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Higher Order Computations

PDFs/ Input parameters Hard Scattering 
Matrix Element

d� =

Z
dxadxbf(xa)f(xb)d�̂ab(xa, xb)FJ +O ((⇤/Q)m)
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Non-perturbative 
effects ~ few %

↵s ⇠ 0.1
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Typically: NLO ~ 10% correction, NNLO ~ 1% correction
With

However, there are important exceptions: 
•Higgs Boson production (NLO ~100%, NNLO ~10%, N3LO ~ 2%) 
•New partonic channels can open (e.g. di-boson production) 

•Distributions can be modified substantially (even if        is stable)
and
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QCD Factorisation Formula
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Multi-loop Amplitudes

Consider a (multi-)loop amplitude: 

Feynman diagrams → Projectors (                         ) → Integral Reduction 

(or other methods e.g. Numerical unitarity)

F =
X

i

ciIi
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Mµ⌫⇢ ⇠
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+
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F = Pµ⌫⇢Mµ⌫⇢
<latexit sha1_base64="xq44xAIplll7aInfHzd6QtuUzhw="></latexit>

Large (#terms/degree) coefficient 
Rational function of kinematics 
Handled with specialist symbolic 
manipulation programs

Feynman integrals 
Sometimes can be computed 
analytically (       fast) 
We will discuss recent success 
in computing them numerically

=)
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Feynman Integrals & Sector Decomposition 
Feynman Parametrisation 

Sector Decomposition 

Numerical Integration 
Quasi-Monte Carlo (QMC) Integration 

QMC & Variance Reduction 

Integration Package: qmc 

All-in-one Program: pySecDec 

Physics Applications 
Higgs Boson Pair Production & Higgs Boson + Jet Production
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Outline



After applying Feynman rules we obtain integrals in momentum space: 

1) Feynman Parametrise and compute momentum integrals 

Here          are the 1st and 2nd Symanzik polynomials 

Have exchanged        -dim. momentum integrals for     param. integrals 

Case: 

A) Integral    is finite as            , may compute numerically 

B)    is ill-defined as            , regulate                   , disentangle singular 
behaviour and expand integral about 
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L N

U ,F

Feynman Integrals

D
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

I = (�1)N⌫
�(N⌫ � LD/2)
QN

j=1 �(⌫j)

Z 1

0

NY

j=1

dxj x
⌫j�1
j �(1�

NX

i=1

xi)
UN⌫�(L+1)D/2(~x)

FN⌫�LD/2(~x, sij)
<latexit sha1_base64="W/b2zlqnKezfeG27Mu4o/nCDHnY="></latexit>

I =

Z LY

l=1

⇥
dDkl

⇤ 1
QN

j=1 P
⌫j

j
<latexit sha1_base64="plv8vfCU5UlkdWPKJXheyehkHXs="></latexit>

L� loops

N � propagators

D � spacetime dimension
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D = 4� 2✏
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D ! 4
<latexit sha1_base64="0ARI0TYiBJYDHG/XiY3HZeXF0Z8=">AAACJ3icbVDLSgMxFL3j2/poq0s3wSK4kDKjgq6koAuXCrYK7VDuZNI2mHmQ3LEtQ7/ErS78GneiS//E9LHwdSBwOOfe5OQEqZKGXPfDmZtfWFxaXlktrK1vbBZL5a2GSTLNRZ0nKtF3ARqhZCzqJEmJu1QLjAIlboP787F/+yC0kUl8Q8NU+BF2Y9mRHMlK7VLxgrW07PYItU767LhdqrhVdwL2l3gzUoEZrtplB1phwrNIxMQVGtP03JT8HDVJrsSosNfKjEiR32NXNC2NMRLGzyfRR2zPKiHrJNqemNhELXzbyDEyZhgFdjJC6pnf3lj8z2tm1Dn1cxmnGYmYTx/qZIpRwsY9sFBqwUkNLUGupQ3LeA81crJt/bgpfJCpmaQ+ILS9Hgx4qLHv54PpHwq2M+93Q39J47DqHVW96+NK7WzW3grswC7sgwcnUINLuII6cMjgEZ7g2XlxXp035306OufMdrbhB5zPL5odpMY=</latexit>

I
<latexit sha1_base64="PZTdcNp/wkk1uq4rTKbKCkyPLOM=">AAACF3icbVC7TgJBFL3rE9cXaGkzkZBYELKrJloZEhvtIJFHAhsyOzvAhNlHZmYRsuELbLXwa+yMraV/47BsIeBJJjk59zHnHjfiTCrL+jE2Nre2d3Zze+b+weHRcb5w0pRhLAhtkJCHou1iSTkLaEMxxWk7EhT7Lqctd3Q/r7fGVEgWBk9qGlHHx4OA9RnBSkv1x16+aFWsFGid2BkpQoZar2BA1wtJ7NNAEY6l7NhWpJwEC8UIpzOz1I0ljTAZ4QHtaBpgn0onSa3OUEkrHuqHQr9AoVQ1/0wk2Jdy6ru608dqKFdrc/G/WidW/VsnYUEUKxqQxUf9mCMVovndyGOCEsWnmmAimDaLyBALTJROZ2mTN2aRTF2XFdY5lifEE/jZSSaLG0ydmb2a0DppXlbsq4pdvy5W77L0cnAG53ABNtxAFR6gBg0gQOEFXuHNeDc+jE/ja9G6YWQzp7AE4/sXTgCe9Q==</latexit>

✏ ! 0
<latexit sha1_base64="dPIkXjArcYmItZOQ512rMq3cy0Q="></latexit>
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From the master formula, 3 possibilities for poles in    to arise: 

1. Overall                          diverges (single UV pole) 

2.          vanishes for some           and is in denominator (UV sub-
divergences) 

3.                vanishes on the boundary and is in denominator (IR 
divergences) 

Outside the Euclidean region (              ) there is a further possibility:  

4.                vanishes inside the integration region (May give: Landau 
singularity) 

If only condition 1 leads to a divergence the integral is Quasi-finite

�(N⌫ � LD/2)

U(~x) x = 0

F(~x, sij)

F(~x, sij)

✏

8sij < 0

Can be handled by via contour deformation
Soper 99; Binoth, Guillet, Heinrich, Pilon, Schubert 05; Nagy, Soper 06; Anastasiou, Beerli, Daleo 07; 
Beerli 08; Borowka, Carter, Heinrich 12; Borowka 14;

Divergences



2) After integrating out    we are faced with integrals of the form: 

Which may contain overlapping singularities which appear when 
several              simultaneously (corresponding to UV/IR singularities) 

Sector decomposition maps each integral to integrals of the form: 

Ii =

Z 1

0

0

@
N�1Y

j=1

dxjx
⌫j�1
j

1

A Ui(~x)expoU(✏)

Fi(~x, sij)expoF(✏)

<latexit sha1_base64="rQ7//mj7AsAWedNrn+TtqLfMWIA="></latexit>

 7

Polynomials in F.P

Powers depending on ✏

Uik(~x) = 1 + u(~x)

Fik(~x) = �s0 + f(~x)  have no constant termu(~x), f(~x)

Hepp 66; Denner, Roth 96; Binoth, Heinrich 00

xj ! 0

Singularity structure can be read off

�

Sector Decomposition

Iik =

Z 1

0

0

@
N�1Y

j=1

dxjx
aj�bj✏
j

1

A Uik(~x)expoU(✏)

Fik(~x, sij)expoF(✏)

<latexit sha1_base64="4a27YFrCea2QfTw6fizb7H6lFag="></latexit>
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One technique Iterated Sector Decomposition repeat: 

If this procedure terminates depends on order of decomposition steps 

An alternative strategy Geometric Sector Decomposition always 
terminates; both strategies are implemented in pySecDec.
Kaneko, Ueda 10; See also: Bogner, Weinzierl 08; Smirnov, Tentyukov 09

Binoth, Heinrich 00 

Overlapping singularity for x1, x2 ! 0

Singularities factorised

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+✏

=

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+✏
(✓(x1 � x2) + ✓(x2 � x1))

=

Z 1

0
dx1

Z x1

0
dx2

1

(x1 + x2)2+✏
+

Z 1

0
dx2

Z x2

0
dx1

1

(x1 + x2)2+✏

=

Z 1

0
dx1

Z 1

0
dt2

x1

(x1 + x1t2)2+✏
+

Z 1

0
dx2

Z 1

0
dt1

x2

(x2t1 + x2)2+✏

=

Z 1

0
dx1

Z 1

0
dt2

x�1�✏
1

(1 + t2)2+✏
+

Z 1

0
dx2

Z 1

0
dt1

x�1�✏
2

(t1 + 1)2+✏

Sector Decomposition



 `subtraction’ of
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3) Expand in   (simple case             "Logarithmic Divergence"): 

By Definition:                       finite 

4) Numerically integrate

Key Point: Sector Decomposed integrals can be expanded in   
and numerically integrated✏

a = �1

Finite

Poles

✏

g(0) 6= 0, g(0)

g(0)

Sector Decomposition (II)

Z 1

0
dxx�1�b✏g(x) =

g(0)

�b✏
+

Z 1

0
dxx�b✏


g(x)� g(0)

x

�

<latexit sha1_base64="UWpca1c0HWnn2tM/lfya83uL9Ag="></latexit>



Expanding          about            (i.e. sufficiently small     ):

(Physical region)     may vanish on a hypersurface within the 
integration domain, use Cauchy’s theorem to avoid unphysical poles 
on the real axis 

Deformation:

Must obey Feynman (causal) 
prescription:

 10

Contour Deformation

5.3. Deformation of the integration contour

after having integrated out the loop momenta, see Ref. [300]. The leading Landau
singularity is again given by the solution to the system of equations assuming an empty
set of vanishing Feynman parameters.
How we deal with these singularities will be described in the following section.

5.3 Deformation of the integration contour

5.3.1 Cauchy theorem

Re(z)

Im(z)

10

Figure 5.2: Schematic picture of the closed contour avoiding poles on the real axis.

Unless the function F is of definite sign for all possible values of invariants and Feyn-
man parameters, the denominator of a multi-loop integral will vanish within the integra-
tion region on a hypersurface given by the solutions of the Landau equations. To avoid
the non-physical poles on the real axis, the Cauchy theorem

∮

c

N∏

j=1

dzjI(z⃗) =
∫ 1

0

N∏

j=1

dxjI(x⃗) +
∫ 0

1

N∏

j=1

dzjI(z⃗) = 0 (5.5)

can be exploited, where Re(z⃗) = x⃗. To be able to use the theorem, the original integrand,
depending only on the real coordinates xj, is analytically continued to the complex plane.
The coordinate transformation reads

∫ 1

0

N
∏

j=1

dxjI(x⃗) =
∫ 1

0

N
∏

j=1

dxj

∣
∣
∣
∣

(
∂zk(x⃗)
∂xl

)∣
∣
∣
∣
I(z⃗(x⃗)) , (5.6)

where the new complex coordinates z⃗ describe a path parametrized by the variables x⃗.
With a given description of the coordinates z⃗, the Cauchy theorem in Eq. (5.5) can be
formulated. It is valid in this form as long as the deformation is in accordance with
the causal iδ prescription of the Feynman propagators, as the region enclosed by the
integration contour then does not contain any singular points, compare Fig. 5.2. It is
important to keep in mind, that no poles should be crossed while changing the integration
path, otherwise Eq. (5.5) is no longer valid.

