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LHC is …

 a hadron machine            QCD-based processes 
 a high-energy machine            complex processes 
 entering a high-precision phase            theory must follow 
 searching new physics            must control SM background 

 PDFs, resumation, parton shower, hadronization and … 
 … fixed order computations

High precision computation in QCD needed

Ambitious goal: Automatic NNLO QCD computations

 Loop computations and … 
 … cancellation of soft and collinear singularities this talk



 Frixione-Kunst-Signer (FKS) subtraction 

 Catani-Seymour (CS) Dipole subtraction 

 Nagy-Soper subtraction

Frixione, Kunszt, Signer 

Catani, Seymour 

Nagy, Soper

Well established subtraction schemes at NLO

 Antenna subtraction 

 Sector-improved residue subtraction 

 Colourful subtraction  

 qT-slicing 

 N-jettiness slicing 

 Projection to Born 

 Sector decomposition 

 ℇ-prescription 

 Unsubtraction 

 Geometric

Gehrmann De Ridder, Gehrmann, Glover, Heinrich, et al. 

Czakon et al.; Melnikov et al. 

Del Duca, Duhr, Kardos, Somogyi, Troscanyi, et al. 

Catani, Grazzini, et al. 

Boughezal, Petriello, et al. 

Cacciari, Salam, Zanderighi, et al. 

Anastasiou, Binoth, et al. 

Frixione, Grazzini 

Rodrigo et al. 

Herzog

Many methods available at NNLO



 NNLO methods are still not fully general:

Why to look for a new method?

 are they really process-independent? 

 can be automatized? 

 are they efficient? 

 are they local? 

 how they scale with the number of legs?

 More fundamental questions:

 Is there anything simpler? 

 Are we using all freedom we have in defining subtraction? 

 Can we learn something on subtraction systematically? 

 Can we hope to manage extensions to higher orders? 

 Can we get all-order insights on subtraction from IRC factorisation?



 Understand the structure of real radiation amplitudes 
    from factorization principles             

Rationale of our approach



Rationale of our approach

 Understand the structure of real radiation amplitudes 
    from factorization principles               not in this talk



Rationale of our approach

 Search for a “minimal” subtraction procedure at NNLO:

 Understand the structure of real radiation amplitudes 
    from factorization principles               not in this talk



 Frixione-Kunst-Signer (FKS) subtraction 

 Catani-Seymour (CS) Dipole subtraction 

 Nagy-Soper subtraction

Frixione, Kunszt, Signer 9512328

Catani, Seymour 9605323

Nagy, Soper, 0308127

Frixione 9706545

Catani et al. 0201036

 We have well established methods at NLO: 

Rationale of our approach

 Search for a “minimal” subtraction procedure at NNLO:

 Understand the structure of real radiation amplitudes 
    from factorization principles               not in this talk



 Frixione-Kunst-Signer (FKS) subtraction 

 Catani-Seymour (CS) Dipole subtraction 

 Nagy-Soper subtraction

Frixione, Kunszt, Signer 9512328

Catani, Seymour 9605323

Nagy, Soper, 0308127

Frixione 9706545

Catani et al. 0201036

 We have well established methods at NLO: 

 Understand their basic features 

 Try to find a simpler subtraction at NLO, by merging them 

 Then generalize to NNLO

Rationale of our approach

 Search for a “minimal” subtraction procedure at NNLO:

 Understand the structure of real radiation amplitudes 
    from factorization principles               not in this talk



Structure of subtraction at NLO
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 V has explicit poles in 𝛜, R diverges in phase space integration
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 Introduce counterterms K and their integral I

 V+I is finite in 𝛜, R-K converges in phase space integration

 V has explicit poles in 𝛜, R diverges in phase space integration
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 In the following we consider massless QCD just in final state



Primary IRC limits at NLO
 Soft limit:

Si , kµi ! 0 ) Ei ! 0 ,

8
>><

>>:

sih
skl

! 0 (k, l 6= i)

sik
sil

! finite (k, l 6= i)
<latexit sha1_base64="VRMshLGXXRgwrHcSbug2tr7Ea8M="></latexit><latexit sha1_base64="VRMshLGXXRgwrHcSbug2tr7Ea8M="></latexit><latexit sha1_base64="VRMshLGXXRgwrHcSbug2tr7Ea8M="></latexit><latexit sha1_base64="VRMshLGXXRgwrHcSbug2tr7Ea8M="></latexit>

Limit on the real matrix element:

Si R({k}) = �N1

X

k 6=i, l 6=i

skl
siksil

Bkl

�
{k}/i

�

<latexit sha1_base64="PbovT5n0irtoJ/7qaq0OiujUGz0="></latexit><latexit sha1_base64="PbovT5n0irtoJ/7qaq0OiujUGz0="></latexit><latexit sha1_base64="PbovT5n0irtoJ/7qaq0OiujUGz0="></latexit><latexit sha1_base64="PbovT5n0irtoJ/7qaq0OiujUGz0="></latexit>

N1 = 8⇡↵S

✓
µ2e�E

4⇡

◆✏

<latexit sha1_base64="+ZBLUhwT/Ukbo1vc0iMfqfc2SI4="></latexit><latexit sha1_base64="+ZBLUhwT/Ukbo1vc0iMfqfc2SI4="></latexit><latexit sha1_base64="+ZBLUhwT/Ukbo1vc0iMfqfc2SI4="></latexit><latexit sha1_base64="+ZBLUhwT/Ukbo1vc0iMfqfc2SI4="></latexit>



Primary IRC limits at NLO
 Collinear limit:
Sudakov parametrization

a = i, j
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Derived IRC limits at NLO
 Soft-collinear limit:
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<latexit sha1_base64="VgnVaVB9yd97mlVwJBokIA5nktA="></latexit><latexit sha1_base64="VgnVaVB9yd97mlVwJBokIA5nktA="></latexit><latexit sha1_base64="VgnVaVB9yd97mlVwJBokIA5nktA="></latexit><latexit sha1_base64="VgnVaVB9yd97mlVwJBokIA5nktA="></latexit>

Si Cij R({k}) = Cij Si R({k}) = N1
2Cfj

sij

zj
zi

B({k}/i) �fig
<latexit sha1_base64="VsTXs8KkZBst0YDIgexGPiAzv5E="></latexit><latexit sha1_base64="VsTXs8KkZBst0YDIgexGPiAzv5E="></latexit><latexit sha1_base64="VsTXs8KkZBst0YDIgexGPiAzv5E="></latexit><latexit sha1_base64="VsTXs8KkZBst0YDIgexGPiAzv5E="></latexit>
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 Divide the phase space through sector functions 



