Color-Kinematics Duality
for QCD Amplitudes

Henrik Johansson
Uppsala U. & Nordita

3 1 Nov. 26, 2015
g
DESY Zeuthen
1
work with Alexander Ochirov
arXiv: 1407.4772, 1507.00332
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Generalization to QCD tree amplitudes
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Color-kinematics duality



Color-kinematics duality for pure YM

YM theories are controlled by a hidden kinematic Lie algebra

* Amplitude expanded in terms of cubic graphs: _ _
- kKinematic numerators

dLDe 1 " . © color factors
AP=3 [ o

ED @:im2i P ond 2
1€1l's (271-) S”' pilpizpz’3 e .p":l <— propagators

Color & kinematic

numerators satisfy ng—n; =nr <> C;—Cj=Cg
same relations:

Bern, Carrasco, HJ
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fdac]ccbe _ fdbCfcae — fa,bc]cdce = ¢ — cj = Ck
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Generalized gauge transformations

In general Feynman diagrams do not obey C-K duality <
* Four-gluon vertex absorbed / 5 : ;
into cubic graphs = ambiguity \ . g:
¢

* Feynman diagrams are gauge-dependent
— no reason to expect C-K duality to be present in all gauges

Amplitudes are invariant under “generalized gauge transformations”
CiA\;
2
lilz 25
(7

but not duality: 7; —Nj =N <& € — Cj = Cg

n; — n; + 4\ such that Z =0

()

Claim: starting from a general gauge there exists transformations Az'
that makes the numerators obey the duality !

Bern, Carrasco, HJ ('08) (‘10) 5



Gauge-invariant relations

A(1,2,...,n—1,n) = A(n,1,2,...,n— 1) Cyclicity > (n-1)! basis

n—1
» A(L,2,...,4ni+1,...,n—1)=0 U() decoupling
i=1
(n-2)! basis
A(L,B,2,0) = ()P Y™ A(1,2,0)  Kieiss-Kuijf
ocalfT relations (‘89)
n—1 i
(Zsjn)A(l,Q,...'é,n,'i—i—1,...,n—1):0 |
i=2  j=2 BCJ relations (‘08)
|| : (n-3)! basis

F(3,0,1]|)

A(l,2,,3,08) = A(l,2,3, -
( B) Z ( 0) H 82.a1,...,0
O'ES(C!)LU,B =1 ’ SRLEDET

BCJ rels. proven via string theory by Bjerrum-Bohr, Damgaard, Vanhove; Stieberger ('09)
and field theory proofs through BCFW: Feng, Huang, Jia; Chen, Du, Feng ('10 -'11)
Relations used in string calcs: Mafra, Stieberger, Schlotterer (11 -'13)

Relations used by Cachazo, He, Yuan to motivate CHY and scattering eqns ('13)



Gravity is a double copy of YM

Gravity amplitudes obtained by replacing color with kinematics

" ieI‘3 (27T)LD S"’ p’l?lp’l?2p?3 i p'?l

m D) @ ook e | .
- (27T) Si 20 2 LI U

double copy

Bern, Carrasco, HJ

® The two numerators can differ by a generalized gauge transformation
— only one copy needs to satisfy the kinematic algebra

» The two numerators can differ by the external/internal states
—> graviton, dilaton, axion (B-tensor), matter amplitudes

» The two numerators can belong to different theories
— give a host of different gravitational theories



Squaring of YM theory

Gravity processes = squares of gauge theory ones - entire S-matrix

Bern, Carrasco, HJ ("10)
Yang-Mills Gravity

M - M \ squared

numerators

A

E.g. pure Yang-Mills — Einstein gravity + dilaton + axion

N=4 super-YM — N =8 supergravity



Which “gauge” theories obey C-K duality

—Bern, Carrasco, HJ ('O8)
® Pure N=0,1,2,4 super-Yang-Mills (any dimension)_] Bierrum-Bohr, Damgaard,

Vanhove; Stieberger; Feng et al.
_ Mafra, Schiotterer, etc ('08-'11)

® Self-dual Yang-Mills theory 0’Connell, Monteiro ('11)
® Heterotic string theory Stieberger, Taylor ('14)
® Yang-Mills + F3 theory Broedel, Dixon ('12)

® QCD, super-QCD, higher-dim QCD HJ, Ochirov ('15)
Chiodaroli, Gunaydin,
® Generic matter coupled to NV'=0,1,2,4 super-Yang-Mills 7| Roiban: HJ, Ochirov (14)

® Spontaneously broken N'=0,2,4 SYM Chiodaroli, Gunaydin, HJ, Roiban ('15)

® Yang-Mills + scalar ¢® theory Chiodaroli, Gunaydin, HJ, Roiban ('14)

. . . Bern, de Freitas, Wong ('99), Bern, Dennen, Huang;
» Bl-adjOInt scalar CPB theory—I:Du, Feng, Fu; Bjerrum-Bohr, Damgaard, Monteiro, O’Connell

® NLSM/Chiral Lagrangian Chen, Du ('13)

® D=3 Bagger-Lambert-Gustavsson theory (Chern-Simons-matter)
Bargheer, He, McLoughlin; Huang, HJ, Lee (‘12 -'13)