55

F
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I

c
dzI(z) =

Z 1

0
dxI(x) +

Z 0

1
dzI(z) = 0
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X

j

X

k
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✓
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@xjxk

◆

+
i

6

X

j

X

k

X

l
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@3F(~x)

@xjxkxl

◆
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pySecDec: Schematic Workflow

sector
decomposition

contour
deformation

subtraction
of poles

expansion
in ϵ

3

456

multiscale?
yesno

parameter
integral

loop integral
1a

1b

2
Feynman integral

result
n∑

Cmϵ
m

m=−2L

code
optimization

numerical
integration

8 97



Numerical Integration



Goal: select points to minimise integration error

Monte Carlo: 
Randomly select sampling points 

Improves slowly with 

Quasi-Monte Carlo 
Select points with low discrepancy 

Poor performance for large 
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Numerical Integration

I[f ] ⌘
Z

[0,1]d
dx f(x) ⇡ Q[f ] =

1

N

NX

i=1

wi f(xi)
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p

N, " ⇠ O(N�1/2)
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<latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit><latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit><latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit><latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit>

d
<latexit sha1_base64="B9yqac2K2jbtyu4HBTonZTxJ/xs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigp6k4MVjC/YD2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2srW9sbm2Xdsq7e/sHh5Wj47ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJxnezeucJleaJfDCTFP2YDiWPOKPGWs1wUKm6NXcusgpeAVUo1BhUvvphwrIYpWGCat3z3NT4OVWGM4HTcj/TmFI2pkPsWZQ0Ru3n80Wn5Nw6IYkSZZ80ZO7+nshprPUkDmxnTM1IL9dm5n+1XmaiGz/nMs0MSrb4KMoEMQmZXU1CrpAZMbFAmeJ2V8JGVFFmbDZlG4K3fPIqtC9rnuXmVbV+W8RRglM4gwvw4BrqcA8NaAEDhGd4hTfn0Xlx3p2PReuaU8ycwB85nz/Gt4zk</latexit><latexit sha1_base64="B9yqac2K2jbtyu4HBTonZTxJ/xs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigp6k4MVjC/YD2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2srW9sbm2Xdsq7e/sHh5Wj47ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJxnezeucJleaJfDCTFP2YDiWPOKPGWs1wUKm6NXcusgpeAVUo1BhUvvphwrIYpWGCat3z3NT4OVWGM4HTcj/TmFI2pkPsWZQ0Ru3n80Wn5Nw6IYkSZZ80ZO7+nshprPUkDmxnTM1IL9dm5n+1XmaiGz/nMs0MSrb4KMoEMQmZXU1CrpAZMbFAmeJ2V8JGVFFmbDZlG4K3fPIqtC9rnuXmVbV+W8RRglM4gwvw4BrqcA8NaAEDhGd4hTfn0Xlx3p2PReuaU8ycwB85nz/Gt4zk</latexit><latexit sha1_base64="B9yqac2K2jbtyu4HBTonZTxJ/xs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigp6k4MVjC/YD2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2srW9sbm2Xdsq7e/sHh5Wj47ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJxnezeucJleaJfDCTFP2YDiWPOKPGWs1wUKm6NXcusgpeAVUo1BhUvvphwrIYpWGCat3z3NT4OVWGM4HTcj/TmFI2pkPsWZQ0Ru3n80Wn5Nw6IYkSZZ80ZO7+nshprPUkDmxnTM1IL9dm5n+1XmaiGz/nMs0MSrb4KMoEMQmZXU1CrpAZMbFAmeJ2V8JGVFFmbDZlG4K3fPIqtC9rnuXmVbV+W8RRglM4gwvw4BrqcA8NaAEDhGd4hTfn0Xlx3p2PReuaU8ycwB85nz/Gt4zk</latexit><latexit sha1_base64="B9yqac2K2jbtyu4HBTonZTxJ/xs=">AAAB6HicbZBNS8NAEIYnftb6VfXoZbEInkoigp6k4MVjC/YD2lA2m0m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEquDau++2srW9sbm2Xdsq7e/sHh5Wj47ZOMsWwxRKRqG5ANQousWW4EdhNFdI4ENgJxnezeucJleaJfDCTFP2YDiWPOKPGWs1wUKm6NXcusgpeAVUo1BhUvvphwrIYpWGCat3z3NT4OVWGM4HTcj/TmFI2pkPsWZQ0Ru3n80Wn5Nw6IYkSZZ80ZO7+nshprPUkDmxnTM1IL9dm5n+1XmaiGz/nMs0MSrb4KMoEMQmZXU1CrpAZMbFAmeJ2V8JGVFFmbDZlG4K3fPIqtC9rnuXmVbV+W8RRglM4gwvw4BrqcA8NaAEDhGd4hTfn0Xlx3p2PReuaU8ycwB85nz/Gt4zk</latexit>

Both methods implemented in Cuba Hahn 04; Hahn14

"  DN ·Var[f ], " ⇠ O(logd(N)/N)
<latexit sha1_base64="mbHrGrmm8iWo6f8yj2e1E61T7CI="></latexit>



{}

- Random shift vec.

- Fractional part

n - # Lattice points

- # Random shiftsm
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- Generating vec.

Quasi-Monte Carlo (Rank 1 Lattices)

I[f ] ⇡ Q̄n,m[f ] ⌘ 1

m

m�1X

k=0

Q(k)
n [f ], Q(k)

n [f ] ⌘ 1

n

n�1X

i=0

f

✓⇢
iz

n
+�k

�◆

<latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit>

z
<latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit><latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit><latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit><latexit sha1_base64="mATy67lExmmgD7eckYHkfou4wfI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoCcpePFYwbZiG8pm+9Iu3WzC7kaoof/CiwdFvPpvvPlv3LQ5aOvAwjDzHjtvgkRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TxbDFYhGr+4BqFFxiy3Aj8D5RSKNAYCcYX+d+5xGV5rG8M5ME/YgOJQ85o8ZKD72ImlEQZk/TfrXm1t0ZyDLxClKDAs1+9as3iFkaoTRMUK27npsYP6PKcCZwWumlGhPKxnSIXUsljVD72SzxlJxYZUDCWNknDZmpvzcyGmk9iQI7mSfUi14u/ud1UxNe+hmXSWpQsvlHYSqIiUl+PhlwhcyIiSWUKW6zEjaiijJjS6rYErzFk5dJ+6zuWX57XmtcFXWU4QiO4RQ8uIAG3EATWsBAwjO8wpujnRfn3fmYj5acYucQ/sD5/AH/EZEa</latexit>

�k
<latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit>
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Unbiased error estimate computed using (10-50) random shifts
4 Shifts1 Shift

Quasi-Monte Carlo (QMC) in a Weighted Function Space 
First applications to loop integrals, see:  

                                             or better"  e� · ||f ||� , " ⇠ O(N�1)
<latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit>

Li, Wang, Yan, Zhao 15; de Doncker, Almulihi, 
Yuasa 17, 18; de Doncker, Almulihi 17;  
Kato, de Doncker, Ishikawa, Yuasa 18



" ⇠ O(n�1)
<latexit sha1_base64="dDPtvpe9UGvou0c4nULEiaggpVY="></latexit>
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e2� 
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<latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit><latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit><latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit><latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit>

||f ||2� =
X

u✓{1,...,d}

1

�u

Z

[0,1]|u|

 Z

[0,1]d�|u|

@|u|f(x)

@xu
dx�u
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<latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit><latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit><latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit><latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit>

||f ||2� =
X

h2Zd

Q
j2u(h) |hj |2↵

�u(h)
|f̂(h)|2

<latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit>
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;6=u✓{1,...,d}

��u (2⇣(2↵�))|u|

1

A

1
�

<latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit>

Weighted Function Spaces

� 2 (1/(2↵), 1]
<latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit>

� 2 (1/2, 1]
<latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit>

Norm

Worst-case 
error

↵
<latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit>

, smoothness

Fourier Coefficient

Review: Dick, Kuo, Sloan 13

Generating vector    precomputed for a fixed number of lattice points, chosen to 
minimise the worst-case error, we use component-by-component (CBC) construction 

In our public code, we distribute lattice rules generated using product weights: 
                                    produced for a Korobov space with 

Nuyens 07

Sobolev Space 
Functions with square integrable first derivatives 

Korobov Space 
Periodic functions which are    
times differentiable in each variable

z
<latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit>

Assign weights      to each subset of dimensions�u
<latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit>

u ✓ {1, . . . , d}
<latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit>

↵
<latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit>

�u =
Y

i2u

�i, �i = 1/d
<latexit sha1_base64="wfSuEiDSuHFmc89r8hjyulkokgM="></latexit>

↵ = 2
<latexit sha1_base64="k1nnXnPR4A3tR4sV1b1LXg10qIo=">AAACHnicbVC7TgJBFL3rE/EFWtpsJCQWhOyiiVqYkNhYYiKPBDbk7uwAE2YfmZlFyIafsNXCr7Eztvo3DguFgCeZ5OTcx5x73IgzqSzrx9jY3Nre2c3sZfcPDo+Oc/mThgxjQWidhDwULRcl5SygdcUUp61IUPRdTpvu8H5Wb46okCwMntQkoo6P/YD1GEGlpVYHeTTAu0o3V7DKVgpzndgLUoAFat28AR0vJLFPA0U4Stm2rUg5CQrFCKfTbLETSxohGWKftjUN0KfSSVLHU7OoFc/shUK/QJmpmv0zkaAv5cR3daePaiBXazPxv1o7Vr0bJ2FBFCsakPlHvZibKjRn55seE5QoPtEEiWDarEkGKJAoHdLSJm/EIpm6LinUcZbGxBP47CTj+Q1ZnZm9mtA6aVTK9mW58nhVqN4u0svAGZzDBdhwDVV4gBrUgQCHF3iFN+Pd+DA+ja9564axmDmFJRjfv6jAob8=</latexit>

8
<latexit sha1_base64="K8r6+rogB9rHy7metbIAxelXHFQ=">AAACHXicbVDLTgJBEOzFF+IL9OhlIyHxQMgukuiRxItHTOSRwIb0zg4wYfaRmVmEbPgIr3rwa7wZr8a/cVg4CFjJJJWq7unuciPOpLKsHyOzs7u3f5A9zB0dn5ye5QvnLRnGgtAmCXkoOi5KyllAm4opTjuRoOi7nLbd8f3Cb0+okCwMntQsoo6Pw4ANGEGlpXZvEArkvJ8vWhUrhblN7BUpwgqNfsGAnheS2KeBIhyl7NpWpJwEhWKE03mu1IsljZCMcUi7mgboU+kk6cJzs6QVz9Sz9QuUmaq5Px0J+lLOfFdX+qhGctNbiP953VgN7pyEBVGsaECWgwYxN1VoLq43PSYoUXymCRLB9LImGaFAonRGaz95ExbJdOuyQp1meUo8gc9OMl3ekNOZ2ZsJbZNWtWLfVKqPtWK9tkovC5dwBddgwy3U4QEa0AQCY3iBV3gz3o0P49P4WpZmjFXPBazB+P4Fklqhuw==</latexit>

8
<latexit sha1_base64="K8r6+rogB9rHy7metbIAxelXHFQ=">AAACHXicbVDLTgJBEOzFF+IL9OhlIyHxQMgukuiRxItHTOSRwIb0zg4wYfaRmVmEbPgIr3rwa7wZr8a/cVg4CFjJJJWq7unuciPOpLKsHyOzs7u3f5A9zB0dn5ye5QvnLRnGgtAmCXkoOi5KyllAm4opTjuRoOi7nLbd8f3Cb0+okCwMntQsoo6Pw4ANGEGlpXZvEArkvJ8vWhUrhblN7BUpwgqNfsGAnheS2KeBIhyl7NpWpJwEhWKE03mu1IsljZCMcUi7mgboU+kk6cJzs6QVz9Sz9QuUmaq5Px0J+lLOfFdX+qhGctNbiP953VgN7pyEBVGsaECWgwYxN1VoLq43PSYoUXymCRLB9LImGaFAonRGaz95ExbJdOuyQp1meUo8gc9OMl3ekNOZ2ZsJbZNWtWLfVKqPtWK9tkovC5dwBddgwy3U4QEa0AQCY3iBV3gz3o0P49P4WpZmjFXPBazB+P4Fklqhuw==</latexit>

" ⇠ O(n�↵)
<latexit sha1_base64="KORGAlFwT/LP+zYbmPTofQ9Uhko="></latexit>



 16

Periodizing Transforms

Lattice rules work especially well for continuous, smooth and periodic functions 
Functions can be periodized by a suitable change of variables: x = �(u)

<latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit>

I[f ] ⌘
Z

[0,1]d
dx f(x) =

Z

[0,1]d
du !d(u)f(�(u))

<latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit>

�(u) = (�(u1), . . . ,�(ud)), !d(u) =
dY

j=1

!(uj) and !(u) = �0(u)
<latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit>

Korobov transform: 
Sidi transform: 
Baker transform: 

!(u) = 6u(1� u), �(u) = 3u2 � 2u3

!(u) = ⇡/2 sin(⇡u), �(u) = 1/2(1� cos⇡t)

�(u) = 1� |2u� 1|
<latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit>
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Scaling

Monte Carlo scaling

Better than ``guaranteed” 
         scalingn�1

<latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit>

Example:  
Sector Decomposed HJ Integral

Limited by machine 
precision (double)



Can improve performance of numerical integrator by flattening 
integrand via a variable transformation
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Variance Reduction

I =

Z 1

0
dy f(y) =

Z 1

0
dx p0(x)f(p(x))

<latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit><latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit><latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit><latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit>

y = p(x)
<latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit><latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit><latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit><latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit>

VEGAS: 
Assume integrand separable 
Iteratively approximate         with piecewise linear function 
But: Spoils smoothness of integrand (bad for QMC) 

Alternative: 
Choose a smooth function for        , for example: 

Fit parameters     to inverse cumulative distribution function (CDF)

p(x)
<latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit>

p(x)
<latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit>

ai
<latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit><latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit><latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit><latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit>

p(x) = a2 · x
a0 � 1

a0 � x
+ a3 · x

a1 � 1

a1 � x
+ a4 · x+ a5 · x2 +

 
1�

5X

i=2

ai

!
· x3

<latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit><latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit><latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit><latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit>

p0(x) / |f(p(x))|�1
<latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit><latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit><latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit><latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit>

s.t.

f(x) = g(x1)g(x2) · · · g(xd)
<latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit><latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit><latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit><latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit>
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Variance Reduction (II)

1) Pre-sample integrand 
2) In each dimension: fit inverse CDF 
3) Use fit as variable transformation, 
obtain flatter integrand without 
spoiling smoothness