FKS subtraction procedure

�ij =
1

Ei wij
=

sqj
sij

<latexit sha1_base64="SFGUcqfdR43H9UWEje160p1cx2E="></latexit><latexit sha1_base64="SFGUcqfdR43H9UWEje160p1cx2E="></latexit><latexit sha1_base64="SFGUcqfdR43H9UWEje160p1cx2E="></latexit><latexit sha1_base64="SFGUcqfdR43H9UWEje160p1cx2E="></latexit>

Wij =
�ij

�
<latexit sha1_base64="ieELzuKh9Q12tl7+s85+JjgDSn0="></latexit><latexit sha1_base64="ieELzuKh9Q12tl7+s85+JjgDSn0="></latexit><latexit sha1_base64="ieELzuKh9Q12tl7+s85+JjgDSn0="></latexit><latexit sha1_base64="ieELzuKh9Q12tl7+s85+JjgDSn0="></latexit>

� =
X

i,j 6=i

�ij

<latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="ouo67hwEkJCpqg8N2Gjd9z6o7aM="></latexit><latexit sha1_base64="yUWD4RK+OgfampHOpvadRzFVh6M="></latexit><latexit sha1_base64="yUWD4RK+OgfampHOpvadRzFVh6M="></latexit><latexit sha1_base64="r96mbjxkDUn//E1rE7qcV3ZfKjo="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit>

 Divide the phase space through sector functions 



FKS subtraction procedure

�ij =
1

Ei wij
=

sqj
sij

<latexit sha1_base64="SFGUcqfdR43H9UWEje160p1cx2E="></latexit><latexit sha1_base64="SFGUcqfdR43H9UWEje160p1cx2E="></latexit><latexit sha1_base64="SFGUcqfdR43H9UWEje160p1cx2E="></latexit><latexit sha1_base64="SFGUcqfdR43H9UWEje160p1cx2E="></latexit>

Wij =
�ij

�
<latexit sha1_base64="ieELzuKh9Q12tl7+s85+JjgDSn0="></latexit><latexit sha1_base64="ieELzuKh9Q12tl7+s85+JjgDSn0="></latexit><latexit sha1_base64="ieELzuKh9Q12tl7+s85+JjgDSn0="></latexit><latexit sha1_base64="ieELzuKh9Q12tl7+s85+JjgDSn0="></latexit>

� =
X

i,j 6=i

�ij

<latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="ouo67hwEkJCpqg8N2Gjd9z6o7aM="></latexit><latexit sha1_base64="yUWD4RK+OgfampHOpvadRzFVh6M="></latexit><latexit sha1_base64="yUWD4RK+OgfampHOpvadRzFVh6M="></latexit><latexit sha1_base64="r96mbjxkDUn//E1rE7qcV3ZfKjo="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit><latexit sha1_base64="O9+w9WeXyuvx+nOQ1tykuIKwVyU="></latexit>

 Basic properties:

Si Wij =
1

wijP
j0 6=i

1
wij0

<latexit sha1_base64="SAg4v1gSRkGVWsizx3WG62ESvNo="></latexit><latexit sha1_base64="SAg4v1gSRkGVWsizx3WG62ESvNo="></latexit><latexit sha1_base64="SAg4v1gSRkGVWsizx3WG62ESvNo="></latexit><latexit sha1_base64="SAg4v1gSRkGVWsizx3WG62ESvNo="></latexit>

X

j 6=i

Si Wij = 1

<latexit sha1_base64="dBV/EbmTDWiSflkYbYSkNbmCPMc="></latexit><latexit sha1_base64="dBV/EbmTDWiSflkYbYSkNbmCPMc="></latexit><latexit sha1_base64="dBV/EbmTDWiSflkYbYSkNbmCPMc="></latexit><latexit sha1_base64="dBV/EbmTDWiSflkYbYSkNbmCPMc="></latexit>

Cij Wij =
Ej

Ei + Ej
<latexit sha1_base64="hYsMQYIivpqhp0ipN5v5uBnxU/w="></latexit><latexit sha1_base64="hYsMQYIivpqhp0ipN5v5uBnxU/w="></latexit><latexit sha1_base64="hYsMQYIivpqhp0ipN5v5uBnxU/w="></latexit><latexit sha1_base64="hYsMQYIivpqhp0ipN5v5uBnxU/w="></latexit>

Cij Wij +Cij Wji = 1
<latexit sha1_base64="urigAOuyEAlxgrZ4cw9zFejm3MY="></latexit><latexit sha1_base64="urigAOuyEAlxgrZ4cw9zFejm3MY="></latexit><latexit sha1_base64="urigAOuyEAlxgrZ4cw9zFejm3MY="></latexit><latexit sha1_base64="urigAOuyEAlxgrZ4cw9zFejm3MY="></latexit>

X

i,j 6=i

Wij = 1

<latexit sha1_base64="NxV22fMpCiTpFzJmz3TkDUA64fs="></latexit><latexit sha1_base64="NxV22fMpCiTpFzJmz3TkDUA64fs="></latexit><latexit sha1_base64="NxV22fMpCiTpFzJmz3TkDUA64fs="></latexit><latexit sha1_base64="NxV22fMpCiTpFzJmz3TkDUA64fs="></latexit>

Si Cij Wij = Cij Si Wij = 1
<latexit sha1_base64="2GD+RuewtxGKtdYwakIfi9E7KsA="></latexit><latexit sha1_base64="mm6T8qSgQb7orScXQNjMJxRvWhs="></latexit><latexit sha1_base64="mm6T8qSgQb7orScXQNjMJxRvWhs="></latexit><latexit sha1_base64="EjOYxueFmQYe9BCC0GiVx9FSbzk="></latexit>

 Divide the phase space through sector functions 
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 Divide the phase space through sector functions 

 Each sector reparametrized differently 



FKS subtraction procedure

 Divide the phase space through sector functions 

 Each sector reparametrized differently 

G =
(4⇡)✏�2

⇡1/2�(1/2� ✏)
.

