMEfLSoHUuKIR2EQ1tCAUfZM4RxJcytlN8wxTiaCNMmBOf3y39Jda/g2AXnfD9bPBnHkSLrZIPkiEMOSZGckTKpEE7uyAN5Is/WvfVovVivo9YJazyzRn7AevsE2e6apA==</latexit><latexit sha1_base64="JHSrju2cfdQbbeoDfiVtgiigaJk=">AAACD3icbVDJSgNBEO1xjXGLevTSGJRINMyIohch6MVTiGCikElCT6eiTXoWumuCYcgfePFXvHhQxKtXb/6NnUVwe1DweK+KqnpeJIVG2/6wJianpmdmU3Pp+YXFpeXMympVh7HiUOGhDNWVxzRIEUAFBUq4ihQw35Nw6XVOB/5lF5QWYXCBvQjqPrsORFtwhkZqZrZKx6VGPud2gVO9nXcRbjFB1W8euDulxu6X0cxk7YI9BP1LnDHJkjHKzcy72wp57EOAXDKta44dYT1hCgWX0E+7sYaI8Q67hpqhAfNB15PhP326aZQWbYfKVIB0qH6fSJivdc/3TKfP8Eb/9gbif14txvZRPRFBFCMEfLSoHUuKIR2EQ1tCAUfZM4RxJcytlN8wxTiaCNMmBOf3y39Jda/g2AXnfD9bPBnHkSLrZIPkiEMOSZGckTKpEE7uyAN5Is/WvfVovVivo9YJazyzRn7AevsE2e6apA==</latexit>

Compute at parity conjugate points to extract even and odd coefficients!

[Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov 18, 19]

[JHEP 1305 (2013) 135, Hodges]



DENOMINATOR GUESSING �24

R(2) =
X

i

ci(~x)hi(~x)
<latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit><latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit><latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit><latexit sha1_base64="2ry10UWd7101iHVPCdcGDKeQl1Q=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JiqAboejGZRV7gSaGyXTSDp1JwsykWELfwI2v4saFIm7duvNtnLYBtfWHgY//nMOZ8/sxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/MHlpN4aEiFpFN6qUUxcjnohDShGSlueeXxzl5aq5fG5IxPuUYg9WnKGBMP7Muz/sGcWrYo1FVwEO4MiyFT3zE+nG+GEk1BhhqTs2Fas3BQJRTEj44KTSBIjPEA90tEYIk6km07vGcMj7XRhEAn9QgWn7u+JFHEpR9zXnRypvpyvTcz/ap1EBWduSsM4USTEs0VBwqCK4CQc2KWCYMVGGhAWVP8V4j4SCCsdYUGHYM+fvAjNasW2Kvb1SbF2kcWRBwfgEJSADU5BDVyBOmgADB7AE3gBr8aj8Wy8Ge+z1pyRzeyDPzI+vgHlrpqp</latexit>