Example: HJ Integral 

Small   : ~ 3x improvement 
Large   : ~ 10x improvement 

QMC Scaling preserved

n
<latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit>

n
<latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit>
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Curse of Dimensionality

Even if the worst-case error of our lattice rule is independent of   , can 
still have problems integrating in a higher number of dimensions (         ) 
due to the periodizing transform

d
<latexit sha1_base64="e/NWOvbQpY5WLwXP+M1/8dFQ5VY=">AAACF3icbVC7TgJBFL3rE9cXaGkzkZBYELKLJloZEhtLSOSRwIbMzs7ChNlHZmYRsuELbLXwa+yMraV/47BQCHiSSU7Ofcy5x405k8qyfoyt7Z3dvf3cgXl4dHxymi+ctWSUCEKbJOKR6LhYUs5C2lRMcdqJBcWBy2nbHT3M6+0xFZJF4ZOaxtQJ8CBkPiNYaanh9fNFq2JlQJvEXpIiLFHvFwzoeRFJAhoqwrGUXduKlZNioRjhdGaWeomkMSYjPKBdTUMcUOmkmdUZKmnFQ34k9AsVylTzz0SKAymngas7A6yGcr02F/+rdRPl3zkpC+NE0ZAsPvITjlSE5ncjjwlKFJ9qgolg2iwiQywwUTqdlU3emMUyc11WWOdYnhBP4GcnnSxuMHVm9npCm6RVrdjXlWrjpli7X6aXgwu4hCuw4RZq8Ah1aAIBCi/wCm/Gu/FhfBpfi9YtYzlzDiswvn8BfDOfEQ==</latexit>

Korobov & Sidi 
transforms can increase 
the norm of the 
function, the increase 
can be exponentially 
large for large d

<latexit sha1_base64="e/NWOvbQpY5WLwXP+M1/8dFQ5VY=">AAACF3icbVC7TgJBFL3rE9cXaGkzkZBYELKLJloZEhtLSOSRwIbMzs7ChNlHZmYRsuELbLXwa+yMraV/47BQCHiSSU7Ofcy5x405k8qyfoyt7Z3dvf3cgXl4dHxymi+ctWSUCEKbJOKR6LhYUs5C2lRMcdqJBcWBy2nbHT3M6+0xFZJF4ZOaxtQJ8CBkPiNYaanh9fNFq2JlQJvEXpIiLFHvFwzoeRFJAhoqwrGUXduKlZNioRjhdGaWeomkMSYjPKBdTUMcUOmkmdUZKmnFQ34k9AsVylTzz0SKAymngas7A6yGcr02F/+rdRPl3zkpC+NE0ZAsPvITjlSE5ncjjwlKFJ9qgolg2iwiQywwUTqdlU3emMUyc11WWOdYnhBP4GcnnSxuMHVm9npCm6RVrdjXlWrjpli7X6aXgwu4hCuw4RZq8Ah1aAIBCi/wCm/Gu/FhfBpfi9YtYzlzDiswvn8BfDOfEQ==</latexit>

Kuo, Sloan, Woźniakowski 07

d & 8
<latexit sha1_base64="oqdiThjfDpMpbFIpDuoMWE2eDpU=">AAACIXicbVBNS8NAFHzx2/hZPXpZLIIHKUkV9CSCF48KVoU0yGazaZduNmH3pVpCf4ZXPfhrvIk38c+4bXPQ6sDCMPPe7uxEuRQGPe/TmZmdm19YXFp2V1bX1jc2a1s3Jis04y2WyUzfRdRwKRRvoUDJ73LNaRpJfhv1zkf+bZ9rIzJ1jYOchyntKJEIRtFKQUzaHbRuSk7uN+tewxuD/CV+RepQ4fK+5kA7zliRcoVMUmMC38sxLKlGwSQfunvtwvCcsh7t8MBSRVNuwnIcekj2rBKTJNP2KCRj1f2xUdLUmEEa2cmUYtdMeyPxPy8oMDkJS6HyArlik4eSQhLMyKgBEgvNGcqBJZRpYcMS1qWaMrQ9/bop7ovcjFMfILWNHjyyWNOHsHyc/MG1nfnTDf0lN82Gf9hoXh3Vz06r9pZgB3ZhH3w4hjO4gEtoAYMMnuAZXpxX5815dz4mozNOtbMNv+B8fQPQfqLf</latexit>

f(x) = 1
<latexit sha1_base64="XlhQvJ4K/XS8zGSglfoWEZ3TfrU=">AAACJ3icbVBbSwJBGP3WbmYXtR57WRLBQGTXguohEHrp0SAvoIvMzs7q4OyFmVlTFn9Jr/XQr+kt6rF/0qzuQ2oHBg7nfN/MmWOHjAppGN9aZmt7Z3cvu587ODw6zheKJ20RRByTFg5YwLs2EoRRn7QklYx0Q06QZzPSscf3id+ZEC5o4D/JWUgsDw196lKMpJIGhbxb6XtIjmw3ns4v7sxBoWTUjAX0TWKmpAQpmoOiBn0nwJFHfIkZEqJnGqG0YsQlxYzMc+V+JEiI8BgNSU9RH3lEWPEi+lwvK8XR3YCr40t9oeb+bMTIE2Lm2WoyiSnWvUT8z+tF0r2xYuqHkSQ+Xj7kRkyXgZ70oDuUEyzZTBGEOVVhdTxCHGGp2lq5yZnQUCxSVyVSvVan2OHo2Yqnyz/kVGfmekObpF2vmZe1+uNVqXGbtpeFMziHCphwDQ14gCa0AEMEL/AKb9q79qF9al/L0YyW7pzCCrSfX6TipMg=</latexit>

Example:

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

F (u1) = !(u1)
<latexit sha1_base64="JgV26lhpLcZfP2CuDGNXeDrw6CU=">AAACLHicbVDLSgMxFL3js9ZXfezcBIugUMpMFdSFUBDEpYK1hXYodzJpG5p5kGS0dei/uNWFX+NGxK3fYTrtwteFwMk5996cHC8WXGnbfrNmZufmFxZzS/nlldW19cLG5q2KEklZjUYikg0PFRM8ZDXNtWCNWDIMPMHqXv98rNfvmFQ8Cm/0MGZugN2QdzhFbah2YftiP2k7B+SMtKKAdTG7tQtFu2xnRf4CZwqKMK2r9oYFLT +iScBCTQUq1XTsWLspSs2pYKP8XitRLEbaxy5rGhhiwJSbZv5HZM8wPulE0pxQk4zNf5tIMVBqGHimM0DdU7+1Mfmf1kx058RNeRgnmoV08lAnEURHZBwG8blkVIuhAUglN2YJ7aFEqk1kPzb5dzxWmeuSRhNuaUB9ifduOpj8IW8yc34n9BfcVsrOYblyfVSsnk7Ty8EO7MI+OHAMVbiEK6gBhQd4hCd4tl6sV+vd+pi0zljTmS34UdbnFy4cpWs=</latexit>

F (u1, u2) = !(u1)!(u2)
<latexit sha1_base64="+2cMbK9RLahpf5WmKQAqAq2+yZE=">AAACO3icbVDJSgNBEK1xjXGLevTSGAIGQpiJgnoQAoJ4jGAWSIZQ09OJjT0L3T3RMOQD/BqvevBDPHsTr97tLIjbg4bHq1fVVc+LBVfatl+sufmFxaXlzEp2dW19YzO3td1QUSIpq9NIRLLloWKCh6yuuRasFUuGgSdY07s5G9ebAyYVj8IrPYyZG2A/5D1OURupm8uf7yddp5R0K0VySjpRwPo4VopftFI0LrtsT0D+EmdG8j BDrbtlQcePaBKwUFOBSrUdO9ZuilJzKtgoW+gkisVIb7DP2oaGGDDlppNzRqRgFJ/0ImleqMlEzX7rSDFQahh4xhmgvla/a2Pxv1o70b1jN+VhnGgW0ulHvUQQHZFxNsTnklEthoYgldwsS+g1SqTaJPhjkj/gsZpsXdJosi7dUV/irZveTW/Imsyc3wn9JY1K2TkoVy4P89WTWXoZ2IU92AcHjqAKF1CDOlC4hwd4hCfr2Xq13qz3qXXOmvXswA9YH5871qrv</latexit>

d = 1
<latexit sha1_base64="335vveWbdBiGmYUAnnJvca76eK0=">AAACGXicbVDLTsJAFL3FF9YX6NJNIyFxQUiLJurChMSNS4zySKAh0+kUJkwfmZkipOET3OrCr3Fn3LrybxxKFwKeZJKTcx9z7nEiRoU0zR8tt7G5tb2T39X39g8OjwrF45YIY45JE4cs5B0HCcJoQJqSSkY6ESfIdxhpO6O7eb09JlzQMHiS04jYPhoE1KMYSSU9urdWv1Ayq2YKY51YGSlBhka/qEHPDXHsk0BihoToWmYk7QRxSTEjM73ciwWJEB6hAekqGiCfCDtJzc6MslJcwwu5eoE0UlX/M5EgX4ip76hOH8mhWK3Nxf9q3Vh613ZCgyiWJMCLj7yYGTI05pcbLuUESzZVBGFOlVkDDxFHWKp8lja5YxqJ1HVFIpVkZYJdjp7tZLK4QVeZWasJrZNWrWpdVGsPl6X6TZZeHk7hDM7Bgiuowz00oAkYBvACr/CmvWsf2qf2tWjNadnMCSxB+/4FgNifjg==</latexit>

d = 2
<latexit sha1_base64="yUkfa//Q8tev8sMIujhaTVKkrA8=">AAACGXicbVDLTsJAFL3FF9YX6NJNIyFxQUiLJurChMSNS4zySKAh0+kUJkwfmZkipOET3OrCr3Fn3LrybxxKFwKeZJKTcx9z7nEiRoU0zR8tt7G5tb2T39X39g8OjwrF45YIY45JE4cs5B0HCcJoQJqSSkY6ESfIdxhpO6O7eb09JlzQMHiS04jYPhoE1KMYSSU9ure1fqFkVs0UxjqxMlKCDI1+UYOeG+LYJ4HEDAnRtcxI2gnikmJGZnq5FwsSITxCA9JVNEA+EXaSmp0ZZaW4hhdy9QJppKr+ZyJBvhBT31GdPpJDsVqbi//VurH0ru2EBlEsSYAXH3kxM2RozC83XMoJlmyqCMKcKrMGHiKOsFT5LG1yxzQSqeuKRCrJygS7HD3byWRxg64ys1YTWietWtW6qNYeLkv1myy9PJzCGZyDBVdQh3toQBMwDOAFXuFNe9c+tE/ta9Ga07KZE1iC9v0Lgoufjw==</latexit>

In this case, using the 
Baker transform can be 
a good choice
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qmc: Design

QMC integration is embarrassingly parallel and simple to implement 

We aimed to write a public package that is: 

1) Fast 

2) Easy to use  

3) Supports multiple CPUs/GPUs (on a single machine) 

4) Flexible and reasonably easy to develop and extend 

Language Choices: 
CUDA (fairly developed language, decent compiler) 

c++11 (object orientated, std::thread, templates, CUDA support) 
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qmc: Implementation

Host

1) Devices are initialised

C
U

D
A

 
D

ev
ic

e

Work

z[ ],�[ ], n,m, f()
<latexit sha1_base64="FxhbrNxV3qDOY/j2szx7rQuPFao="></latexit>

Transfer data required to generate 
lattice points & functor to device

C
U

D
A

 
D

ev
ic

e
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qmc: Implementation

Host

2) (Loop) Work is requested from central work queue by each device

Work

i
<latexit sha1_base64="oQmJRSm41FjFrxIjz2sGJ70SeTs=">AAACF3icbVC7TgJBFL2DL1xfoKXNRkJiQciummhlSGwsIZFHAhsyOzsLE2YfmZlFyIYvsNXCr7Eztpb+jQNsIeBJJjk59zHnHjfmTCrL+kG5re2d3b38vnFweHR8UiietmSUCEKbJOKR6LhYUs5C2lRMcdqJBcWBy2nbHT3M6+0xFZJF4ZOaxtQJ8CBkPiNYaanB+oWSVbUWMDeJnZESZKj3iwh6XkSSgIaKcCxl17Zi5aRYKEY4nRnlXiJpjMkID2hX0xAHVDrpwurMLGvFM/1I6Bcqc6EafyZSHEg5DVzdGWA1lOu1ufhfrZso/85JWRgnioZk+ZGfcFNF5vxu02OCEsWnmmAimDZrkiEWmCidzsomb8xiuXBdUVjnWJkQT+BnJ50sbzB0ZvZ6QpukdVW1r6t246ZUu8/Sy8M5XMAl2HALNXiEOjSBAIUXeIU39I4+0Cf6WrbmUDZzBitA37+EYJ8V</latexit>
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<latexit sha1_base64="eq1WSzT4NYPm6YkKL2oBluhXN5c=">AAACHnicbVDLTgIxFL2DLxxfoEs3jYTEBSEzaqIrQ+LGJSbySGAknU6Bhs4jbQchE37CrS78GnfGrf6NZZiFgCdpcnLuo+ceN+JMKsv6MXIbm1vbO/ldc2//4PCoUDxuyjAWhDZIyEPRdrGknAW0oZjitB0Jin2X05Y7upvXW2MqJAuDRzWNqOPjQcD6jGClpTZ76kaC+bRXKFlVKwVaJ3ZGSpCh3isa0PVCEvs0UIRjKTu2FSknwUIxwunMLHdjSSNMRnhAO5oG2KfSSVLHM1TWiof6odAvUChVzT8TCfalnPqu7vSxGsrV2lz8r9aJVf/GSVgQxYoGZPFRP+ZIhWh+PvKYoETxqSaYCKbNIjLEAhOlQ1ra5I1ZJFPXFYV1nJUJ8QR+dpLJ4gZTZ2avJrROmhdV+7JqP1yVardZenk4hTM4BxuuoQb3UIcGEODwAq/wZrwbH8an8bVozRnZzAkswfj+BWbyojI=</latexit>