<latexit sha1_base64="iv7g28SwXzVP6heelMPaOoDJgCM="></latexit><latexit sha1_base64="iv7g28SwXzVP6heelMPaOoDJgCM="></latexit><latexit sha1_base64="iv7g28SwXzVP6heelMPaOoDJgCM="></latexit><latexit sha1_base64="iv7g28SwXzVP6heelMPaOoDJgCM="></latexit>

Z
d�1(s, ⇣; Ei, wij ,�) = Gs1�✏

Z ⇡

0
d� sin�2✏�

Z ⇣

0
dEi

Z 1

0
dwij


E2
i (⇣ � Ei)2wij(1� wij)

⇣2(1� Eiwij)2

��✏ Ei(⇣ � Ei)
⇣(1� Eiwij)2

<latexit sha1_base64="gklm29N1h+WTyTTQe6DXglIaFz4="></latexit><latexit sha1_base64="gklm29N1h+WTyTTQe6DXglIaFz4="></latexit><latexit sha1_base64="gklm29N1h+WTyTTQe6DXglIaFz4="></latexit><latexit sha1_base64="gklm29N1h+WTyTTQe6DXglIaFz4="></latexit>

Wij
<latexit sha1_base64="mA1lb/ojJ9eKJBXoLVdXfuFd09k="></latexit><latexit sha1_base64="KEUKkC0OCDaev/5geSZFNObf+fo="></latexit><latexit sha1_base64="KEUKkC0OCDaev/5geSZFNObf+fo="></latexit><latexit sha1_base64="+tbUsGAuMMm/n+W9GvE+3wyn2YI="></latexit>

Sector

d�n+1({k}) = d�n({k̄}/i/j , k̄)d�1(s, ⇣; Ei, wij ,�)
<latexit sha1_base64="ZVdXv7Z8oX1YDTvM7oMtMU+qeR8="></latexit><latexit sha1_base64="ZVdXv7Z8oX1YDTvM7oMtMU+qeR8="></latexit><latexit sha1_base64="ZVdXv7Z8oX1YDTvM7oMtMU+qeR8="></latexit><latexit sha1_base64="ZVdXv7Z8oX1YDTvM7oMtMU+qeR8="></latexit>

⇣ =
2k̄ ·q
s

<latexit sha1_base64="Q2Ru+hBuzYZ5Kx9q1t9h6HLq5VI="></latexit><latexit sha1_base64="Q2Ru+hBuzYZ5Kx9q1t9h6HLq5VI="></latexit><latexit sha1_base64="Q2Ru+hBuzYZ5Kx9q1t9h6HLq5VI="></latexit><latexit sha1_base64="Q2Ru+hBuzYZ5Kx9q1t9h6HLq5VI="></latexit>
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FKS subtraction procedure

 Divide the phase space through sector functions 

 Each sector reparametrized differently 

 Identify counterterms through parametrization 

E1�2✏
i w�✏

ij R = E�1�2✏
i w�1�✏

ij [E2
i wijR]

=

"
� 1

2✏
�(Ei) +

✓
1

Ei
� 2✏

ln Ei
Ei

◆

+

#"
�1

✏
�(wij) +

✓
1

wij

◆

+

#
[E2

i wijR]
<latexit sha1_base64="JUWDBtx3iNt6tzfzP9Fbet69BzQ="></latexit><latexit sha1_base64="JUWDBtx3iNt6tzfzP9Fbet69BzQ="></latexit><latexit sha1_base64="JUWDBtx3iNt6tzfzP9Fbet69BzQ="></latexit><latexit sha1_base64="JUWDBtx3iNt6tzfzP9Fbet69BzQ="></latexit>

 Terms containing 𝛅’s          I �Xn
<latexit sha1_base64="7sc41NQAD23m+Ne/rO0yXmcGxNQ="></latexit><latexit sha1_base64="IUtUbedZC29cXSPin/bbA8LOZwY="></latexit><latexit sha1_base64="IUtUbedZC29cXSPin/bbA8LOZwY="></latexit><latexit sha1_base64="GXBRy3gy0OHIaGFATYA7l2clADQ="></latexit>

 Remaining term           R �Xn+1 �K �Xn
<latexit sha1_base64="m0siAyakNsWO7CO9MyUZMqOskaI="></latexit><latexit sha1_base64="V1BaUUCDcgsFKI0gH3CSABBlQC4="></latexit><latexit sha1_base64="V1BaUUCDcgsFKI0gH3CSABBlQC4="></latexit><latexit sha1_base64="mPePcg8+neWDwu4WaeqeO+94YdI="></latexit>

Wij
<latexit sha1_base64="mA1lb/ojJ9eKJBXoLVdXfuFd09k="></latexit><latexit sha1_base64="KEUKkC0OCDaev/5geSZFNObf+fo="></latexit><latexit sha1_base64="KEUKkC0OCDaev/5geSZFNObf+fo="></latexit><latexit sha1_base64="+tbUsGAuMMm/n+W9GvE+3wyn2YI="></latexit>

Sector
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FKS subtraction procedure

 Divide the phase space through sector functions 

 Each sector reparametrized differently 

 Identify counterterms through parametrization 

 Integrate analytically after getting rid of sector functions

X

i,j 6=i

�(wij)Wij =
X

i,j>i

�(wij) (Wij +Wji)

=
X

i,j>i

�(wij) Cij (Wij +Wji)| {z }
1

<latexit sha1_base64="e9moOGvjEL5cPymDSCRA1irDIwo="></latexit><latexit sha1_base64="e9moOGvjEL5cPymDSCRA1irDIwo="></latexit><latexit sha1_base64="e9moOGvjEL5cPymDSCRA1irDIwo="></latexit><latexit sha1_base64="e9moOGvjEL5cPymDSCRA1irDIwo="></latexit>

X

i,j 6=i

�(Ei)Wij =
X

i

�(Ei)
X

j 6=i

Si Wij

| {z }
1

<latexit sha1_base64="9wUkHLF5EtsuoG5RVRIOmWn2RcU="></latexit><latexit sha1_base64="9wUkHLF5EtsuoG5RVRIOmWn2RcU="></latexit><latexit sha1_base64="9wUkHLF5EtsuoG5RVRIOmWn2RcU="></latexit><latexit sha1_base64="9wUkHLF5EtsuoG5RVRIOmWn2RcU="></latexit>



FKS subtraction procedure

 Divide the phase space through sector functions 

 Each sector reparametrized differently 

 Identify counterterms through parametrization 

 Integrate analytically after getting rid of sector functions

 The integration of some counterterms can be non trivial:
Z

d�1

X

j

K(soft)
ij ⇠

X

kl

Z
d⌦̄i

1� cos ✓̄kl
(1� cos ✓̄ki)(1� cos✓̄il)

<latexit sha1_base64="ynnY5vPTFpTpg2uH0sOdrhYjcEU="></latexit><latexit sha1_base64="ynnY5vPTFpTpg2uH0sOdrhYjcEU="></latexit><latexit sha1_base64="ynnY5vPTFpTpg2uH0sOdrhYjcEU="></latexit><latexit sha1_base64="ynnY5vPTFpTpg2uH0sOdrhYjcEU="></latexit>

  Sector parametrization not always optimal 

  Can one do something simpler?
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CS subtraction procedure

