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Integration-by-Parts (IBP) reduction

Multi-loop Feynman integral

Numeric: Mellin-Barnes, secdec ... for high-precision scattering amplitudes

Analytic: Differential Equation,
Dimensional recursion

D: space-time dimension, usually as a free parameter
instead of D=4 (Dimensional Regularization)
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Integration-by-parts reduction can be a bottleneck
of high energy physics computations



Integration-by-Parts (IBP) reduction

dPl, dPl; 1 <7 dl? dll? 0 U?& — 0

IBP: Chetyrkin, Tkachov 1981
Laporta 2001

could remove

IBP “most” integrals
v for multi-loop cases

master integrals (proven to be a finite set)

IBP reduction for multi-loop itegrals
with many parameters
can be difticult
state-of-art IBP programs

two-loop 2 to 3 scattering ...
FIRE (Smirnov), Reduze (von Manteuttfel, Studerus), LiteRed (l.ee)

Kira (Maierhofer, Usovitsch, Uwer)



Problems with multi-loop IBP reduction

L.arge linear system

Many parameters in |BPs




Problems with multi-loop IBP reduction

. trim hinear system dramatically
L.arge linear system

by unitarity cuts and no-double-propagator condition

. localization trick
Many parameters in |BPs

in monomial ordering




Integration-by-Parts (IBP) reduction

mte gral ClaSS SeleCthﬂ Gluza, Kajda, Kosower 1009.0472
Roman Lee, 1405.5616

Smaller linear system, fewer integrals

I. Integrals without “doubled propagators™, (Baikov rep.)

/ d°1 / dPl; 1 <( o<1, 1<i<m Small subset of integrals

iwP/2 - iwP2 DY DD DY | i 0, m<i<k

11. Intecrals without “numerators” arameitric rep.
2 s P P
Bitoun, Bogner, Klausen, Panzer 1712.09215

/ dP1, / dll; 1 <( a; >0, 1<i<m Small subset of integrals

imP/2 iWD/zD?I...D%mDZ’ﬁI...D,?"" a;=0, m<i<k

\

New IBP reduction: a subset of 1BPs satistying

. algebraic constraints
Only use a chosen smaller integral class °

Hopetully to get a much smaller linear system Computational Algebraic Geometry



Baikov representation without “doubled propagators [t 1510 05696

K. Larsen and YZ, 1511.01071
When k = LE + L(L + 1)/2, (E is the number of independent legs), the

Baikov rep. 1s
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( / dxij) det(8)25
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Baikov representation
where {vi,...viyg} =1{ki,.. . kg, l1,... [} and x; =v;-v;. Sisa (L+E) x (L+E)
matrix with §; = x; (Gram matrix).

L:2,E:3,m =7and k= 9. {Vl,...,VS} — {kl,kz,k4,ll,lz}.

2 3 / 0 3 5 X111 X21 \
% 0 %(—S — t) X12 X2
S = % %(—S — I) 0 X13  X23
| 1 | X11 X12 X13 X44  X45
| ! ! \ X21 X22 X23 X45  X55 /
S 4 Z1 2 Z9 Z6
\ 7 - T / 8 g | 2 1 2 2 2 | 22 Z9 \
J//f ﬂ\\y [ T Bl e
* B Z1 2 V) 1 j(_S N t) Z) zg | 4 2 2 217 —267 Z7
AN S s A S Bl B NP Sl
\3-3 1@-9-3 3-3 -3-3+% %)




Baikov representation without “doubled propagators”

R = Q(parameters)|zy, . . . z]

/le1 /leL 1 <1, 1<i<m

i7TD/2

imP/2 DI DD, DY | <0, m<i<k

" —

Just consider IBPs 0= (U/dzl> zk: g <__..det ()7 . lzm>

Polynomials!

FUI’thGI‘ re quire F = det ( S) “Affine varieties and lLie algebras of vector fields”
Hauser, Muller 1993

: I
I no shifted exponent: "4, (z) 0 +B(E)F=0 These (a1(2),...a(z)) form a module(d, )= R*.

2. no doubled propagator: ai(z) € (z;), 1<i<m  These (ai(2),...ar(z)) form a module@: Rk,

Both M and M, are pretty simple ...

Y.7. 1612.02249 M N M, Intersection of two modules




In principle, the syzygy can be

computed by Schreyer’s theorem,

Computation of the first module M,
but the computation 1s heavy ...

* syzygy for the {g—g,... oF

) Oz )

- OF
a;(z) oz, B(z)F =0

j=1

* Ann(F*), annihilator of F* in Weyl algebra.