Only index of point(s) to calculate 
needs to be transferred 
Partial results are accumulated by 
each thread on each device
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qmc: Implementation

Host

3) Once all work is completed, partial results are transferred back to 
host for final reduction
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r0[ ]
<latexit sha1_base64="7Pz0qOeLsZc1notk4jj2Y3ZK8SE=">AAACHXicbVDLSsNAFL2prxpfrS7dDJaCi1ISFXQlBTcuK9gHpKFMJtN26OTBzKS2hH6EW134Ne7Erfg3TtMstPXAwOHcx5x7vJgzqSzr2yhsbG5t7xR3zb39g8OjUvm4LaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+G5R70yokCwKH9Uspm6AhyEbMIKVljqibzk95PZLFatuZUDrxM5JBXI0+2UDen5EkoCGinAspWNbsXJTLBQjnM7Nai+RNMZkjIfU0TTEAZVumhmeo6pWfDSIhH6hQplq/ppIcSDlLPB0Z4DVSK7WFuJ/NSdRgxs3ZWGcKBqS5UeDhCMVocX1yGeCEsVnmmAimDaLyAgLTJTO6M8mf8JimbmuKazTrE2JL/CTm06XN5g6M3s1oXXSvqjbl3X74arSuM3TK8IpnME52HANDbiHJrSAwBie4QVejTfj3fgwPpetBSOfOYE/ML5+AHgAoR0=</latexit>

r1[ ]
<latexit sha1_base64="kKrf5GU3zQe71PRcGNBc98FaFVo=">AAACHXicbVDLSsNAFL2prxpfrS7dDJaCi1ISFXQlBTcuK9gHpKFMJtN26OTBzKS2hH6EW134Ne7Erfg3TtMstPXAwOHcx5x7vJgzqSzr2yhsbG5t7xR3zb39g8OjUvm4LaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+G5R70yokCwKH9Uspm6AhyEbMIKVljqibzs95PZLFatuZUDrxM5JBXI0+2UDen5EkoCGinAspWNbsXJTLBQjnM7Nai+RNMZkjIfU0TTEAZVumhmeo6pWfDSIhH6hQplq/ppIcSDlLPB0Z4DVSK7WFuJ/NSdRgxs3ZWGcKBqS5UeDhCMVocX1yGeCEsVnmmAimDaLyAgLTJTO6M8mf8JimbmuKazTrE2JL/CTm06XN5g6M3s1oXXSvqjbl3X74arSuM3TK8IpnME52HANDbiHJrSAwBie4QVejTfj3fgwPpetBSOfOYE/ML5+AHm3oR4=</latexit>



FIESTA4 (Cuba with GPUs + Sector Decomposition) 
- Widely used in community, e.g. 4-loop       -on-shell quark mass 
relation in QCD

Lattice Rules  +           Extrapolation 
- 2-3 loop box/self-energy diagrams
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GPU Usage for Calculating Feynman Integrals

Lattice Rules + Sector Decomposition 
- 2-loop QCD Higgs Boson pair production 
- 2-loop QCD Higgs Boson + Jet production

Smirnov 16
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Figure 1. [2LB] Sample 2-loop box diagrams [10, 11]: (a) N = 5 (double-triangle), (b) N = 6 (tetragon-triangle), (c)
N = 7 (pentagon-triangle), (d) N = 7 ladder, (e) N = 7 crossed box
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Figure 2. [3LS] Sample 3-loop self-energy diagrams with massive internal lines, cf., Laporta [10]: (a) N = 7, (b) N = 7,
(c) N = 8, (d) N = 8, (e) N = 8.

Table 1. Integrals FL,N

DIAG L N FL,N VALUE DIAG L N FL,N VALUE

Fig 1(a) 2 5 −
∫
S4

1
C D dx 0.9509235623171(∗) Fig 2(a) 3 7 −

∫
S6

1
C D dx 1.32644820827(∗)

Fig 1(b) 2 6
∫
S5

1
D2 dx 0.276209225359 Fig 2(b) 3 7 −

∫
S6

1
C D dx 1.34139924145(∗)

Fig 1(c) 2 7 −2
∫
S6

C
D3 dx 0.1723367907503(∗) Fig 2(c) 3 8

∫
S7

1
D2 dx 0.2796089232826

Fig 1(d) 2 7 −2
∫
S6

C
D3 dx 0.1036407209893(∗) Fig 2(d) 3 8

∫
S7

1
D2 dx 0.1826272375392

Fig 1(e) 2 7 −2
∫
S6

C
D3 dx 0.0853513981538(∗) Fig 2(e) 3 8

∫
S7

1
D2 dx 0.14801330396

where the domain is the d = (N − 1 )-dimensional unit simplex, Sd = {x ∈ Cd | 0 ≤
∑d

k=1 xk ≤ 1},
and Cd = [0 , 1 ]d is the unit cube in Rd. We will further transform FL,N to an integral over Cd.

For ν = 4 and ρ = 0 , the integrals FL,N corresponding to the diagrams in Fig 1 and 2 are listed in
Table 1. The numerical values are from [10] − except for the crossed box integral value, that resulted
from an extensive computation with large numbers of integrand evaluations using the adaptive ParInt
code in long double precision [3]. The functions C and D, given in Table A1 of Appendix A, are derived
according to [12]. The cases indicated by (∗) in Table 1 are taken with positive sign in subsequent test
results. The computations assume unit masses and p2 = 1.

2. Rank-1 lattice rules
A rank-1 lattice rule approximation of an integral If =

∫
Cd f(x) dx is represented by

Qf =
1

n

n−1∑

j=0

f({ j
n
z}) (3)

where z is a generator vector with integer components z ∈ Zn = {1 ≤ z < n, gcd(z, n) = 1}. Here
{x} denotes the vector in the half open cube Ud = [0 , 1)d obtained by taking the fractional part of each
component of x. Classically n is prime (i.e., Zn = {1, 2 , . . . , n − 1}); this is relaxed in [13, 14]. The
generators used for the results in this paper are computed with the Fast CBC (component-by-component)
algorithm by Nuyens and Cools [14, 15], which runs in O(dn log n) time and O(n) space, and improves
on the time of the CBC algorithm as introduced by Sloan and Reztsov [16].
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Table 1. Integrals FL,N

DIAG L N FL,N VALUE DIAG L N FL,N VALUE

Fig 1(a) 2 5 −
∫
S4

1
C D dx 0.9509235623171(∗) Fig 2(a) 3 7 −

∫
S6

1
C D dx 1.32644820827(∗)

Fig 1(b) 2 6
∫
S5

1
D2 dx 0.276209225359 Fig 2(b) 3 7 −

∫
S6

1
C D dx 1.34139924145(∗)

Fig 1(c) 2 7 −2
∫
S6

C
D3 dx 0.1723367907503(∗) Fig 2(c) 3 8

∫
S7

1
D2 dx 0.2796089232826

Fig 1(d) 2 7 −2
∫
S6

C
D3 dx 0.1036407209893(∗) Fig 2(d) 3 8

∫
S7

1
D2 dx 0.1826272375392

Fig 1(e) 2 7 −2
∫
S6

C
D3 dx 0.0853513981538(∗) Fig 2(e) 3 8

∫
S7

1
D2 dx 0.14801330396

where the domain is the d = (N − 1 )-dimensional unit simplex, Sd = {x ∈ Cd | 0 ≤
∑d

k=1 xk ≤ 1},
and Cd = [0 , 1 ]d is the unit cube in Rd. We will further transform FL,N to an integral over Cd.

For ν = 4 and ρ = 0 , the integrals FL,N corresponding to the diagrams in Fig 1 and 2 are listed in
Table 1. The numerical values are from [10] − except for the crossed box integral value, that resulted
from an extensive computation with large numbers of integrand evaluations using the adaptive ParInt
code in long double precision [3]. The functions C and D, given in Table A1 of Appendix A, are derived
according to [12]. The cases indicated by (∗) in Table 1 are taken with positive sign in subsequent test
results. The computations assume unit masses and p2 = 1.

2. Rank-1 lattice rules
A rank-1 lattice rule approximation of an integral If =

∫
Cd f(x) dx is represented by

Qf =
1

n

n−1∑

j=0

f({ j
n
z}) (3)

where z is a generator vector with integer components z ∈ Zn = {1 ≤ z < n, gcd(z, n) = 1}. Here
{x} denotes the vector in the half open cube Ud = [0 , 1)d obtained by taking the fractional part of each
component of x. Classically n is prime (i.e., Zn = {1, 2 , . . . , n − 1}); this is relaxed in [13, 14]. The
generators used for the results in this paper are computed with the Fast CBC (component-by-component)
algorithm by Nuyens and Cools [14, 15], which runs in O(dn log n) time and O(n) space, and improves
on the time of the CBC algorithm as introduced by Sloan and Reztsov [16].

de Doncker, Almulihi, Yuasa 17, 18

Monte Carlo Integration of Hepp Sectors 
- 2-4 loop QED contributions to the electron magnetic moment 
- 5-6 loop “ladder” form factor integrals

Volkov 18

Li, Wang, Yan, Zhao 15;  
Borowka, Greiner, Heinrich, SPJ, 
Kerner, Schlenk, Schubert, Zirke 16; 
SPJ, Kerner, Luisoni 18

✏ ! 0
<latexit sha1_base64="dPIkXjArcYmItZOQ512rMq3cy0Q="></latexit>

MS
<latexit sha1_base64="01NQHDyXyj4/U7HYn+yyDZ4c8/w="></latexit>

Marquard, Smirnov, Smirnov, Steinhauser, Wellmann 16



$ nvcc -O3 -arch=sm_70 -std=c++11 -x cu -I../src 102_ff2_demo.cpp -o 102_ff2_demo.out -lgsl -lgslcblas && ./102_ff2_demo.out

integral = 0.27621

error = 4.49751e-07
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qmc: Usage

Let’s compute a finite Feynman integral (à la                                   )de Doncker, Almulihi, Yuasa 17

INT[“A1diminc2”, 2, 3, 4, 0, {2, 2, 0}] =

(6−2ϵ)

INT[“A2diminc2”, 4, 15, 8, 0, {2, 2, 2, 2, 0, 0, 0}] =

(6−2ϵ)

INT[“A2diminc4”, 3, 22, 9, 0, {0, 3, 3, 0, 3, 0, 0}] =

(8−2ϵ)

INT[“A2diminc6”, 4, 58, 12, 0, {0, 3, 0, 3, 3, 3, 0}] =

(10−2ϵ)

INT[“B2diminc4”, 6, 63, 10, 0, {2, 2, 2, 2, 1, 1, 0}] =

(8−2ϵ)

INT[“A3diminc6”, 4, 172, 16, 0, {0, 0, 4, 4, 0, 4, 0, 4, 0, 0, 0, 0}] =

(10−2ϵ)

INT[“A3diminc4”, 5, 662, 15, 0, {0, 3, 3, 0, 3, 0, 0, 3, 0, 3, 0, 0}] =

(8−2ϵ)

INT[“A3diminc2”, 5, 158, 10, 0, {0, 2, 2, 2, 2, 0, 0, 2, 0, 0, 0, 0}] =

(6−2ϵ)

INT[“A3diminc6”, 5, 412, 16, 0, {0, 0, 4, 3, 4, 0, 0, 2, 3, 0, 0, 0}] =

(10−2ϵ)

INT[“A3diminc4”, 5, 433, 13, 0, {2, 0, 0, 0, 3, 3, 0, 2, 3, 0, 0, 0}] =

(8−2ϵ)

1

Note: can compile this code 
with or without CUDA

(Agrees with analytic result)

#include <iostream>
#include "qmc.hpp"
struct formfactor2L_t {

const unsigned long long int number_of_integration_variables = 5;
#ifdef __CUDACC__