 Counterterms mimic the IRC behaviour in all phase space 

 Counterterms are sums of terms, each with its remapped momenta 

k̄µ = kµi + kµj � sij
sik + sjk

kµk
<latexit sha1_base64="ezsCR9PZHmwmt7KLAIwTIyFtHAY="></latexit><latexit sha1_base64="ezsCR9PZHmwmt7KLAIwTIyFtHAY="></latexit><latexit sha1_base64="ezsCR9PZHmwmt7KLAIwTIyFtHAY="></latexit><latexit sha1_base64="ezsCR9PZHmwmt7KLAIwTIyFtHAY="></latexit>

r̄µ =
sijk

sik + sjk
kµk

<latexit sha1_base64="LQQdQAXyIUDCzdyHc46AZcmCVHk="></latexit><latexit sha1_base64="LQQdQAXyIUDCzdyHc46AZcmCVHk="></latexit><latexit sha1_base64="LQQdQAXyIUDCzdyHc46AZcmCVHk="></latexit><latexit sha1_base64="LQQdQAXyIUDCzdyHc46AZcmCVHk="></latexit>

K =
X

pairs ij

X

k 6=i,j

Kijk

<latexit sha1_base64="+Fgdgi8TX386hpHJ/t0Q9U/12B4="></latexit><latexit sha1_base64="+Fgdgi8TX386hpHJ/t0Q9U/12B4="></latexit><latexit sha1_base64="+Fgdgi8TX386hpHJ/t0Q9U/12B4="></latexit><latexit sha1_base64="+Fgdgi8TX386hpHJ/t0Q9U/12B4="></latexit>

          and          need to reproduce both soft and collinear limits:

Cij V
[ij]k
µ⌫ Bµ⌫

[ij]k = �Qµ⌫
ij Bµ⌫

<latexit sha1_base64="W52WmABW6iroWEFUYv4J2dZww7s="></latexit><latexit sha1_base64="y15e+R+tYX1rhfRquugObB4c9d8="></latexit><latexit sha1_base64="y15e+R+tYX1rhfRquugObB4c9d8="></latexit><latexit sha1_base64="03p9qcZxSRd/OU4dpUVrHzXZ1Lg="></latexit>

Cij V
[ij]kB[ij]k = �Pij B

<latexit sha1_base64="GYzKKfKOuQbTEtRcp0NRjIBcVF0="></latexit><latexit sha1_base64="vAzd/4I+gwoilzA62pnIlBNS/jY="></latexit><latexit sha1_base64="vAzd/4I+gwoilzA62pnIlBNS/jY="></latexit><latexit sha1_base64="+wgtRsvRTy7hKEU6AXRSHWfkRBc="></latexit>

Si V
[ij]k =

sjk
sij + sik

<latexit sha1_base64="QSbu2xo688B8a03uh1NzHAZ/Pms="></latexit><latexit sha1_base64="33J8mVJ7HPWM0Nv2Z3PpUNz2bpU="></latexit><latexit sha1_base64="33J8mVJ7HPWM0Nv2Z3PpUNz2bpU="></latexit><latexit sha1_base64="89e33l+Ph0+XieOYzJRqLKQKAdw="></latexit>

Si V
[ij]k
µ⌫ = 0

<latexit sha1_base64="EdOZy51imch+x1iXpGj41UmRb4c="></latexit><latexit sha1_base64="o87tgM40vqjlk0b+Nf93M10VyEc="></latexit><latexit sha1_base64="o87tgM40vqjlk0b+Nf93M10VyEc="></latexit><latexit sha1_base64="PbrdNbPg5q9GF8F6ocX8zd3r7fk="></latexit>

V [ij]k
µ⌫

<latexit sha1_base64="mx+EPtk8Qfqt+TGKrsngXhGWwE4="></latexit><latexit sha1_base64="QbEaUWfPhoseQyV/tw1e33HAsyk="></latexit><latexit sha1_base64="QbEaUWfPhoseQyV/tw1e33HAsyk="></latexit><latexit sha1_base64="0GUpMLhBbExPJSn/1hb1aSHaU6A="></latexit>

V [ij]k
<latexit sha1_base64="c/0fq7oQoIN8L36OI21zvsPyLFk="></latexit><latexit sha1_base64="ajy3B4m++NETvK4mGqK3TfYr1dM="></latexit><latexit sha1_base64="ajy3B4m++NETvK4mGqK3TfYr1dM="></latexit><latexit sha1_base64="PyZjecI4m4P7ebI8dzth9ZJIXHw="></latexit>

Kijk({k}) =
N1

sij

h
V [ij]kB[ij]k({k}/i/j/k, k̄, r̄) + V [ij]k

µ⌫ Bµ⌫
[ij]k({k}/i/j/k, k̄, r̄)

i

<latexit sha1_base64="yhs2G3Ydftsgixt6HRRXLujanfM="></latexit><latexit sha1_base64="yhs2G3Ydftsgixt6HRRXLujanfM="></latexit><latexit sha1_base64="yhs2G3Ydftsgixt6HRRXLujanfM="></latexit><latexit sha1_base64="yhs2G3Ydftsgixt6HRRXLujanfM="></latexit>



CS subtraction procedure

 Counterterms mimic the IRC behaviour in all phase space 

 Counterterms are sums of terms, each with its remapped momenta 

 Phase space reparametrized differently for each term of the sum 

Z
d�1(p

2; y, z,�) = G (p2)1�✏

Z ⇡

0
d� sin�2✏�

Z 1

0
dy

Z 1

0
dz

⇥
y z(1� y)2(1� z)

⇤�✏
(1� y)

<latexit sha1_base64="ZykLsYzIol+tN4TLwvmXlC4na78="></latexit><latexit sha1_base64="ZykLsYzIol+tN4TLwvmXlC4na78="></latexit><latexit sha1_base64="ZykLsYzIol+tN4TLwvmXlC4na78="></latexit><latexit sha1_base64="ZykLsYzIol+tN4TLwvmXlC4na78="></latexit>

d�n+1({k}) = d�n({k}/i/j/k, k̄, r̄)d�1(p
2; y, z,�)