In principle, the syzygy can be

computed by Schreyer’s theorem,

Computation of the first module M,
but the computation 1s heavy ...

e syzygy for lhe {g—i,...,g—ZD}

nihilator of F* in Weyl algebra.

> + AR = 0

j=1

If F1s a determimant matrix whose elements are free variables, this kind of

syzygy module 1s simple.

il di2 dA1n
a1 dp Aoy
A4 = . . . Roman l.ee’s idea
Anl  Ap2 ... dpy No computation 1s needed

syzygy generators (lLaplace expansion)

O(det A
Z Ay j ( ae ) ori -det4 =0  provides all syzygy generators
. dij
J
The Gram matrix in Baikov rep. 1s symmetric and not all entries are free variables ...
“weighted” Laplace expansion



Computation of the first module M;

1712.09737  Boehm, Georgoudis, Larsen, Schulze, YZ.
By Gulliksen—Negard and Jozehak exact sequences

Sl,, (O x )= > Mat,, (O'x ) » Ly 1 (M) » 0,
(A, B) i » MA— BM
| »tr(M*C),
SL,(O'x) > Sym,, (O'x) > L, _1(5) > 0,
Al > SA + A'S,
D > tr(S* D),

The syzygies found from Laplace expansion are complete.



Example, massless double box

Q(s,1)[z1, - .. z9]: 2 parameters, 9 variables (Each row 1s a module generator)
Z1 - Z> Z1 -2y ~-S+2Z1- 2> 0] 0] 0] Z1-2Zy - Zg + Zg t+2z1 -2, 0]
Q] 0] 0] S - Zg + Zg -t -Zg+ Zg ~Zg + Zg Z1 -2y - Zg + Zg 0] ~Zg + Zg
S+27Zy-23 Zy — Z3 Zy — Z3 0] 0] 0) Zy) —2Z3+2Z4-2Z9 -T+2Zy-23 0]
0] 0] 0) Z4 — Zg t+24 - 29 ~S+2Z4-29 Zy-2Z3+Z4-Zg 0) Z4 — Zg
~Z1+ Zg -t -2+ 24 S-27Z1+ Zg 0] 0] 0) ~Z1 - 25+ Zg + Zg - Z1 + Zg 0]
MIZ 0 0 0] S - Zs + Zg ~Zc + Zg ~Zc+Zg —2Z1-2Z5+ Zg+ Zg 0] t -z + 2zg
2274 Z1+ Zo -S+2Z1 + Z3 0] 0] 0] Z1 - Zg + Z7 Z1 + Zg 0]
0] 0] 0] S-23-Zg+27 -Zg+27-28 -Z1-2¢+ Z7 Z1-Zg+ Z7 0] ~Zy — Zg + Z7
~Z1-2g+27 —-Z1+2Z7-29 S—-271-2Z4+ 2Z7 0] 0] 0] ~Z1+Zg+ Z7 ~Z1 - Zs5 + Z7 0]
Q] Q] 0] ~ S+ Z4 + Zg Zc + Zg 2 Zg ~Z1+Zg+ Z7 0] Zg + Zg
2 3
z; 0 0 0 0 0 0 0 0
© z, 06 0 0 0 0 0 0
S e ~ \ © 0 z3 0 0 0 OO0 0 0
| | | © 0 0 z, 0 0 OO0 0 0
M= |0 0 06 0 z 0 0 0 0
- - - , © 0 0 0 0 zgz 0 0 0
© 0 0 0 0 0 z+ 0 0
4 © 0 0 06 0 0 0 10
© 06 06 0 0 0 0 01

M; N M, (even without cut) 1s computed 1n ~4 seconds, with Singular 4.1.0,

intersect(M1,M2,’std”)




Bonus, master integrals from Baikov representation

Package Azurite, A ZURich-bred InTEgral-determination method

Georgoudis, Larsen, YZ.
1612.04252

L.ee Pomeransky, 1503.6676
Bitoun, Bogner, Klausen, Panzer 1712.09215

Consider the maximal cuts of inequivalent sector in Baikov representation

Iind the syzygies and reduce max-cut IBPs over a finite field

Syzygy algorithm Reduction program
Azurite 1.x.x Schreyer Mathematica
Azurite 2.x.x L.aplace expansion SpaSM

For three loop examples tested, Azurite 2.x.x 1s 5~10 times faster than Azurite 1.x.x

to appear 2018



Complete IBP from cut construction

Input integrals

Solve two syzygy equations;

Get two modules

!
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Calculate the module intersection
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IBPs without double propagator

on the cut

:

row reduction

L4

L4
L4
'.