__host__ __device__
#endif

double operator()(const double arg[]) const
{

// Simplex to cube transformation
double x0 = arg[0];
double x1 = (1.-x0)*arg[1];
double x2 = (1.-x0-x1)*arg[2];
double x3 = (1.-x0-x1-x2)*arg[3];
double x4 = (1.-x0-x1-x2-x3)*arg[4];
double x5 = (1.-x0-x1-x2-x3-x4);
double wgt =
(1.-x0)*
(1.-x0-x1)*
(1.-x0-x1-x2)*
(1.-x0-x1-x2-x3);
if(wgt <= 0) return 0;
// Integrand
double u=x2*(x3+x4)+x1*(x2+x3+x4)+(x2+x3+x4)*x5+x0*(x1+x3+x4+x5);
double f=x1*x2*x4+x0*x2*(x1+x3+x4)+x0*(x2+x3)*x5;
double n=x0*x1*x2*x3;
double d = f*f*u*u;
return wgt*n/d;

}
} formfactor2L;

int main() {
integrators::Qmc<double,double,5,integrators::transforms::Korobov<3>::type> integrator;
integrator.minn = 100000000; // (optional) lattice size
integrators::result<double> result = integrator.integrate(formfactor2L);
std::cout << "integral = " << result.integral << std::endl;
std::cout << "error = " << result.error << std::endl;
return 0;

}
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qmc: Performance

Accuracy limited by number of function evaluations 
Can accelerate this using Graphics Processing Units (GPUs)

Hyperthreading
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qmc: Performance

Note:  Performance gain highly dependent on integrand & hardware! 
Still room for further optimisations (both for CPU and GPU)
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qmc: Performance

Note:  Performance gain highly dependent on integrand & hardware! 
Still room for further optimisations (both for CPU and GPU)

Device M Func. 
Evals/s Speedup

Xeon 6140 80.6 -

GTX1080 897 11x

Tesla V100 6710 83x

Accuracy limited by number of function evaluations 
Can accelerate this using Graphics Processing Units (GPUs)
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qmc: Performance

Note:  Performance gain highly dependent on integrand & hardware! 
Still room for further optimisations (both for CPU and GPU)

Device M Func. 
Evals/s Speedup

Xeon 6140 80.6 -

GTX1080 897 11x

Tesla V100 6710 83x

Accuracy limited by number of function evaluations 
Can accelerate this using Graphics Processing Units (GPUs)
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qmc: Installation

Borowka, Heinrich, Jahn, SPJ, Kerner, Schlenk

qmc: distributed as a standalone single header c++11 library 
quite flexible: define your own lattices, integral transforms, floating-
point types (e.g… Boost multi-precision)

Publicly available (Github) 

Extensive tests (CI) and 
coverage

https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
https://github.com/mppmu/qmc
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https://github.com/mppmu/qmc
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https://github.com/mppmu/qmc
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pySecDec: a program to numerically evaluate dimensionally 
regulated parameter integrals (written in python, FORM & c++)

Borowka, Heinrich, Jahn, SPJ, Kerner, Schlenk, Zirke

New: Quasi-Monte Carlo integration & CUDA GPU Support
Borowka, Heinrich, Jahn, SPJ, Kerner, Schlenk 18

pySecDec

Vermaseren 00; Kuipers, Ueda, Vermaseren 13; Ruijl, Ueda, Vermaseren 17

Publicly available (Github) 

Extensive tests (CI) and 
documentation

https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
https://github.com/mppmu/secdec
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Several other codes implement sector decomposition 

Public: 
• sector_decomposition + CSectors (uses GiNaC) 

http://wwwthep.physik.uni-mainz.de/~stefanw/sector_decomposition 

• FIESTA (uses Mathematica, C) 
http://science.sander.su/FIESTA.htm 
Supports integration on GPUs 

(Currently) Private: 
• FORM & Python Implementations 

• NIFT
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A. Smirnov, V. Smirnov, Tentyukov 08, 09, 13, 15; Smirnov 16

Bogner, Weinzierl 07; Gluza, Kajda, Riemann, Yundin 10

Fujimoto, Kaneko and Ueda 08, 10 

Other Sector Decomposition Tools

Zhao (in preparation)

http://wwwthep.physik.uni-mainz.de/~stefanw/sector_decomposition
http://science.sander.su/FIESTA.htm


Massive 2-loop Box
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Propagators:

Scalar Products:
Bonciani, Del Duca, Frellesvig, Henn, Moriello, Smirnov 16

(k1)
2 �m2

(k1 + p1 + p2)
2 �m2

(k2 + p1 + p2)
2 �m2

(k1 + p1)
2 �m2

(k1 � k2)
2

(k2 � p3)
2 �m2

p1 · p1 = 0 p2 · p2 = 0 p3 · p3 = 0

p1 · p2 = s/2 p1 · p3 = t/2 p2 · p3 = (m2
H
� s� t)/2

k1

k1 + p1 + p2 k2 + p1 + p2

k1 + p1 k1 � k2 k2 � p3

p1

p2

p3

Example: elliptic2L_euclidean



Example: elliptic2L_euclidean (II)

Step 1: Write input files 
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from pySecDec.loop_integral import loop_package
import pySecDec as psd

li = psd.loop_integral.LoopIntegralFromPropagators(
propagators = ['k1**2-msq', \

'(k1+p1+p2)**2-msq', \
'(k2+p1+p2)**2-msq', \
'(k1+p1)**2-msq', \
'(k1-k2)**2', \
'(k2-p3)**2-msq'],

loop_momenta = ['k1','k2'],
replacement_rules = [

('p1*p1',0),
('p2*p2',0),
('p3*p3',0),
('p1*p2','s/2'),
('p2*p3','pp4/2-s/2-t/2'),
('p1*p3','t/2')

]
)

Mandelstam_symbols = ['s','t','pp4']
mass_symbols = ['msq']

loop_package(
name = 'elliptic2L_euclidean',
loop_integral = li,
real_parameters = Mandelstam_symbols + mass_symbols,
additional_prefactor = '(-s/msq)**(3/2)',
requested_order = 0,
contour_deformation = False
)

Propagators

Scalar products

generate_elliptic2L_euclidean.py

Result multiplied by this

Or: LoopIntegralFromGraph 
(Adjacency list)

Euclidean region



Step 1: Write input files 

Step 2: Generate & build c++ library, run integrator 
$ python generate_elliptic2L_euclidean.py
$ CXX=nvcc SECDEC_WITH_CUDA=sm_70 make -C elliptic2L_euclidean
$ time python integrate_elliptic2L_euclidean.py
+ (2.47074199140731560e-01 +/- 4.36075599805171355e-16) + O(eps)

real 0m2.576s

from pySecDec.integral_interface import IntegralLibrary

elliptic2L_euclidean = IntegralLibrary('elliptic2L_euclidean/elliptic2L_euclidean_pylink.so')
elliptic2L_euclidean.use_Qmc(minn=10000000,transform='korobov5')
s, t, pp4, msq = [-4./3.,-16./5.,-100./39.,1.]
_, _, result = elliptic2L_euclidean([s, t, pp4, msq])

print(result)

Example: elliptic2L_euclidean (III)
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integrate_elliptic2L_euclidean.py

Agrees with analytic result: Bonciani, Del Duca, Frellesvig, Henn, Moriello, Smirnov 16

Integration performed on all CPU cores & GPUs on the system

Select qmc 
integrator

Compile 
with nvcc

2 x Xeon Gold 6140 + 4 x Tesla V100



Issue:     polynomial does not have definite sign (no Euclidean region) 

Sector decomposition resolves singularities as                             may 
still have singularities as                             which can not be avoided by 
a contour deformation 

Can try mapping                      but this will move singularities at
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Sector Decomposition Issues (I)

0

0

s = M 2
Z

MZ

0

0

0
0

0

F
<latexit sha1_base64="TzedNUQY9dX2VsTnQOtncDUyYgg=">AAACIXicbVDLSgMxFL3js9ZXq0s3g6XgopSZKuhKCoK4rGAf0A7lTiZtQzMPkkxtGfoZbnXh17gTd+LPmGm7sK0HAodz7k1OjhtxJpVlfRsbm1vbO7uZvez+weHRcS5/0pBhLAitk5CHouWipJwFtK6Y4rQVCYq+y2nTHd6lfnNEhWRh8KQmEXV87AesxwgqLbU7PqoBQZ7cT7u5glW2ZjDXib0gBVig1s0b0PFCEvs0UISjlG3bipSToFCMcDrNFjuxpBGSIfZpW9MAfSqdZBZ6aha14pm9UOgTKHOmZv9sJOhLOfFdPZmGlKteKv7ntWPVu3ESFkSxogGZP9SLualCM23A9JigRPGJJkgE02FNMkCBROmelm7yRiySs9QlhbrR0ph4Ap+dZDz/Q1Z3Zq82tE4albJ9Wa48XhWqt4v2MnAG53ABNlxDFR6gBnUgEMILvMKb8W58GJ/G13x0w1jsnMISjJ9f7PejhQ==</latexit>

Here caused by internal & external mZ
<latexit sha1_base64="U0OkrhVNLXIuCmM2MaZaIcYeDtU=">AAACGXicbVDLTsJAFL3FF9YX6NJNIyFxQUiLJroyJG5cYpRHhIZMp1OYMH1kZoqQhk9wqwu/xp1x68q/cShdCHiSSU7Ofcy5x4kYFdI0f7TcxubW9k5+V9/bPzg8KhSPWyKMOSZNHLKQdxwkCKMBaUoqGelEnCDfYaTtjG7n9faYcEHD4FFOI2L7aBBQj2IklfTg95/6hZJZNVMY68TKSAkyNPpFDXpuiGOfBBIzJETXMiNpJ4hLihmZ6eVeLEiE8AgNSFfRAPlE2ElqdmaUleIaXsjVC6SRqvqfiQT5Qkx9R3X6SA7Fam0u/lfrxtK7thMaRLEkAV585MXMkKExv9xwKSdYsqkiCHOqzBp4iDjCUuWztMkd00ikrisSqSQrE+xy9Gwnk8UNusrMWk1onbRqVeuiWru/LNVvsvTycApncA4WXEEd7qABTcAwgBd4hTftXfvQPrWvRWtOy2ZOYAna9y8RWJ/n</latexit>

{xi, . . . , xj} ! 0
<latexit sha1_base64="61W645+mOnm8B3yxWWxPfwcWcao="></latexit>

{xi, . . . , xj} ! 1
<latexit sha1_base64="EcK0xlqv7Bs8i1XhAfn7niKIR9Q="></latexit>

F/m2
Z = x2

3x5 + x2
3x4 + x2x3x5 + x2x3x4

+ x1x3x5 + x1x3x4 + x1x
2
3 + x1x2x3

+ x0x3x4 + x0x
2
3 + x0x2x3�x1x2x4

�x0x1x5 � x0x1x4 � x0x1x2 � x0x1x3
<latexit sha1_base64="sGJ+lq3Qft8O3FJM0MOajBHmgZs="></latexit>

xj = 1� xj
<latexit sha1_base64="/bSd4c49cxt5ArtLDbW9ut2rxns=">AAACInicbVDLSgMxFL1TX3V8tbp0EywFF7XMVEE3SsGNywr2Ae1QMplMG5t5kGRqy9DfcKsLv8aduBL8GNPHwlYPBA7n3JucHDfmTCrL+jIya+sbm1vZbXNnd2//IJc/bMgoEYTWScQj0XKxpJyFtK6Y4rQVC4oDl9OmO7id+s0hFZJF4YMax9QJcC9kPiNYaakz6j6ia2SjM026uYJVtmZAf4m9IAVYoNbNG9DxIpIENFSEYynbthUrJ8VCMcLpxCx2EkljTAa4R9uahjig0klnqSeoqBUP+ZHQJ1Roppq/NlIcSDkOXD0ZYNWXq95U/M9rJ8q/clIWxomiIZk/5CccqQhNK0AeE5QoPtYEE8F0WET6WGCidFFLN3lDFstZ6pLCutLSiHgCPznpaP4HU3dmrzb0lzQqZfu8XLm/KFRvFu1l4RhO4BRsuIQq3EEN6kAghmd4gVfjzXg3PozP+WjGWOwcwRKM7x9rpKKY</latexit>

xj = 0
<latexit sha1_base64="GaYgRZxG0JS+3PL+E27vpORyhMg=">AAACHXicbVDLSgMxFL1TX3V8tbp0EywFF6XMVEE3SsGNywr2Ae1QMplMG5t5kGRqy9CPcKsLv8aduBX/xvSxsK0HAodzHzn3uDFnUlnWj5HZ2Nza3snumnv7B4dHufxxQ0aJILROIh6Jlosl5SykdcUUp61YUBy4nDbdwd203hxSIVkUPqpxTJ0A90LmM4KVlpqj7hO6QVY3V7DK1gxondgLUoAFat28AR0vIklAQ0U4lrJtW7FyUiwUI5xOzGInkTTGZIB7tK1piAMqnXRmeIKKWvGQHwn9QoVmqvlnIsWBlOPA1Z0BVn25WpuK/9XaifKvnZSFcaJoSOYf+QlHKkLT65HHBCWKjzXBRDBtFpE+FpgondHSJm/IYjlzXVJYp1kaEU/gZycdzW8wdWb2akLrpFEp2xflysNloXq7SC8Lp3AG52DDFVThHmpQBwIDeIFXeDPejQ/j0/iat2aMxcwJLMH4/gX/u6DX</latexit>
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Sector Decomposition Issues (II)