<latexit sha1_base64="yvJHQ02atLlRPhQ1wGypxbQyOsQ="></latexit><latexit sha1_base64="yvJHQ02atLlRPhQ1wGypxbQyOsQ="></latexit><latexit sha1_base64="yvJHQ02atLlRPhQ1wGypxbQyOsQ="></latexit><latexit sha1_base64="yvJHQ02atLlRPhQ1wGypxbQyOsQ="></latexit>

p2 = (ki + kj + kk)
2 = (k̄ + r̄)2

<latexit sha1_base64="sgFacz1r4/tiWJxAqfw3i3z57Ik="></latexit><latexit sha1_base64="sgFacz1r4/tiWJxAqfw3i3z57Ik="></latexit><latexit sha1_base64="sgFacz1r4/tiWJxAqfw3i3z57Ik="></latexit><latexit sha1_base64="sgFacz1r4/tiWJxAqfw3i3z57Ik="></latexit>

z =
sik

sik + sjk
<latexit sha1_base64="LKYZNTOTecAeiv2gcDaRyffgkPg="></latexit><latexit sha1_base64="LKYZNTOTecAeiv2gcDaRyffgkPg="></latexit><latexit sha1_base64="LKYZNTOTecAeiv2gcDaRyffgkPg="></latexit><latexit sha1_base64="LKYZNTOTecAeiv2gcDaRyffgkPg="></latexit>

y =
sij
p2

<latexit sha1_base64="+RognX5UjOwm5LBlZ7BdpJ7I7uE="></latexit><latexit sha1_base64="+RognX5UjOwm5LBlZ7BdpJ7I7uE="></latexit><latexit sha1_base64="+RognX5UjOwm5LBlZ7BdpJ7I7uE="></latexit><latexit sha1_base64="+RognX5UjOwm5LBlZ7BdpJ7I7uE="></latexit>
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 Integrate analytically each term

 Integration can be non trivial if counterterms are complicated

 Can one introduce simpler counterterms?
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 Basic properties:
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A “minimal” subtraction procedure at NLO

mass-shell condition and momenta conservation 

What is not satisfactory?
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 … with remapped momenta in the Born matrix element 

 They must satisfy:

such that:

 The same as          ,              and                 , but …
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A “minimal” subtraction procedure at NLO

with momenta  satisfying on-shell condition and momenta conservation
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A “minimal” subtraction procedure at NLO
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A “minimal” subtraction procedure at NLO
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A “minimal” subtraction procedure at NLO
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A “minimal” subtraction procedure at NLO

trivial
 integ

ration

 Generate universal local counterterms 

 Exploit the freedom in defining them 

 The counterterms are basically “only” the IRC limits

 Hope it can be extended beyond NLO !!



Structure of subtraction at NNLO
d�NNLO � d�NLO

dX
=

Z
d�nV V �Xn +

Z
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VV and VR have poles in 𝛜, VR and RR diverge in phase space



Structure of subtraction at NNLO
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 Counterterms K(1), K(12), K(2), K(RV) and their integrals I(1), I(12), I(2), I(RV)

VV and VR have poles in 𝛜, VR and RR diverge in phase space

(V + I(2) + I(RV)), (RV + I(1)) and (K(RV) - I(12)) are finite in 𝛜

(RR-K(1)-K(12)-K(2)), (RV-K(RV)) and (I(1)+I(12)) converge in phase space



Primary IRC limits at NNLO
 Single soft limit
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 Single collinear limit

 Double soft limit:

Limit on the double real matrix element:
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8
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>:

0 if i, k are quarks
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if i, k are gluons
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Primary IRC limits at NNLO

 Double collinear limit:
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kµ = kµi + kµj + kµk
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A “minimal” subtraction procedure at NNLO
 Divide the phase space through sector functions 
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 Divide the phase space through sector functions 

 Primary limits in the sectors:
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A “minimal” subtraction procedure at NNLO
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 Divide the phase space through sector functions 

 Single soft and single collinear limits
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 Double soft and double collinear limits

A “minimal” subtraction procedure at NNLO
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A “minimal” subtraction procedure at NNLO
 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 
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<latexit sha1_base64="5qx2KmfA9ttvpxAdTvzn0mcTj5k="></latexit><latexit sha1_base64="zPK3edUv9dNtbZRXCvH8+eBzItU="></latexit><latexit sha1_base64="zPK3edUv9dNtbZRXCvH8+eBzItU="></latexit><latexit sha1_base64="cXCXBUMl4n3TvqkAfydQhDKyXAQ="></latexit>

Cij
<latexit sha1_base64="xIJ0yRq2BhDseoIEpSLMeZtuMyE="></latexit><latexit sha1_base64="QKAW0t6uSMJ19r6btrsrTAD7dPI="></latexit><latexit sha1_base64="QKAW0t6uSMJ19r6btrsrTAD7dPI="></latexit><latexit sha1_base64="YTrxwRQVE+wG4etv6s1ApAJkxmI="></latexit>

where the candidates for counterterms are

Sij
<latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit><latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit><latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit><latexit sha1_base64="e+VaMPihiw7M+K1bS9vIYqX+n6s="></latexit>

Wijjk
<latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit><latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit><latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit><latexit sha1_base64="H+Qm+1zyW5usto+QnZz9t49Nv5A="></latexit>

,        ,        ,          ,                commute

(1� Si)(1�Cij)(1� Sij)(1�Cijk)⇥

⇥(1� SCijk)RR Wijjk = RR Wijjk �K(1)
ijjk �K(2)

ijjk �K(12)
ijjk

<latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit><latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit><latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit><latexit sha1_base64="lmxVqVxUXzRVjHGA7rQZx7jo3qU="></latexit>

K(1)
ijjk =

h
Si +Cij(1� Si)

i
RR Wijjk

K(2)
ijjk =

h
Sij +Cijk(1� Sij) + SCijk(1� Sij)(1�Cijk)

i
RR Wijjk

K(12)
ijjk = �

nh
Si +Cij(1� Si)

ih
Sij +Cijk(1� Sij)

i

+ SCijk(1� Sij)(1�Cijk)
io

RR Wijjk
<latexit sha1_base64="UGkBt32D3PtYfBHvIicxklSeH2E="></latexit><latexit sha1_base64="UGkBt32D3PtYfBHvIicxklSeH2E="></latexit><latexit sha1_base64="UGkBt32D3PtYfBHvIicxklSeH2E="></latexit><latexit sha1_base64="UGkBt32D3PtYfBHvIicxklSeH2E="></latexit>

 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

cancel in K(2) +K(12)
<latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit>



Sector Cijk
<latexit sha1_base64="Xz5AnYpmFR6q8ULEqO49e9Eyb5c="></latexit><latexit sha1_base64="RkwTCjXQuLhrSEm9CFQ65b3GFZs="></latexit><latexit sha1_base64="RkwTCjXQuLhrSEm9CFQ65b3GFZs="></latexit><latexit sha1_base64="mEptd5d6hwqbn1vRFdJwVM0dsKY="></latexit>

Wijkj
<latexit sha1_base64="vwV8CktwarUG0O9hBkPUgNAMgns="></latexit><latexit sha1_base64="X3J74qXX3kcJO+zsMCMmZmlxsm0="></latexit><latexit sha1_base64="X3J74qXX3kcJO+zsMCMmZmlxsm0="></latexit><latexit sha1_base64="1ZqAcObyliovHn7sBVWITpzOQIY="></latexit>