2
>

Merge all necessary cut
to get complete |BP




Example, massless double box with cut

massless

(L

'p4)

code powered by
Mathematica/Macaulay2/Singular



Example, massless double box with cut code powered by

Mathematica/Macaulay2/Singular

massless
(I - pa)*

R S O lowest Ml

lowest M lowest M| lowest MI



Example, massless double box with cut code powered by

Mathematica/Macaulay2/Singular

massless Cdboxl Cslashed

(I - pa)*
S R & lowest Ml

/ Csunsetl
Cdbox? | Chubbox

A X

lowest Ml

NV
NN\

lowest Ml lowest Ml



Example, massless double box with cut code powered by

Mathematica/Macaulay2/Singular

C
massless " dbox1 Cslashed
S o lowest M
/ Csunsetl
Cdbox?2 B Chubbox
Cdbox2 | -

Chubbox

-1

A X

lowest Ml

NV
NN\

lowest Ml lowest Ml



Example, massless double box with cut code powered by

Mathematica/Macaulay2/Singular

massless Cdboxl Cslashed

(I - pa)?
S o lowest M

/ Csunsetl
Cdbox? | Chubbox

~

Cdbox2 | -

Cdbox2 | .
\\ /
\x Chubbox

>@< -

lowest Ml

Csunset?

NV
NN\

lowest Ml lowest Ml



Example, massless double box with cut code powered by

Mathematica/Macaulay2/Singular

massless Cdboxl Cslashed

(I - pa)?
S o lowest M

/ Csunsetl
Cdbox? | Chubbox
Cdbox| \ \

Cdbox2 |

, Cdbox2 |-
j \ C;lb EZ

Cslashed
Cdbub

lowest Ml

~

Cdbox2 | -

Csunset?

NV
NN\

lowest Ml lowest Ml



Example, massless double box with cut code powered by

Mathematica/Macaulay2/Singular

massless Calashed

(ll'p4)4 | REEEEAR
S R . lowest Ml

ot - / Csunsetl
e Cdbox?2 Chubbox
Cdbox1 | -

Cdbox2 |

, Cdbox2 |-
j \ C;lb EZ

Cslashed
Cdbub

lowest Ml

~

Cdbox2 | -

Csunset?

NV
NN\

lowest Ml lowest Ml



Non-trivial example



Nonplanar hexagon-box

(5,6,7) cut 10 different cuts needed ( 8 triple cuts, 2 quadruple cuts)

Q(s12, 513, S14, 823, 824) |21, 22, 24, 25, 28, 29, Z10, Z11] O parametersarlables

z3 — 0,z - 0,27 =5 0

M| =
4 zZ1 0 0 O 0 0O 0 0 00
O z, © 0 0 OO0 06 0 0 0
O 0 0z, 0 OO0 06 0 0 0
O 0 0 0 zs OO0 06 0 0 0
- —
o S A[z— O 0 0 0 0 0 0 zg 0 0 0
2 O 0 0 0O 0 OO0 0 100
; ° O 0 0 0 0 0O 0 010
. O 0 0 0 0 OO0 0 0 0 1
- > O 0 0O 0O 0 OO0 0 0 0 0
3 M, M, =7

triple cut

Numerically (and over finite field) the intersection can be found 1n several minutes
Analytically the intersection seems very difficult




L.ocalization trick for computational algebraic geometry

Boehm, Schoeneman, University of Kaiserslautern

Analytic Mandelstam variables (parameters) slow down the computation

L.ocalization trick:

Ireat parameters as variables, and compute 1n a particular monomial ordering

variables| > [parameters| this trick makes
1 all polynomials
. homogeneous
\ > Module intersection for (1,4,6,7)
); > . Q(s12,513, 514,823, 524) |22, 23, 25, 28, 29, Z10, 211 ] With L <does not ﬁnish>
y Zn >2Z3 >Z§5 > Zg > Zg > Z10 > Z11

@[227237257287297210721175127513751475237524] with

minutes with Singular
[2272372572872972107211] > [S12,S13,S14,S23,S24]

It 1s not a good 1dea to take 55 — 1!