Jahn 18

Solution: Split integrand then remap singularities at 1 to 0  (Split=True)

Z 1

0
dxj =

Z rj

0
dxj +

Z 1

rj

dxj

<latexit sha1_base64="2mTz+CwD+52z11J3bjye+HBvrVA="></latexit>

Remap to the unit hypercube:
xj = rjzj and xj = (rj � 1)z + 1

<latexit sha1_base64="Rg3ecvdY36h9CyVi1DQIg3NbfCQ="></latexit>

Z 1

0
dx1

Z 1

0
dx2 (x1 � x2 � i�)�2+✏

<latexit sha1_base64="hyjkJtiMLith1wiELl1vBiJsErs="></latexit>

Must be careful to ensure that split integrand does not again have 
singularities at             (pySecDec splits each variable at a random point)xj = 1

<latexit sha1_base64="fBgz+b58KfoV3iG2J4laWS9XM6s=">AAACHXicbVDLSgMxFL1TX3V8tbp0EywFF6XMVEE3SsGNywr2Ae1QMplMG5t5kGRqy9CPcKsLv8aduBX/xvSxsK0HAodzHzn3uDFnUlnWj5HZ2Nza3snumnv7B4dHufxxQ0aJILROIh6Jlosl5SykdcUUp61YUBy4nDbdwd203hxSIVkUPqpxTJ0A90LmM4KVlpqj7hO6QXY3V7DK1gxondgLUoAFat28AR0vIklAQ0U4lrJtW7FyUiwUI5xOzGInkTTGZIB7tK1piAMqnXRmeIKKWvGQHwn9QoVmqvlnIsWBlOPA1Z0BVn25WpuK/9XaifKvnZSFcaJoSOYf+QlHKkLT65HHBCWKjzXBRDBtFpE+FpgondHSJm/IYjlzXVJYp1kaEU/gZycdzW8wdWb2akLrpFEp2xflysNloXq7SC8Lp3AG52DDFVThHmpQBwIDeIFXeDPejQ/j0/iat2aMxcwJLMH4/gUBfaDY</latexit>

Example:



Issue: Sector decomposition generates integrals with worse than 
``logarithmic poles’’ 

Can identify this with pySecDec by examining src/pole_structures.cpp 

Solution:  
1) pySecDec can handle this case directly with subtraction 

2) Repeatedly apply integration by parts to soften singularity
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Sector Decomposition Issues (III)

a = �1 Logarithmic

a = �2 Linear

a  �2 Higher
<latexit sha1_base64="zYz2Iev3dnKS7Bi9SlxNJ1UQ9uE="></latexit>

Z
dx xa�b✏I(x)

<latexit sha1_base64="xTgk6pzq9+z95YS3tYa6Vb9s5NM="></latexit>

pole_structures = {{{0,0,0,0,1,-2},{0,0,-2,0,1,0},{-2,0,0,0,1,0}, ...

Linear poles
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Numerical Integration: A wider point of view

Integration by parts (IBP) identities: 

Produce linear relations between integrals 

Can perform e.g. Gaussian elimination on system of equations 
Relate integrals to a smaller set (a basis) of Master integrals 

IBPs have proven very useful for avoiding problematic integrals in the 
context of both analytic and numerical computations 

IBPs are of course useful if we are interested in some physical result 
(e.g. an amplitude) but can also be used to express problematic 
integrals in terms of better behaved integrals

Tkachov 81; Chetyrkin 81

Z
ddpi

@

@pµi
[qµ I0(p1, . . . , pl; k1, . . . , km)] = 0



Conventional...Finite Basis...
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(6�2✏)

(s, t) 280 s 1.00⇥ 10�3

(4�2✏)

(s, t) 214135 s 8.29⇥ 10�3

(6�2✏)

(s, t) 294 s 1.21⇥ 10�3

(4�2✏)

(s, t) 3484378 s 30.9

(4�2✏)

(s) 91 s 3.76⇥ 10�4
(4�2✏)

(s) 87 s 3.76⇥ 10�4

(6�2✏)

(s) 17 s 5.15⇥ 10�4

(4�2✏)

(s) 20 s 1.95⇥ 10�4

(6�2✏)

(s) 119 s 2.32⇥ 10�3

(4�2✏)

(s) 118 s 2.12⇥ 10�3

Total/Max: 3995 s 5.84⇥ 10�3 Total/Max: 5136862 s 30.9

Table 2: Numerical performance of finite and conventional integral bases for two-loop

mixed EW-QCD corrections to Drell-Yan lepton production in the physical region using

SecDec 3. For each integral in the above, the run time is given in seconds and the fractional

di↵erence from the analytical solution is given for the expansion coe�cient which first gives

rise to weight four multiple polylogarithms. In the final row of the table, total run times

and worst-case relative accuracies are recorded for both integral bases.

We find that, in several other cases, significantly more mileage can be squeezed out of

publicly available sector decomposition programs simply by working with a well-behaved,

finite integral basis. As a second example, we present the evaluation of three-loop form

factors in massless QCD in Appendix A. We employ the other publicly available program

under active development, FIESTA 4, and observe dramatic gains in both speed and nu-

merical convergence when using a basis of finite integrals.

5 Conclusions and Outlook

In this paper, we considered the two-loop integrals relevant to the ↵↵s corrections to Drell-

Yan production with up to a single massive vector boson exchanged. As a reference, we cal-

culated their Laurent expansion through to weight five in terms of multiple polylogarithms

using the method of di↵erential equations. Our representation in terms of real-valued func-

tions allows for fast and precise numerical evaluations over the entire physical region of the

phase space. We found it challenging to even check our analytical solutions using available

sector decomposition programs. Employing a basis of finite integrals systematically im-

proved the situation and rendered all integrals numerically accessible with SecDec 3, both

in Euclidean and physical kinematics. Order of magnitude improvements both in program

run time and integration error were also found for massless three-loop form factor integrals

using FIESTA 4 when using finite instead of conventional master integrals. For the finite

integrals, we allowed for shifts to higher numbers of spacetime dimensions and additional

– 14 –

(6�2✏)

(t) 4 s 4.60⇥ 10�5

(4�2✏)

(t) 7 s 3.45⇥ 10�5

(6�2✏)

(t) 4 s 1.38⇥ 10�5

(4�2✏)

(t) 6 s 8.49⇥ 10�6

(6�2✏)

(t) 9 s 2.76⇥ 10�5

(4�2✏)

(t) 16 s 2.63⇥ 10�5

(6�2✏)

(s) 18 s 1.04⇥ 10�3

(4�2✏)

(s) 41 s 6.47⇥ 10�4

(6�2✏)

(s) 18 s 1.23⇥ 10�4

(4�2✏)

(s) 12 s 4.70⇥ 10�4

(4�2✏)

(t) 9 s 2.13⇥ 10�5

(4�2✏)

(t) 3 s 2.13⇥ 10�5

(4�2✏)

(s) 31 s 7.51⇥ 10�6

(4�2✏)

(s) 17 s 7.51⇥ 10�6

(4�2✏)

(s) 35 s 3.28⇥ 10�5

(4�2✏)

(s) 19 s 3.28⇥ 10�5

(6�2✏)

(s) 36 s 3.94⇥ 10�4

(4�2✏)

(s) 113 s 7.78⇥ 10�4

(6�2✏)

(s, t) 28 s 8.37⇥ 10�4

(4�2✏)

(s, t) 101 s 2.13⇥ 10�3

(6�2✏)

(s, t) 37 s 5.84⇥ 10�3

(4�2✏)

(s, t) 26 s 5.35⇥ 10�4

(6�2✏)

(s, t) 18 s 2.92⇥ 10�3

(4�2✏)

(s, t) 319 s 5.92⇥ 10�2

(6�2✏)

(s, t) 50 s 6.76⇥ 10�4

(4�2✏)

(s, t) 13 s 9.49⇥ 10�4

(8�2✏)

(s, t) 35 s 7.64⇥ 10�4

(4�2✏)

(s, t) 20605 s 9.87⇥ 10�4

(6�2✏)

(s, t) 1609 s 4.39⇥ 10�4
(4�2✏)

(s, t) 564 s 2.04⇥ 10�2

(6�2✏)

(s, t) 202 s 7.31⇥ 10�4

(4�2✏)

(s, t) 96 s 2.35⇥ 10�3

(6�2✏)

(s, t) 201 s 2.34⇥ 10�4

(4�2✏)

(s, t) 384 s 8.12⇥ 10�4

(6�2✏)

(s, t) 150 s 4.83⇥ 10�4

(4�2✏)

(s, t) 56538 s 1.67⇥ 10�2

– 13 –

Always possible to pick finite basis of integrals, rewrite integrals using: 
• Dimension Shifts 
• Dots (propagator taken to higher power)

von Manteuffel, 
Schabinger 17

Two-loop  
EW-QCD  
Drell-Yan

Rel. 
Err.

Panzer 14; von Manteuffel, Panzer, 
Schabinger 15

Huge decrease in time to numerically integrate and relative error

Tarasov 96; Lee 10

Numerical Integration: A wider point of view (II)



Physics Applications
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Sensitive to Higgs self coupling, 
probe of EW symmetry breaking

HHH coupling
HH Production

HJ Production

m
2
H

2
H

2 +
m

2
H

2v
H

3 +
m

2
H

8v2
H

4

Contributes to Higgs       distribution 
At large      can "probe inside the loop", distributions 
can be modified by heavy BSM particles

pT
pT

HH and HJ Production @ NLO

Di-Higgs Boson and Higgs Boson+Jet production are loop induced

NLO corrections (2-loop) are currently known only numerically
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Higgs Boson Production: NLO QCD Results

Spira, Djouadi et al. 93, 95; 
Bonciani, P. Mastrolia 03,04; 
Anastasiou, Beerli et al. 06;

Reducible
Degrassi, Giardino, 
Gröber 16

Non-planar

NLO QCD corrections to HJ/HH production with full top quark mass: 
≤7 propagator, 4-point, 2-loop diagrams, 4 mass scales (                    )

HH:                                                  HJ:

Gehrmann, Guns, Kara 15;H ! Z�

Planar

s, t,mT ,mH
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Bonciani, Del Duca, Frellesvig, Henn, Moriello, 
Smirnov 16; (See also Primo, Tancredi 16)

Planar

Non-planar

gg ! H
<latexit sha1_base64="Rijbpyss049QuG3wfXgGAALKOLs="></latexit>



 45

HJ production HH production

#Form factors 4+2 2

Full reduction ✓ only planar

(quasi-) finite basis ✓ only planar

#Master integrals including crossings 458 327*

#Master integrals neglecting crossings 120 215*

#Integrals after sector decomposition 
and expansion in 𝜺

22675 11244

Code size coefficients ~340 MB ~80 MB

Code size integrals ~330 MB ~580 MB

Compile time coefficients ~2 weeks few days

Compile time integrals ~4 hours ~1-2 days

Time for linking the program ~3-4 days few hours

Slide: Matthias Kerner, Radcor 2017 * HH non-planar not fully reduced

Comparison of HJ and HH
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Higgs Boson Pair Results

Baglio, Campanario, Glaus, 
Mühlleitner, Spira, Streicher 18

HH recently recomputed by another group  
(also using numerical methods)

�LO (fb) �NLO (fb)

B.I. HEFT 19.85+27.6%
�20.5% 38.32+18.1%

�14.9%

FTapprox 19.85+27.6%
�20.5% 34.26+14.7%

�13.2%

Full Theory 19.85+27.6%
�20.5% 32.91+13.6%

�12.6%

Interfaced to public Monte-
Carlo+Parton Shower codes via 
grid of precomputed phase-
space points 

Dependence on Higgs Boson 
self-coupling now also available 
within Monte-Carlo framework 

Several expanded results also 
known analytically

Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, 
Schubert, Zirke 16;

Figure 1: Variation of the NLO K-factor with the trilinear coupling at
p
s = 14TeV.
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Figure 2: Higgs boson pair invariant mass distributions for various values of � atp
s = 14TeV. The uncertainty bands are from scale variations as described in the text.

is apparent that yt variations can be obtained from appropriate � variations with the

same code. For example, �(yt = 1.2,� = 1) = (1.2)4 �(yt = 1,� = 1/1.2).