A “minimal” subtraction procedure at NNLO

finite

SCijk
<latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit><latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit><latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit><latexit sha1_base64="8gj5Si3C66CqLhLKjq5wRJUZFPA="></latexit>

Si
<latexit sha1_base64="5qx2KmfA9ttvpxAdTvzn0mcTj5k="></latexit><latexit sha1_base64="zPK3edUv9dNtbZRXCvH8+eBzItU="></latexit><latexit sha1_base64="zPK3edUv9dNtbZRXCvH8+eBzItU="></latexit><latexit sha1_base64="cXCXBUMl4n3TvqkAfydQhDKyXAQ="></latexit>

Cij
<latexit sha1_base64="xIJ0yRq2BhDseoIEpSLMeZtuMyE="></latexit><latexit sha1_base64="QKAW0t6uSMJ19r6btrsrTAD7dPI="></latexit><latexit sha1_base64="QKAW0t6uSMJ19r6btrsrTAD7dPI="></latexit><latexit sha1_base64="YTrxwRQVE+wG4etv6s1ApAJkxmI="></latexit>

Sik
<latexit sha1_base64="sijmpwEc9MNuNxeqJVE4/x1liZs="></latexit><latexit sha1_base64="7wYNsXwP2VgF1FPMfRd+lmcN3Og="></latexit><latexit sha1_base64="7wYNsXwP2VgF1FPMfRd+lmcN3Og="></latexit><latexit sha1_base64="71oCDOMKfbQEI8uOHXj/IHExAZg="></latexit>

CSijk
<latexit sha1_base64="XCXR8ZyIbW24jcl/wt3hRw5dY2s="></latexit><latexit sha1_base64="XCXR8ZyIbW24jcl/wt3hRw5dY2s="></latexit><latexit sha1_base64="XCXR8ZyIbW24jcl/wt3hRw5dY2s="></latexit><latexit sha1_base64="XCXR8ZyIbW24jcl/wt3hRw5dY2s="></latexit>

where the candidates for counterterms are

,        ,        ,          ,             ,               commute

(1� Si)(1�Cij)(1� Sik)(1�Cijk)⇥

⇥(1� SCijk)(1�CSijk)RR Wijkj = RR Wijkj �K(1)
ijkj �K(2)

ijkj �K(12)
ijkj

<latexit sha1_base64="6qW+tz3AANDDmZaw+OJJ9nch4lg="></latexit><latexit sha1_base64="6qW+tz3AANDDmZaw+OJJ9nch4lg="></latexit><latexit sha1_base64="6qW+tz3AANDDmZaw+OJJ9nch4lg="></latexit><latexit sha1_base64="6qW+tz3AANDDmZaw+OJJ9nch4lg="></latexit>

K(1)
ijkj =

h
Si +Cij(1� Si)

i
RR Wijkj

K(2)
ijkj =

h
Sik +Cijk(1� Sik) + (SCijk +CSijk)(1� Sik)(1�Cijk)

i
RR Wijkj

K(12)
ijkj = �

nh
Si +Cij(1� Si)

ih
Sik +Cijk(1� Sik)

i

+ (SCijk +CSijk)(1� Sik)(1�Cijk)
io

RR Wijkj
<latexit sha1_base64="eIlH5+3OB5APvpZJRE2ymZdxoGQ="></latexit><latexit sha1_base64="eIlH5+3OB5APvpZJRE2ymZdxoGQ="></latexit><latexit sha1_base64="eIlH5+3OB5APvpZJRE2ymZdxoGQ="></latexit><latexit sha1_base64="eIlH5+3OB5APvpZJRE2ymZdxoGQ="></latexit>

 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

cancel in K(2) +K(12)
<latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit>



Sector Wijkl
<latexit sha1_base64="bHZlfyvL3OFLoB1an1E3nbMRGik="></latexit><latexit sha1_base64="7BpNExRD4GMF/nK1pyVAQemivo0="></latexit><latexit sha1_base64="7BpNExRD4GMF/nK1pyVAQemivo0="></latexit><latexit sha1_base64="MLv//0v8+dd9SshQEFtie0Ydor8="></latexit>

A “minimal” subtraction procedure at NNLO

Cijkl
<latexit sha1_base64="GPZKmOANXPYv7BSVkRWIag12X6Q="></latexit><latexit sha1_base64="GPZKmOANXPYv7BSVkRWIag12X6Q="></latexit><latexit sha1_base64="GPZKmOANXPYv7BSVkRWIag12X6Q="></latexit><latexit sha1_base64="GPZKmOANXPYv7BSVkRWIag12X6Q="></latexit>

Si
<latexit sha1_base64="5qx2KmfA9ttvpxAdTvzn0mcTj5k="></latexit><latexit sha1_base64="zPK3edUv9dNtbZRXCvH8+eBzItU="></latexit><latexit sha1_base64="zPK3edUv9dNtbZRXCvH8+eBzItU="></latexit><latexit sha1_base64="cXCXBUMl4n3TvqkAfydQhDKyXAQ="></latexit>

Cij
<latexit sha1_base64="xIJ0yRq2BhDseoIEpSLMeZtuMyE="></latexit><latexit sha1_base64="QKAW0t6uSMJ19r6btrsrTAD7dPI="></latexit><latexit sha1_base64="QKAW0t6uSMJ19r6btrsrTAD7dPI="></latexit><latexit sha1_base64="YTrxwRQVE+wG4etv6s1ApAJkxmI="></latexit>

Sik
<latexit sha1_base64="sijmpwEc9MNuNxeqJVE4/x1liZs="></latexit><latexit sha1_base64="7wYNsXwP2VgF1FPMfRd+lmcN3Og="></latexit><latexit sha1_base64="7wYNsXwP2VgF1FPMfRd+lmcN3Og="></latexit><latexit sha1_base64="71oCDOMKfbQEI8uOHXj/IHExAZg="></latexit>

CSijk
<latexit sha1_base64="XCXR8ZyIbW24jcl/wt3hRw5dY2s="></latexit><latexit sha1_base64="XCXR8ZyIbW24jcl/wt3hRw5dY2s="></latexit><latexit sha1_base64="XCXR8ZyIbW24jcl/wt3hRw5dY2s="></latexit><latexit sha1_base64="XCXR8ZyIbW24jcl/wt3hRw5dY2s="></latexit>

SCikl
<latexit sha1_base64="tc+MwE6Ee9pciszQg+c6+2V/LH8="></latexit><latexit sha1_base64="tc+MwE6Ee9pciszQg+c6+2V/LH8="></latexit><latexit sha1_base64="tc+MwE6Ee9pciszQg+c6+2V/LH8="></latexit><latexit sha1_base64="tc+MwE6Ee9pciszQg+c6+2V/LH8="></latexit>