All module intersections for 10 necessary cuts found analytically



Module intersections to get algebraic constraint

Hexagon-box

efficient implement in Singular by Boehm

cuts |timing (sec)| RAM (GB) | generator size (raw, MB) | generator size (trimmed, MB)
1,5,7 218 4.3 03 10
2.5,7 43 1.1 25 1.4
2,5,8 303 0.7 49 3.1
2,6,7 743 9.8 100 2.8
3,9,8 404 /.4 97 3.7
3,6,7 699 11 30 3.6
3,6,8 24 1 10 1.6
4,6,8 797 15.7 21 1.6
1,4,5,8 33 1.7 4.4 3.6
1,4,6,7 196 3.0 9.4 4.1

Heuristic generator trimming algorithm, Y.Z.




Hexagon-box, all rank-4 numerators

trimmed IBPs

culs # 1BPs |# Integrals| Bytes (MB) Density
1,5,7 1144 1177 1.2 1.4%
2,9,7 1170 1210 0.99 1.5%
2,9,8 1152 1190 1.1 1.5%
2,6,7 1118 1155 1.0 1.5%
3,9,8 1160 1202 1.2 1.5%
3,06,7 1173 1217 1.5 1.7%
3,0,8 1135 1176 0.77 1.2%
41,6,3 1140 1176 0.94 1.2%
1,4,5,8 700 723 0.69 1.7%
1,4,6,7 635 7006 0.66 1.6%

Heuristic Iinear
trimming algorithm, Y.Z.

® remove linearly
dependent IBPs

® remove [BPs

irrelevant to targets

® prefer IBPs with small

byte counting

powered by SpaSM package
(Charles Bouillaguet)



l.inear Reduction

efficient hinear algebra code under development ...

(photo from my hometown, Hefei, China)



l.inear Reduction

Hexagon-box, all rank-4 numerators

Prelimmary Mathematica code, YZ.

® Sparse RREK (row reduced echelon form) with weighted Markowitz pivoting strategy

® [inite field numeric zero guessing

® Integral basis change

® [nterpolation if necessary: heuristic multivariate rational function interpolation algorithm

More efficient implement in Singular by Bendle and Boehm
to be available



l.inear Reduction

Hexagon-box, all rank-4 numerators

cuts # 1BPs | # Integrals
1.5.7 1144 1177
2.5.7 1170 1210
2.5.8 1152 1190
2.6.7 1118 1155
3.5.8 1160 1202

367 | 1173 1217 >
3.6.8 1135 1176
4.6.8 1140 1176
1458 | 700 793

<LA6T | 683 | 706>

Preliminary Mathematica code

bivariate interpolation

RREF: 2.5 hours, one core, 1.8 GB RAM (440 times)
Interpolation: 23 minutes, one core, 15 GB RAM

31 minutes, one core, 1.5 GB RAM



Merge all the cuts

3 3 3 3
2 { ~ () 2~ ()
@ 4 1/:X5 1/X5 2/'_A5 2/1$/\5 21 4 Nl

Z1,2.3 Zas6 17 g Zo 10 Zi11,12,13  Zia,15 L1617
2 34 213 - 23? 53 :5354 345 2:3:5
17 15 7 ! 1 | 4 271 2”1 D Reduce to
T18.19  Zao, 21 T93 23 Ty, To5.26 Loz 98 Zog
5 5 23 203 PN A5 oy A 2y/3 .
S GIDE EREPE A & I & B 79 “pre”-master integrals
130,31 T3 133 I3y I35 I3 137 l
2v/ 3 N 3\ 3N_D 34
1 5) 9 2| ) ) .
y 41:(24 'Zj ‘ ‘ 2 :(124 2 :(1&’ /3 master integrals
7 T30 Ta1,420 L4344 L5 L6
3\
% 4 <& G
I47 T50,53  ZIsa 55
, , 5
o' B!
Le1 ey
30< | b
Lgg Leg
b bed bed  bed el Remove integrals related by global symmetries

L7 In Lr9 e L7y Wlth AZUI’itQ



Towards an “industry”-level implement of this 1BP algorithm

more flexible choice of cuts

adaptive kinematic variable choice for specific cuts
more etficient parallelization strategy

automatic selection of the pivot strategy

all codes rewritten i Singular/C++

Dominik Bendle, Janko Boehm, Alessandro Georgoudis, YZ,
and
more students/postdocs from TU Kaiserslautern and MPI Munich



Summary

® Using unitarity cuts, syzygies and module itersection method to decrease
the number of integrals dramatically in 1BP systems

® “|.ocalization trick” 1s surprisingly powerful for module mtersection computation
with multiple parameters

® An efficient way of Gaussian(-Bareiss) elimination of the small inear

system of IBPs needed

towards an automatic program

of complicated IBP reductions for multi-loop LLHC processes