3.3 Discussion of parton shower related uncertainties

In this section we show distributions for NLO results matched to a parton shower, focus-

ing mostly on the transverse momentum of the Higgs boson pair. For this distribution

NLO is the first non-trivial order, and therefore it is particularly sensitive to di↵erences

in the treatment of radiation by the parton shower. We compare the Pythia 8.2 [70]

and Herwig 7.1 [71] parton showers, applied directly to the POWHEG Les Houches events

(LHE). In the Herwig case, we also compare the default shower (the angular-ordered q̃-

– 8 –

Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17

Heinrich, SPJ, Kerner, Luisoni, Scyboz 19

Gröber, Maier, Rauh 17; Davies, Mishima, 
Steinhauser, Wellmann 18, 18; Xu, Yang 18; 
Bonciani, Degrassi, Giardino, Gröber 18
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Numerical evaluation of virtual amplitude: 
• accuracy goal: 0.5% for each form factor 
• wall-clock limit: 2d GPU-time (Tesla K20X GPU)
Thanks to MPCDF for compute resources

Numerical Uncertainty of Amplitude Accuracy reached for 
• Better than per-mill for most 

points below 
• Region                    

numerically challenging 
• Forward region challenging 

Run time per point: 
• Minimum: 1.3h 
• Median: 15h

|M|2
<latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit><latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit><latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit><latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit>

mhj = 1.5 TeV
<latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit><latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit><latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit><latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit>

mhj � 2 TeV
<latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit><latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit><latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit><latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit>

HJ Numerical Stability
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MI Basis Change: 
• Consider quasi-finite integrals (prefer finite integrals) 
• Brute force combinations of masters, factor denominators and 

check that dimension factorises (achieved)  
• Prefer     to have only exponent -1 (if in denominator) 
• Prefer simple denominator factors  
• Prefer computing fewer orders in epsilon for each master 
• Prefer simpler numerators (check number of terms/file size)

Numerical Improvements: 
• Improve modular arithmetic implementation (needed for larger 

lattices) 
• Do not try to further evaluate integrals if rel. err. < 10�14
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HJ Numerical Stability (II)
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Before basis change: After basis change:

Phase-space points significantly more stable: 
• Good accuracy around top quark threshold 
• Huge improvement in accuracy at larger invariant mass (2-3 TeV) 
• Improvement in the forward region 
Coefficient code size: 340 MB → 100 MB 
Median runtime 15h → <2h

HJ Numerical Stability (III)
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Recomputing unstable points improves fluctuations in tail 
Low fraction of points excluded 3/2004

Before basis change: After basis change:

HJ Results (IV): Higgs Boson pT

SPJ, Kerner, Luisoni 18



Numerical Multi-loop Calculations 
• Described sector decomposition procedure and pySecDec  
• Public release of QMC integration code with CUDA GPU support 
• Discussed basis choice which improves numerical performance  

Physics Applications 
• Presented HH & HJ at NLO with full top quark mass dependence 
• 2-loop virtual amplitude calculated numerically on GPUs 

Future 
• Complete study of HJ 
• Several multi-scale 2→2 processes left to attack 
• Likely significant room for improving the numerical integration: writing 

better optimised integrand functions, improved variance reduction 
techniques (NN?), digital nets (?), … 

Thank you for listening!
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Expansion about small                              can be applied to HH
Davies, Mishima, Steinhauser, Wellmann 18, 18;
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Figure 2: Real and imaginary part of the ϵ0 term of the two master integrals
G6(1, 1, 1, 1, 1, 1, 1, 0, 0) and G20(1, 1, 1, 1, 1, 2, 1, 0, 0). For convenience we multiply by
powers of mt and s as indicated above the plot.

intermediate expressions which enter the system of linear equations for the coefficients
in our ansatz. We have expanded each master integral such that the final result for the
amplitude gg → HH is available up to order m16

t . Our results for the master integrals
can be downloaded from [23].

For illustration we show in Fig. 2 the results for two master integrals:
G6(1, 1, 1, 1, 1, 1, 1, 0, 0), which is used as an example in Subsection 5.2, and
G20(1, 1, 1, 1, 1, 2, 1, 0, 0). We plot the real and imaginary parts of the ϵ0 term as a function
of

√
s and choose t = −s/2, which corresponds to θ = π/2 (cf. Fig. 1), mt = 175 GeV

and µ2 = s. For clarity we multiply each integral by appropriate powers of mt and s such
that the leading term starts with m2

t and is dimensionless. In each case we display the
approximations including m2

t , m
4
t , m

8
t and m16

t terms.

14

Agreement between expanded 
integrals and numerical results 
(where expansion is valid)

G91(0, 0, 0, 0, 1, 0, 1) G91(1, 0, 0, 1, 0, 1, 0) G91(1, 0, 0, 2, 0, 1, 0) G91(0, 0, 1, 0, 1, 1, 0) G84(0, 1, 0, 0, 2, 0, 1) G79(1, 0, 1, 0, 0, 0, 1)

G6(1, 1, 0, 1, 1, 0, 0) G79(1, 0, 1, 0, 0, 1, 1)
G79(1, 0, 1, 0, 1, 0, 1) G79(1, 0, 1, 0, 2, 0, 1) G79(1, 0, 1, 0, 1, 0, 2) G91(0, 0, 1, 0, 1, 1, 1)

G91(1, 0, 0, 1, 0, 1, 1) G73(0, 1, 1, 1, 1, 0, 1) G72(1, 0, 1, 1, 1, 0, 1) G72(1, 0, 2, 1, 1, 0, 1) G6(1, 1, 0, 1, 1, 1, 0) G6(1, 1, 1, 1, 1, 1, 0)

G91(1, 1, 0, 1, 0, 1, 1) G91(1, 1, 0, 2, 0, 1, 1) G91(1, 1, 0, 3, 0, 1, 1) G79(1, 1, 1, 0, 1, 0, 1) G47(1, 1, 1, 2, 1, 0, 0) G79(1, 2, 1, 0, 1, 0, 1)

G71(1, 1, 1, 1, 1, 0, 1) G71(1, 1, 2, 1, 1, 0, 1) G6(1, 1, 1, 1, 1, 1, 1) G6(1, 1, 1, 1, 1, 1, 2) G6(1, 1, 1, 1, 1, 2, 1) G79(1, 1, 1, 0, 0, 1, 1)

G33(1, 1, 0, 1, 0, 0, 0) G20(1, 1, 0, 1, 1, 0, 0) G20(1, 1, 1, 1, 1, 0, 0) G33(1, 1, 0, 1, 0, 1, 0) G33(1, 1, 0, 1, 0, 2, 0) G20(1, 1, 0, 1, 1, 0, 1)

G33(1, 1, 1, 1, 0, 1, 0) G33(1, 1, 0, 1, 1, 1, 0) G33(1, 1, 0, 1, 2, 1, 0) G91(1, 0, 1, 1, 1, 1, 0) G91(1, 0, 1, 1, 1, 2, 0) G20(1, 1, 1, 1, 1, 0, 1)

G33(1, 1, 1, 1, 1, 1, 0) G20(1, 1, 1, 1, 1, 1, 1) G20(1, 1, 1, 1, 1, 1, 2) G20(1, 1, 2, 1, 1, 1, 1) G20(1, 1, 1, 1, 1, 2, 1)

Figure 4: Two-loop planar master integrals. Solid and dashed lines represent massive
and massless scalar propagators, respectively. The external (thin) lines are massless. The
planar master integrals form (29) which are not shown are obtained by crossing.

can be applied to Eq. (30). By taking a derivative w.r.t. one of the parameters
(e.g. a1) one obtains a solution for Eq. (31).

19

HH Production via Expansions

m2
H
,m2

T
⌧ |s|, |t|
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Figure 6: The real part (left two plots) and the imaginary part (right two plots) of the order
ϵ−1 and ϵ0 coefficient for the two-loop integral I1,1,1,1,1,1,1,0,0 in topology E as a function of

√
s

with t = −(200 GeV)2. The integral has been multiplied by m6
t to make it dimensionless.

We further investigate the behavior of our approximation as a function of the transverse
momentum pT of the Higgs boson. The invariant t is related to pT by

t =
2m2

h − s±
√

s2 − 4m2
hs− 4p2T s

2
, (46)

where the ± sign corresponds to the forward and backward scatterings, respectively. For
convenience, we only show the results with the + sign in the following. We take two typical
values of the partonic center-of-mass energy:

√
s = 500 GeV which is in the bulk region of

the partonic cross section, and
√
s = 1000 GeV which is in the high energy region. The

corresponding numerical results are shown in Figure 7 and 8, respectively. At
√
s = 500 GeV,

we find that the approximation at order m4
h works rather well for the real part of the integral,

with per-mille accuracy in the whole range of pT . For the imaginary part, the accuracy is
about 1%, and if one needs to have a better approximation, the order m6

h terms should be
added. When the center-of-mass energy goes higher, at

√
s = 1000 GeV, the quality of the

approximation becomes better, with per-mille accuracy in all situations. This can be expected
since in the high energy region all the scales are much larger than mh.
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(A) (B) (C)

(F)(E)(D)

Figure 4: Topologies relevant to the NLO QCD corrections to Higgs boson pair produc-
tion after expansion in the small mh limit. The thick lines represent massive propagators
(top quarks), while the thin lines represent massless propagators (gluons). The external legs
(dashed lines) are all light-like.

dependent integrals

I{ai}(s, t,m
2
t , m

2
h, ϵ) =

[

16π2

i

(
m2

t

4π

)ϵ

Γ(1 + ϵ)

]2 ∫
ddk1
(2π)d

ddk2
(2π)d

9
∏

i=1

1

Dai
i

, (16)

where k1 and k2 are loop momenta, and {ai} denotes the collection of powers ai on the
propagators Di. We then define

Ĩ{ai}(s, t,m
2
t , ϵ) = lim

m2
h→0

I{ai}(s, t,m
2
t , m

2
h, ϵ) , (17)

which are the main objects to be calculated in this section. The 4 relevant integral families
are defined by their corresponding propagators as the following:

A :
{

k2
1 −m2

t , (k1 + p1)
2 −m2

t , (k1 + p1 + p2)
2 −m2

t , (k1 + k2)
2, k2

2 −m2
t ,

(k2 − p3)
2 −m2

t , (k2 − p1 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 + p3)
2 −m2

t

}

,

B :
{

k2
1, (k1 + p1)

2, (k1 + p1 + p2)
2, (k1 + k2)

2 −m2
t , k

2
2 −m2

t ,

(k2 − p3)
2 −m2

t , (k2 − p1 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 + p3)
2
}

,

E :
{

k2
1, (k1 + p1)

2, (k1 + k2)
2 −m2

t , k
2
2 −m2

t , (k2 − p3)
2 −m2

t ,

(k2 − p1 − p2)
2 −m2

t , (k1 + k2 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 − p3)
2
}

,

F :
{

(k1 − p1)
2, k2

1, (k1 + p2)
2, (k1 + k2 − p1)

2 −m2
t , k

2
2 −m2

t , (k2 − p3)
2 −m2

t ,

(k2 − p1 − p2)
2 −m2

t , (k1 + k2 + p2 − p3)
2 −m2

t , (k1 − p3)
2, (k2 − p1)

2 −m2
t

}

. (18)

Integrals in each of these families can be reduced to a set of master integrals. For that purpose
we employ the program packages FIRE5 [46] and LiteRed [48]. We find 29 master integrals in
topology A, 32 for topology B, 54 for topology E, and 37 for topology F.

9

Alternatively: 
Expand only about small  
Larger range of validity, some 
integrals significantly more 
involved (Elliptic)

m2
H
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Produce a Padé approximation using: 
Large-       expansion + threshold expansion 

Incorporate non-analytic threshold corrections 
into approximation
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But, there is more than one way to skin a cat…
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Figure 10: Finite part of the virtual corrections, Vfin, as a function of MHH for pT =
100 GeV. The light blue points are the reweighted HEFT results, the pink points
the virtual corrections in full top mass dependence from the interpolation function
provided with Ref. [89], the dark blue points are from the diagonal and o↵-diagonal
Padé approximants with their standard deviation and the turquoise points with
standard deviation are the Padé approximants constructed without the threshold
expansion.

is improved significantly with the inclusion of the threshold expansion. The error of
the Padé approximation increases with the invariant mass. Note that the full result
has, apart from the previous error from the internal binning, also an error due to
the interpolation procedure. We do not quantify this error but in comparison to
the HEFT grid provided with Ref. [89] we conclude that while in the range up to
MHH . 570 GeV this error is negligible, it will be a few % for larger MHH . The
comparison with the numerical results of [89] demonstrates that our prescription for
the uncertainty related to the construction of Padé approximants also provides a
reasonable error estimate at NLO.

23

gg ! H
(⇤)

, HZ,ZZ
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FIG. 2: Finite part of the virtual corrections as a function of
the invariant mass of the two Higgs system. The pink points
are extracted with the interpolation function from [50]. The
dotted light blue points correspond to reweighted HEFT [51].
The solid lines are the respective orders in our calculation.
We do not show O((p2T + m

2
h)

3) as the line lies perfectly on
top of the one of O((p2T +m

2
h)

2).

result stemming from the interpolation.