,        ,        ,           ,             ,              commute

finite

where the candidates for counterterms are

(1� Si)(1�Cij)(1� Sik)(1�Cijkl)⇥

⇥(1� SCikl)(1�CSijk)RR Wijkl = RR Wijkl �K(1)
ijkl �K(2)

ijkl �K(12)
ijkl

<latexit sha1_base64="5woqPK/z5ZahYIqiZ8wwC2uDa/0="></latexit><latexit sha1_base64="5woqPK/z5ZahYIqiZ8wwC2uDa/0="></latexit><latexit sha1_base64="5woqPK/z5ZahYIqiZ8wwC2uDa/0="></latexit><latexit sha1_base64="5woqPK/z5ZahYIqiZ8wwC2uDa/0="></latexit>

K(1)
ijkl =

h
Si +Cij(1� Si)

i
RR Wijkl

K(2)
ijkl =

h
Sik +Cijkl(1� Sik) + (SCikl +CSijk)(1� Sik)(1�Cijkl)

i
RR Wijkl

K(12)
ijkl = �

nh
Si +Cij(1� Si)

ih
Sik +Cijkl(1� Sik)

i

+ (SCikl +CSijk)(1� Sik)(1�Cijkl)
io

RR Wijkl
<latexit sha1_base64="qL67nKzrzWSImFUuoNOAB7YOfjA="></latexit><latexit sha1_base64="qL67nKzrzWSImFUuoNOAB7YOfjA="></latexit><latexit sha1_base64="qL67nKzrzWSImFUuoNOAB7YOfjA="></latexit><latexit sha1_base64="qL67nKzrzWSImFUuoNOAB7YOfjA="></latexit>

 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

cancel in K(2) +K(12)
<latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit><latexit sha1_base64="OOhZn9Z4WwCtmg8vOpOmYz+OqAY="></latexit>



A “minimal” subtraction procedure at NNLO

Momenta in                                  do not satisfy mass-shell condition and 
momenta conservation 

K(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl

<latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit>
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 Identify counterterms through IRC limits 



A “minimal” subtraction procedure at NNLO

Momenta in                                  do not satisfy mass-shell condition and 
momenta conservation 

remapped momenta   
in matrix elements and  
partially in IRC kernels

K
(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl

<latexit sha1_base64="xNK9Rgchi6IGUfqZPUDmMH7FrNc="></latexit><latexit sha1_base64="xNK9Rgchi6IGUfqZPUDmMH7FrNc="></latexit><latexit sha1_base64="xNK9Rgchi6IGUfqZPUDmMH7FrNc="></latexit><latexit sha1_base64="xNK9Rgchi6IGUfqZPUDmMH7FrNc="></latexit>

K(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl

<latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit>

K(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl

<latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit>
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A “minimal” subtraction procedure at NNLO

Momenta in                                  do not satisfy mass-shell condition and 
momenta conservation 

finite

remapped momenta   
in matrix elements and  
partially in IRC kernels

 They must satisfy:

such that:

K
(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl

<latexit sha1_base64="xNK9Rgchi6IGUfqZPUDmMH7FrNc="></latexit><latexit sha1_base64="xNK9Rgchi6IGUfqZPUDmMH7FrNc="></latexit><latexit sha1_base64="xNK9Rgchi6IGUfqZPUDmMH7FrNc="></latexit><latexit sha1_base64="xNK9Rgchi6IGUfqZPUDmMH7FrNc="></latexit>

K(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl

<latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit>

RR Wijkl �K
(1)
ijkl �K

(2)
ijkl �K

(12)
ijkl

<latexit sha1_base64="9PLDJgDf7MeGnjlx3a0vEI1jXwI="></latexit><latexit sha1_base64="9PLDJgDf7MeGnjlx3a0vEI1jXwI="></latexit><latexit sha1_base64="9PLDJgDf7MeGnjlx3a0vEI1jXwI="></latexit><latexit sha1_base64="9PLDJgDf7MeGnjlx3a0vEI1jXwI="></latexit>

L1 K
(1)
ijkl = K(1)

ijkl L1 2 {Si,Cij}

L2 K
(2)
ijkl = K(2)

ijkl L2 2 {Sik,Cijkl,SCikl,CSijk}

L12 K
(12)
ijkl = K(12)

ijkl L12 2 {Si,Cij ,Sik.Cijkl,SCikl,CSijk}
<latexit sha1_base64="5vMhm7R2Gc4KgdjWStMBWjJJqc0="></latexit><latexit sha1_base64="5vMhm7R2Gc4KgdjWStMBWjJJqc0="></latexit><latexit sha1_base64="5vMhm7R2Gc4KgdjWStMBWjJJqc0="></latexit><latexit sha1_base64="5vMhm7R2Gc4KgdjWStMBWjJJqc0="></latexit>

K(1)
ijkl,K

(2)
ijkl,K

(12)
ijkl

<latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit><latexit sha1_base64="yX2xMMzGQyVpK8eRAr4Aaf7YkYU="></latexit>
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 Counterterms are sums of terms, each with its remapped momenta 



A “minimal” subtraction procedure at NNLO
 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

 Counterterms are sums of terms, each with its remapped momenta 

K
(1)

=
X

i, j 6=i

X

k 6=i
l 6=i,k

h⇣
SiW(↵�)

ij

⌘ �
SiRR

�
Wkl +

⇣
CijW(↵�)

ij

⌘ �
CijRR

�
Wkl �

⇣
SiCijW(↵�)

ij

⌘ �
SiCijRR

�
Wkl

i

<latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit>

We use the properties of the sector functions

K(1) =
X

i, j 6=i

X

k 6=i
l 6=i,k

h⇣
SiW(↵�)

ij RR
⌘
+

⇣
CijW(↵�)

ij RR
⌘
�
⇣
SiCijW(↵�)

ij RR
⌘i

Wkl

<latexit sha1_base64="FIgkU04Xn/sXZ7gFOuBlXhDF+aA="></latexit><latexit sha1_base64="FIgkU04Xn/sXZ7gFOuBlXhDF+aA="></latexit><latexit sha1_base64="FIgkU04Xn/sXZ7gFOuBlXhDF+aA="></latexit><latexit sha1_base64="FIgkU04Xn/sXZ7gFOuBlXhDF+aA="></latexit>



A “minimal” subtraction procedure at NNLO
 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

 Counterterms are sums of terms, each with its remapped momenta 

K
(1)