c±i (~s) =
n±
i (~s)Q

A W ~qi(~s)
<latexit sha1_base64="qED2qS90W8EpZkb/I3rdB4stHic=">AAACMXicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNCNUHXTZQV7gU4dMplMG5pJxiRTKMO8khvfRNx0oYhbX8L0AmrrgcCf7z+H5Px+zKjStj22ciura+sb+c3C1vbO7l5x/6CpRCIxaWDBhGz7SBFGOWloqhlpx5KgyGek5Q9uJ35rSKSigt/rUUy6EepxGlKMtEFesYY9+pC6cZSV3SHBUJ1euaFEOOWLPDM3KQLvGraMMWGPHv1xvWLJrtjTgsvCmYsSmFfdK764gcBJRLjGDCnVcexYd1MkNcWMZAU3USRGeIB6pGMkRxFR3XS6cQZPDAlgKKQ5XMMp/T2RokipUeSbzgjpvlr0JvA/r5Po8LKbUh4nmnA8eyhMGNQCTuKDAZUEazYyAmFJzV8h7iMTmDYhF0wIzuLKy6J5VnHsinN3XqrezOPIgyNwDMrAARegCmqgDhoAgyfwCt7Au/Vsja0P63PWmrPmM4fgT1lf3/4Lqgo=</latexit><latexit sha1_base64="qED2qS90W8EpZkb/I3rdB4stHic=">AAACMXicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNCNUHXTZQV7gU4dMplMG5pJxiRTKMO8khvfRNx0oYhbX8L0AmrrgcCf7z+H5Px+zKjStj22ciura+sb+c3C1vbO7l5x/6CpRCIxaWDBhGz7SBFGOWloqhlpx5KgyGek5Q9uJ35rSKSigt/rUUy6EepxGlKMtEFesYY9+pC6cZSV3SHBUJ1euaFEOOWLPDM3KQLvGraMMWGPHv1xvWLJrtjTgsvCmYsSmFfdK764gcBJRLjGDCnVcexYd1MkNcWMZAU3USRGeIB6pGMkRxFR3XS6cQZPDAlgKKQ5XMMp/T2RokipUeSbzgjpvlr0JvA/r5Po8LKbUh4nmnA8eyhMGNQCTuKDAZUEazYyAmFJzV8h7iMTmDYhF0wIzuLKy6J5VnHsinN3XqrezOPIgyNwDMrAARegCmqgDhoAgyfwCt7Au/Vsja0P63PWmrPmM4fgT1lf3/4Lqgo=</latexit><latexit sha1_base64="qED2qS90W8EpZkb/I3rdB4stHic=">AAACMXicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNCNUHXTZQV7gU4dMplMG5pJxiRTKMO8khvfRNx0oYhbX8L0AmrrgcCf7z+H5Px+zKjStj22ciura+sb+c3C1vbO7l5x/6CpRCIxaWDBhGz7SBFGOWloqhlpx5KgyGek5Q9uJ35rSKSigt/rUUy6EepxGlKMtEFesYY9+pC6cZSV3SHBUJ1euaFEOOWLPDM3KQLvGraMMWGPHv1xvWLJrtjTgsvCmYsSmFfdK764gcBJRLjGDCnVcexYd1MkNcWMZAU3USRGeIB6pGMkRxFR3XS6cQZPDAlgKKQ5XMMp/T2RokipUeSbzgjpvlr0JvA/r5Po8LKbUh4nmnA8eyhMGNQCTuKDAZUEazYyAmFJzV8h7iMTmDYhF0wIzuLKy6J5VnHsinN3XqrezOPIgyNwDMrAARegCmqgDhoAgyfwCt7Au/Vsja0P63PWmrPmM4fgT1lf3/4Lqgo=</latexit><latexit sha1_base64="qED2qS90W8EpZkb/I3rdB4stHic=">AAACMXicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNCNUHXTZQV7gU4dMplMG5pJxiRTKMO8khvfRNx0oYhbX8L0AmrrgcCf7z+H5Px+zKjStj22ciura+sb+c3C1vbO7l5x/6CpRCIxaWDBhGz7SBFGOWloqhlpx5KgyGek5Q9uJ35rSKSigt/rUUy6EepxGlKMtEFesYY9+pC6cZSV3SHBUJ1euaFEOOWLPDM3KQLvGraMMWGPHv1xvWLJrtjTgsvCmYsSmFfdK764gcBJRLjGDCnVcexYd1MkNcWMZAU3USRGeIB6pGMkRxFR3XS6cQZPDAlgKKQ5XMMp/T2RokipUeSbzgjpvlr0JvA/r5Po8LKbUh4nmnA8eyhMGNQCTuKDAZUEazYyAmFJzV8h7iMTmDYhF0wIzuLKy6J5VnHsinN3XqrezOPIgyNwDMrAARegCmqgDhoAgyfwCt7Au/Vsja0P63PWmrPmM4fgT1lf3/4Lqgo=</latexit>

Conjecture: denominators are products of symbol letters

Pentagon functions: linear combinations of iterated integrals with logarithmic singularities

Position of logarithmic singularities defines an alphabet A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

1. Reconstruct amplitude on a univariate slice to determine powers of each letter 

2. Verify correctness on different univariate slice

E.g.:

Completely determine denominators of the rational functions 
⟹only need to reconstruct multivariate polynomial!

[Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov 18, 19]



NUMERATOR RECONSTRUCTION �25

c±i (~s) =
n±
i (~s)Q

A W ~qi(~s)
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Numerators are polynomials in the Mandelstam variables

n±
i (~s) =

X

|~↵|Nmax

a~↵~s
~↵

<latexit sha1_base64="uyfTRvvC5tqnNdACWm9QFwm8/tY="></latexit><latexit sha1_base64="uyfTRvvC5tqnNdACWm9QFwm8/tY="></latexit><latexit sha1_base64="uyfTRvvC5tqnNdACWm9QFwm8/tY="></latexit><latexit sha1_base64="uyfTRvvC5tqnNdACWm9QFwm8/tY="></latexit>

Use univariate reconstruction to block-diagonalise system and recurse

n±
i (~s ) =

NmaxX

j=Nmin

n±
i,j(s23, s45, s15)s

j
34

<latexit sha1_base64="Mz5bkGoEHeq9juCCkHOzMcYZuY4="></latexit><latexit sha1_base64="Mz5bkGoEHeq9juCCkHOzMcYZuY4="></latexit><latexit sha1_base64="Mz5bkGoEHeq9juCCkHOzMcYZuY4="></latexit><latexit sha1_base64="Mz5bkGoEHeq9juCCkHOzMcYZuY4="></latexit>

Use Newton interpolation formula for univariate reconstruction

Cluster capable: can predetermine evaluation points

[Peraro 16]



RESULTS FOR FIVE-PARTON QCD AMPLITUDES �26

Analytic results for basis of 1-loop amplitudes and 2-loop remainders (HV-scheme): 
‣  ggggg: (+,+,+,+,+), (-,+,+,+,+), (-,-,+,+,+), (-,+,-,+,+) 