CONCLUSION

In this letter we have proposed a novel approach for the
analytical computation of the NLO virtual corrections to
Higgs pair production through gluon fusion. This me-
thod, based on a expansion for small p2T , allows us to
describe accurately the region ŝ . 750 GeV that until
now has been explored only numerically. In particular
we showed that a few terms in the expansion already
reproduce the full LO within 10�3, in the region of in-
terest. At NLO we find excellent agreement already at
O(p2

T
+m

2
h
) comparing to the full result of [30]. We re-

mark that this method is general and can be useful for
the analytic computation of radiative corrections to other
fundamental processes for the physics programme of the
LHC.
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Have: 
Expand in:

Solve remaining dependence on ŝ,mT
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Invariant mass distribution agrees well 
with full (numerical) result up to ~900 GeV

mT
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Alternatively can consider Higgs boson & top quark masses as small 
Introduce variables: 

Expand integrals to               justified for                                         , 
For example at large
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Figure 2: Transverse momentum distribution of the Higgs boson at the LHC with
p
s=13 TeV. The upper panel

shows absolute predictions at LO and NLO in the full SM and in the infinite top-mass approximation (HEFT). The
lower panel shows respective NLO/LO correction factors. The bands indicate theoretical errors of the full SM result
due to scale variation.

turbative QCD computations remains at the
level of twenty percent, as estimated from the
scale variation. Such an uncertainty is typical
for NLO QCD theoretical description of many
observables related to Higgs boson production
in gluon fusion.

Another source of uncertainties is related
to the choice of the renormalization-scheme of
the top mass. Since the amplitude is propor-
tional to the squared top mass, the di↵eren-
tial cross section scales as the fourth power
d� ⇠ m

4
t , if we neglect suppressed terms in

m
2
t /p

2
? and the logarithms of m

2
t /p

2
?. At LO

in perturbation theory, a di↵erent choice of the
top-mass scheme corresponds to changing nu-
merically the input value of the top mass. If
we choose instead the MS top mass value9 of
m

MS
t (p? ⇡ 400 GeV) ⇡ 157 GeV, we would

find a decrease of the LO cross section by about
d�

MS
LO/d�

pole
LO ⇠ (157/173)4 ⇠ 0.68. At NLO

one needs to additionally take into account the

9We calculated this value using the program RunDec

[31] with the input value m
MS

t (mMS

t ) = 166 GeV.

↵s corrections that relate the on-shell and MS
top mass values. These corrections will com-
pensate the numerical change caused by chang-
ing mt = m

MS
t to mt = m

pole
t

in the NLO
amplitudes and as a result the scheme depen-
dence at NLO is reduced. Thus, we expect the
scheme dependence at NLO to be subleading
with respect to the scale uncertainties.

Further improvements in theory predictions
are only possible if the proximity of the HEFT
and SM K-factors is taken seriously and pos-
tulated to occur even at higher orders. In this
case, one will have to re-weight the existing
HEFT H + j computations [5, 6, 7] with the
exact leading order cross section for producing
the Higgs boson with high p?. In fact, such a
reweighting can now be also performed at the
NLO level.

4. Conclusions

We presented the NLO QCD corrections to
the Higgs boson transverse momentum distri-
bution at very large p? values. To compute

7

Expanded 2-loop virtuals can be 
combined with full reals to predict 
Higgs boson      distribution above 
top threshold

pT
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Heavy Top Limit (HTL):                
Effective tree-level couplings between gluons and Higgs 
Lowers number of loops by 1

HTL valid for

Born improved NLO HTL:

HH production for

Spira et al. (HPAIR)

Small energy range in which HTL is technically justified

mT ! 1

p
ŝ ⌧ 2mT

2mH <
p
ŝ

Heavy Top Limit

d�NLO(mT ) ⇡ d�̄NLO(mT ) ⌘
d�LO(mT )

d�LO(mT ! 1)| {z }
N

d�NLO(mT ! 1)
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HH Approximations @ NLO (Schematically)
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Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16; 
Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Zirke 16; 
Baglio, Campanario, Glaus, Mühlleitner, Spira, Streicher 18;

B
<latexit sha1_base64="o2xL9B5RgkdJgLKK96xjV1lYAfc=">AAACF3icbVDLTsJAFL31ifUFunTTSEhcENKqia4M0Y1LSOSRQEOm0wEmTKfNzBQhDV/gVhd+jTvj1qV/41C6EPAkk5yc+5hzjxcxKpVt/xgbm1vbO7u5PXP/4PDoOF84acowFpg0cMhC0faQJIxy0lBUMdKOBEGBx0jLGz3M660xEZKG/ElNI+IGaMBpn2KktFS/7+WLdsVOYa0TJyNFyFDrFQzo+iGOA8IVZkjKjmNHyk2QUBQzMjNL3ViSCOERGpCOphwFRLpJanVmlbTiW/1Q6MeVlarmn4kEBVJOA093BkgN5WptLv5X68Sqf+smlEexIhwvPurHzFKhNb/b8qkgWLGpJggLqs1aeIgEwkqns7TJH9NIpq7LCukcyxPsC/TsJpPFDabOzFlNaJ00LyvOVcWuXxerd1l6OTiDc7gAB26gCo9QgwZgIPACr/BmvBsfxqfxtWjdMLKZU1iC8f0LQcme7Q==</latexit>
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FTapprox:
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V
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N⇥
<latexit sha1_base64="DlDwfEsg+zRQmJtm2jkfczSeAyg=">AAACKXicbVDLSsNAFL3xWeOr1aWbwVJwUUqigq6k4MaVKFhbaEKZTKZ1cPJg5qZaQj/FrS78Gnfq1h9xmnah1QMDh3NfZ06QSqHRcT6shcWl5ZXV0pq9vrG5tV2u7NzqJFOMt1giE9UJqOZSxLyFAiXvpIrTKJC8HdyfT+rtIVdaJPENjlLuR3QQi75gFI3UK1e8iOKdivLLMfFQRFz3ylWn4RQgf4k7I1WY4apXscALE5ZFPEYmqdZd10nRz6lCwSQf2zUv0zyl7J4OeNfQmJozfl6YH5OaUULST5R5MZJCtX9M5DTSehQFpnNiVc/XJuJ/tW6G/VM/F3GaIY/Z9FA/kwQTMkmChEJxhnJkCGVKGLOE3VFFGZq8fm0KhyLVhes6UpNs/ZGFij74+eP0D7bJzJ1P6C+5PWy4Rw3n+rjaPJulV4I92IcDcOEEmnABV9ACBg/wBM/wYr1ab9a79TltXbBmM7vwC9bXN2AlpkU=</latexit>

N⇥
<latexit sha1_base64="DlDwfEsg+zRQmJtm2jkfczSeAyg=">AAACKXicbVDLSsNAFL3xWeOr1aWbwVJwUUqigq6k4MaVKFhbaEKZTKZ1cPJg5qZaQj/FrS78Gnfq1h9xmnah1QMDh3NfZ06QSqHRcT6shcWl5ZXV0pq9vrG5tV2u7NzqJFOMt1giE9UJqOZSxLyFAiXvpIrTKJC8HdyfT+rtIVdaJPENjlLuR3QQi75gFI3UK1e8iOKdivLLMfFQRFz3ylWn4RQgf4k7I1WY4apXscALE5ZFPEYmqdZd10nRz6lCwSQf2zUv0zyl7J4OeNfQmJozfl6YH5OaUULST5R5MZJCtX9M5DTSehQFpnNiVc/XJuJ/tW6G/VM/F3GaIY/Z9FA/kwQTMkmChEJxhnJkCGVKGLOE3VFFGZq8fm0KhyLVhes6UpNs/ZGFij74+eP0D7bJzJ1P6C+5PWy4Rw3n+rjaPJulV4I92IcDcOEEmnABV9ACBg/wBM/wYr1ab9a79TltXbBmM7vwC9bXN2AlpkU=</latexit>

R
<latexit sha1_base64="1f9oWZB9orPuX0RYJNs6b4Crqfw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKepKCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFS/b5XKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVTc+mW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/rBeM1A==</latexit>

N⇥
<latexit sha1_base64="DlDwfEsg+zRQmJtm2jkfczSeAyg=">AAACKXicbVDLSsNAFL3xWeOr1aWbwVJwUUqigq6k4MaVKFhbaEKZTKZ1cPJg5qZaQj/FrS78Gnfq1h9xmnah1QMDh3NfZ06QSqHRcT6shcWl5ZXV0pq9vrG5tV2u7NzqJFOMt1giE9UJqOZSxLyFAiXvpIrTKJC8HdyfT+rtIVdaJPENjlLuR3QQi75gFI3UK1e8iOKdivLLMfFQRFz3ylWn4RQgf4k7I1WY4apXscALE5ZFPEYmqdZd10nRz6lCwSQf2zUv0zyl7J4OeNfQmJozfl6YH5OaUULST5R5MZJCtX9M5DTSehQFpnNiVc/XJuJ/tW6G/VM/F3GaIY/Z9FA/kwQTMkmChEJxhnJkCGVKGLOE3VFFGZq8fm0KhyLVhes6UpNs/ZGFij74+eP0D7bJzJ1P6C+5PWy4Rw3n+rjaPJulV4I92IcDcOEEmnABV9ACBg/wBM/wYr1ab9a79TltXbBmM7vwC9bXN2AlpkU=</latexit>



 58

Use Quasi-Monte Carlo (QMC) integration             error scaling 

Implemented in OpenCL, evaluated on GPUs

O(n�1)
Li, Wang, Yan, Zhao 15; Review: Dick, Kuo, Sloan 13;

compute once
integralcoeff.

Entire 2-loop amplitude evaluated with a single code

F =
X
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Dynamically set target precision for each sector, minimising time:

T =
X
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!
, �i ⇠ t�e

i

�̄ � Lagrange multiplier

� � precision goal

�i � error estimate

Amplitude Evaluation
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integral value error time [s]
. . .
F1 011111110 ord0 (0.484, 4.96e-05) (4.40e-05, 4.23e-05) 11.8459
. . .
N3 111111100 k1p2k2p2 ord0 (0.0929, -0.224) (6.32e-05, 5.93e-05) 235.412
N3 111111100 1 ord0 (-0.0282, 0.179) (8.01e-05, 9.18e-05) 265.896
N3 111111100 k1p2k1p2 ord0 (0.0245, 0.0888) (5.06e-05, 5.31e-05) 282.794
N3 111111100 k1p2 ord0 (-0.00692, -0.108) (3.05e-05, 3.05e-05) 433.342

1

Contributing integrals:

k1

p2

g

H

g

H
I(s, t,m2

t ,m
2
h) = �

✓
µ2

M2

◆2"

�(3 + 2✏)M�4

✓
A�2

✏2
+

A�1

✏1
+A0 +O(✏)

◆

sector integral value error time [s] #points
5 (-1.34e-03, 2.00e-07) (2.38e-07, 2.69e-07) 0.255 1310420
6 (-1.58e-03, -9.23e-05) (7.44e-07, 5.34e-07) 0.266 1310420
. . .
41 (0.179, -0.856) (1.10e-05, 1.22e-05) 29.484 79952820
42 (0.359, -1.308) (1.40e-06, 1.58e-06) 80.24 211436900
44 (0.0752, -1.185) (5.44e-07, 6.76e-07) 99.301 282904860

1

Sector Decomposition

Slide:  
Matthias 
Kerner

p
ŝ = 327.25GeV,

p
�t̂ = 170.05GeV,M2 = ŝ/4

Amplitude Evaluation



Amplitude is slow to evaluate: 
Accuracy goal: 3% for     , 5-20% for      (depending on           ) 
GPU Time/PS point: 80 min - 2 days  (median 2 hours)

https://github.com/mppmu/hhgrid
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Phase-Space Point Distribution

tmin/max
Included
Excluded

Constructed a grid in Mandelstam s, t 
Based on 3746 phase-space points 
Interfaced to POWHEG, MG5_amc@NLO 
Sherpa

F1 F2 F2/F1

If a theoretical calculation is 
done, but it can not be used 
by any experimentalists, does 
it make a sound? - J. Huston

Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17; SPJ, Kuttimalai 18

hhgrid

https://github.com/mppmu/hhgrid
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Matrix element takes hours per phase-space point 
Can not put directly into a Monte Carlo 
But: Virtual matrix element depends only on        (fixed              ) 
Can build 2D grid of our phase-space points and interpolate

ŝ, t̂ mT ,mH

2402+1344 events used for POWHEG/MG5_amc@NLO

Parametrisation

x = f(�(s)), c✓ = | cos ✓ | =
����
s+ 2t� 2m2

H

s�(s)

���� , � =

✓
1� 4m2

H

s

◆ 1
2

Choose          according to cumulative distribution function of phase 
space points used in the original calculation 
Obtain nearly uniform distribution in            unit square 

Interpolate with Clough-Tocher using the SciPy package

f(�)

(x, c✓)

Clough, Tocher 65

Grid Details



Grid Validation
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Real Emission / Subtraction Terms
• Independence of dipole-cut         parameter  
• Agreement with literature 
• Agreement with FKS (POWHEG/MG5_amc@NLO)

Virtual Corrections
• Two calculations of amplitude up to reduction 
• Amplitude result invariant under 
• Pole cancellation 
• Mass renormalization using two methods: 

counter-term insertion vs. calculating                      numerically 
• Agreement of contributions                           with SusHi 
• Convergence of           expansion to full result  

where agreement is expected

Harlander, Liebler, 
Mantler 13,16

Maltoni, Vryonidou, Zaro 14 

Nagy 03↵cut

t $ u

dMLO/dm2

T

gg ! H ! HH

1/mT

Frixione, Kunszt, Signer 96; Nason 04; Frixione et al 07; Alioli et al. 10; J. Alwall et al. 14

HH Checks