=
X

i, j 6=i

X

k 6=i
l 6=i,k

h⇣
SiW(↵�)

ij

⌘ �
SiRR

�
Wkl +

⇣
CijW(↵�)

ij

⌘ �
CijRR

�
Wkl �

⇣
SiCijW(↵�)

ij

⌘ �
SiCijRR

�
Wkl

i

<latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit><latexit sha1_base64="zVuEophNpkxCAKjUbVWXXyXiNG0="></latexit>

�N1

X

a 6=i
b 6=i

I(i)
ab Rab

⇣
{k̄}(iab)

⌘
W(iab)

kl

<latexit sha1_base64="ttoEX+y7CjYU9O9mC67ayVtKqKM="></latexit><latexit sha1_base64="ttoEX+y7CjYU9O9mC67ayVtKqKM="></latexit><latexit sha1_base64="ttoEX+y7CjYU9O9mC67ayVtKqKM="></latexit><latexit sha1_base64="ttoEX+y7CjYU9O9mC67ayVtKqKM="></latexit>

N1

sij

h
Pij R

⇣
{k̄}(ijr)

⌘
+Qµ⌫

ij Rµ⌫

⇣
{k̄}(ijr)

⌘i
W(ijr)

kl
<latexit sha1_base64="a1hNt73aFM5/y4gRdm80SjDl8+8="></latexit><latexit sha1_base64="a1hNt73aFM5/y4gRdm80SjDl8+8="></latexit><latexit sha1_base64="a1hNt73aFM5/y4gRdm80SjDl8+8="></latexit><latexit sha1_base64="a1hNt73aFM5/y4gRdm80SjDl8+8="></latexit>

We use the properties of the sector functions

z

K(1) =
X

i, j 6=i

X

k 6=i
l 6=i,k

h⇣
SiW(↵�)

ij RR
⌘
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NLO sector functions with remapped momenta



A “minimal” subtraction procedure at NNLO
 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

 Counterterms are sums of terms, each with its remapped momenta 
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NLO sector functions with remapped momentasingle remapping



 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

 Counterterms are sums of terms, each with its remapped momenta 

A “minimal” subtraction procedure at NNLO

k̄(abcd)c = ka + kb + kc �
sabc

sad + sbd + scd
kd

<latexit sha1_base64="tZrht3eoPdUXtbK1YVTUq3Qhqig="></latexit><latexit sha1_base64="tZrht3eoPdUXtbK1YVTUq3Qhqig="></latexit><latexit sha1_base64="tZrht3eoPdUXtbK1YVTUq3Qhqig="></latexit><latexit sha1_base64="tZrht3eoPdUXtbK1YVTUq3Qhqig="></latexit>

k̄abcdd =
sabcd

sad + sbd + scd
kd

<latexit sha1_base64="LypIFHKb9ds6haeGOPHs31rnmvc="></latexit><latexit sha1_base64="LypIFHKb9ds6haeGOPHs31rnmvc="></latexit><latexit sha1_base64="LypIFHKb9ds6haeGOPHs31rnmvc="></latexit><latexit sha1_base64="LypIFHKb9ds6haeGOPHs31rnmvc="></latexit>

Sij RR =
N1

2

2

 X

c 6=i,j
d 6=i,j

X

e 6=i,j
f 6=i,j

I(i)
cd �fjg

s̄(icd)ef

s̄(icd)je s̄(icd)jf

Bcdef

⇣
{k̄}(icd,jef)

⌘

+
X

c 6=i,j
d 6=i,j,c

I(ij)
cd Bcd

⇣
{k̄}(ijcd)

⌘
+

X

c 6=i,j

I(ij)
cc Bcc

⇣
{k̄}(ijcc

0)
⌘�

<latexit sha1_base64="+p5yo4mw1sVn8QQp1cFQRdEU3HE="></latexit><latexit sha1_base64="+p5yo4mw1sVn8QQp1cFQRdEU3HE="></latexit><latexit sha1_base64="+p5yo4mw1sVn8QQp1cFQRdEU3HE="></latexit><latexit sha1_base64="+p5yo4mw1sVn8QQp1cFQRdEU3HE="></latexit>

Cijk RR =
N 2

1

s2ijk

h
Pijk B

⇣
{k̄}(ijkr)

⌘
+Qµ⌫

ijk Bµ⌫

⇣
{k̄}(ijkr)

⌘i

<latexit sha1_base64="POSv8aB5/jQDWJgwg+1CdtdCJSk="></latexit><latexit sha1_base64="POSv8aB5/jQDWJgwg+1CdtdCJSk="></latexit><latexit sha1_base64="POSv8aB5/jQDWJgwg+1CdtdCJSk="></latexit><latexit sha1_base64="POSv8aB5/jQDWJgwg+1CdtdCJSk="></latexit>

Examples of    double remappings 



 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

 Counterterms are sums of terms, each with its remapped momenta 
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A “minimal” subtraction procedure at NNLO
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 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

 Counterterms are sums of terms, each with its remapped momenta 

 Phase space reparametrized differently for each term of the sum 
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 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

 Counterterms are sums of terms, each with its remapped momenta 
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 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 
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 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

 Counterterms are sums of terms, each with its remapped momenta 

 Phase space reparametrized differently for each term of the sum 

 Integrate analytically each term after getting rid of the sector functions

A “minimal” subtraction procedure at NNLO

feasible
 integra

tion

 The procedure can be extended beyond NLO !!

 Generate universal local counterterms 

 Exploit the freedom in defining them 

 The counterterms are basically “only” the IRC limits



Proof of concept
              NNLO contribution to the total cross section for TR CF
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 Known exact NNLO results: Hamberg, van Neerven, Matsuura 1991  
Gehrmann De Ridder, Gehrmann, Glover 0403057 
Ellis, Ross, Terrano 1980

Just contributions from the radiation of a        pairq0q̄0
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Proof of concept
 We integrate the known limits              and  
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 And we get the 2-unresolved integrated counterterm: 



Proof of concept
 From the explicit expression of RV se get for              :
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 Analytical cancellation of poles in the subtracted VV:

V V + I(2) + I(RV) = B
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 NNLO corrections with the subtraction …

 … compared with the analytical result
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Leading Outlook

 Complete the implementation in a Monte Carlo generator

 Complete the integration of “pure” double-unresolved counterterms

 Compute counterterms with initial state hadrons

 Consider the massive case

Still work in progress …

Next-to-Leading Outlook

Next-to-Next-to-Leading Outlook

 Basically implement Catani-Seymour remappings

 Less singularities, but … 

 … more involved remappings, i.e. integration



Back-up  slides



 Divide the phase space through sector functions 

 Identify counterterms through IRC limits 

 Counterterms are sums of terms, each with its remapped momenta 

 Phase space reparametrized differently for each term of the sum 

 Integrate analytically each term after getting rid of the sector functions

A “minimal” subtraction procedure at NNLO

feasible
 integra

tion
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