‣  qqggg: (+,-,+,+,+), (+,-,+,+,-), (+,-,+,-,+), (+,-,-,+,+)  

‣ qqQQg: (+,-,-,+,+), (+,-,-,+,-), (+,-,+,-,+)

Total size for all amplitudes ~10MB (uncompressed)

⇒ Fast (~1s in Mathematica) and stable evaluation of coefficients,  

suitable for phenomenology studies

Reproduce all numerical  
targets

Analytic reconstruction of most complex amplitude (5g, -+-++): 
‣ 95000 phase-space points, ~4.5min / point: easy calculation on a cluster

Multi-variate partial fractioning to simplify final results: 
‣ Only requires the evaluation in a single finite field

[Abreu, Dormans, Febres Cordero, Ita, Page, Sotnikov 19]



SIMPLICITY OF FIVE-PARTON QCD AMPLITUDES �27

There are ~ 400 pentagon functions, but final answer is much simpler



CONCLUSION AND OUTLOOK �28

New approach to amplitude evaluation: two-loop numerical unitarity & analytic reconstruction 

‣ Bypass large intermediate analytic expressions, target simpler final result 

‣ Preserve the advantages of an analytic result

Planar 5pt massless QCD amplitudes, a bottleneck for many years, become a simple calculation 

‣ Opens the door to phenomenology of 3-jet production at the LHC

Efficiency of the approach opens the door to other previously impossible calculations: 

‣ Non-planar massless QCD: related work with similar approach in simpler theories 

‣ Massive 2-loop 5pt amplitudes: H+2 jets, Z/W+2 jets production at the LHC 

[Abreu, Dixon, Herrmann, Page, Zeng 18]
With different approach [Chicherin, Gehrmann, Henn, Wasser, Zhang, Zoia 18]

Les Houches whishlist 2017 [1803.07977]

[Badger, Chicherin, Gehrmann, Heinrich, Henn, Peraro, Wasser, Zhang, Zoia, 19]
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▸ Rung by rung approach to determine suitable variables: 

▸ Remove redundancy: 

▸ in each rung:  

▸ overall: use momentum conservation at bottom vertex

`L =
X

j2DL
�

vjLr
j
L +

X

j2D̄L
�

vjL�
j
L +

X

j2D̄4
�

nj
�↵

j
L +

X

j2D✏

nj
�µ

j
L

⇢L,0 +m2
L,0 = `2L = cL(rL,�L) + ~µL · ~µL

↵j
C = �↵j

1 � ↵j
2

pi · vjL = �ij

Propagators Irreducible scalar 
products (ISPs)

Transverse 
variables

Transverse variables 
beyond 4d

pi · nj
� = 0

ni
� · nj

� = �ij

[H. Ita 15; S. Abreu, F. Febres Cordero, H. Ita, M. Jaquier, B. Page, M. Zeng 17]

UNITARITY COMPATIBLE VARIABLES �30



INTEGRAND PARAMETRISATION

INTEGRAND

▸ Independent variables 

▸ Parametrisation of the on-shell integrand 

▸ Dimension easy to determine: number of independent monomials allowed 
by power counting.

A(`l) =
X

�

dim(�)X

i=1

c�,i
m�,i(`l)Q
j2P�

⇢j

⇢j�j
1 �j

2 ↵j
2↵j

1

On-shell: associated 
with another 
propagator structure

Polynomial in `i · `j `i · pj `i · nj ↵j
i �j

iPolynomial in 

⇠ monomials in the 
independent variablesm�,k(`l)



THE UNITARITY METHOD

DETERMINING THE COEFFICIENTS — UNITARITY
▸ Integrand as a product of trees 

▸ Product of trees implemented with a Berends-Giele recursion

: loop momenta evaluated at`� ⇢k = 0 , 8 k 2 �
On-shell phase-space 

associated with the�

lim
`!`�

A(l, pi) =

Q
Atree(`�, pi)Q
k2� ⇢

k(`�)
=

R(�, `�)Q
k2� ⇢

k(`�)

R(�, `�)unitarity
Generalised

Bern, Dixon, Kosower, Dunbar 94; Bern, Dixon, Dunbar, Perelstein, Rozowsky 98; Bern, Dixon, Kosower 00;
Britto, Cachazo, Feng 04



THE NUMERICAL UNITARITY METHOD

NUMERATORS FROM PRODUCT OF TREES
▸ Top down approach, solve numerically for the coefficients 

▸ Assumes each propagators structure corresponds to a different on-shell 
phase-space, problematic at two-loops and beyond:

N(�0, `�
0
) = R(�0, `�

0
)�

X

�>�0

N(�, `�
0
)Q

k2� ⇢
k(`�)

Product of trees
Propagator structures 

with more propagators

Already known 
from previous step

Leading pole: 
standard procedure

Subleading pole: 
need to be more careful

Same on-shell phase space