Which gravity theories are double copies

® Pure N=4,5,6,8 supergravity (2 < D < 11) Bern, Carrasco, HJ (08 -'10)

® FEinstein gravity and pure N=1,2,3 supergravity HJ, Ochirov ('14)

® Self-dual gravity 0’Connell, Monteiro ('11)

® Closed string theories Mafra, Schlotterer, Stieberger ('11); Stieberger, Taylor ('14)

® Einstein + R3 theory Broedel, Dixon ('12)

® Abelian matter coupled to supergravity HJ, Ochirov (14 -’15)

® SYM coupled to supergravity Chiodaroli, Gunaydin, HJ, Roiban ('14)

® Spontaneously broken YM-Einstein gravity Chiodaroli, Gunaydin, HJ, Roiban ('15)

® D=3 supergravity (BLG Chern-Simons-matter theory)? 5i;gnh£e|:’J’HféeNz?1L§lﬁlgi)n;

® Born-Infeld, DBI, Galileon theories Cachazo, He, Yuan ('14)



Self-dual kinematic Lie algebra

Self dual YM in light-cone gauge: Monteiro and O’Connell ('11)
Generators of diffeomorphism invariance: p2
— k-
L = e """ (—kwOy + kuOw) p3
Lie Algebra: P1

Va YM vertex
Ly Ly, = iX(p1,p2) Ly 4y = in1p2kLk

The X(p4, p,) are YM vertices of type ++- helicity.

Diffeomorphism symmetry hidden in YM theory!

Self dual sector gives +++...+ amplitudes Boels, Isermann, Monteiro, 0'Connell
(S-matrix is one-loop exact)



Color-Kinematics Duality for QCD
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Defining QCD

‘QCD’ is taken to be the following theory:

SU(N.) YM + N; massive quarks

In fact, everything | say will also apply to:

G. YM + Ny massive complex-rep. fermions
/scalars

in D dimensions or SUSY extended SQCD



Only use two Lie-algebra properties

adjoint repr.

or gluon, or
Jacobi Id :j;g:/ ;&{ vector multipl.

”dac fcbe Ndbc fcae o

Commutation Id. :\:]< /E(
fund. repr.

or fermion, or

rabc e complex scalar,
f L7 or matter multipl.
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Duality: n; — N = Ng PN C; — C; = Cp



Amplitude presentation for QCD

QCD amplitude with k quark lines of distinct flavor: HJ, Ochirov
A<L) o Z dLD€ 1 n;c;
n,k (2m)LP S, D;
7
sum is over all cubic gluon—quark graphs with vertices { M’i\ w< }
Color factors C; are built out of %€ T;
Number of cubic tree-level graphs

K\n|[3[4]5] 6 | 7 8 S
0 |1 15 | 105 | 945 | 10395 (%i E

3
11315 ] 105 | 945 | 10395
1

5 | 35 | 315 | 3465 t
- 7 63 693 t

- -1 -1 -1 99

=~ DN =
1
1

v(n, k) = % for 2k <n



n=5 k=2 example

Look at 3 Feynman diagrams out of 5 in total:

1 a b b c1M1
5,0 = TE TP TP (1|es|145|3) [24] =
B8 = sy T TasTl Ml 4909) 21] =

37,k 41
1 b a b C272
5, —_ TY T T (13) [2]e5]2+5[4] =
B~y T ATl (13 Rlel2 51 =
21,7 17,1
3=k 4+ 7 o
v rabcrpb e
EMZ o P (1 ol2) (3151 — (11512 (3]
2t,7 17, —2(13) [24)((k1 +k2)-e5) ) = 5
5

Not gauge invariant, but satisfy color-kinematics duality

Cl — Cy = —Cp = niy — N9 = —Ny




Color decomposition

SU(NC) trace basis decomposition

only gluons:  Aj G = Z Te (T T%@ ... T%™)A(1,0(2),...,0(n))
c€Sn-1({2,...,n})
with quarks more 1 . . . . a .
complicated ~ N—g(T it T, (T T2) (T T,
Mangano, ...
e.g. k=1 Alree — Z (T ... Ta"(”))jzilA(l’ 2,0(3),...,0(n))
oc€Sn—2({3,...,n})
o3)o4) ... oa(n)
Del Duca, Dixon, Maltoni (DDM) basis
A= 3 fetewbh fhawb | fstemm A(1,2,0(3),...,0(n))

O’ESn—Q({Sa'-'an})

Properties: valid for any G, gives small (n - 2)! basis



Dyck words

Basis of planar (color-ordered) tree amplitudes:

only quarks

{A(l, 2,0) ’ s Dyckk_l} T. Melia

six-point example:

5,6), (5,6,3,4) < {3456}, {56}{34},
,6) & {3{56}4}, {5{34}6}.
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Melia basis

Basis of planar (color-ordered) tree amplitudes:

gluons & quarks {A(l, 2,0) } o € Dyck;_; x {gluon insertions}n_%}

: : T. Melia
size of basis:
empty brackets
—N—
k)= R ik @k - D@k (n—2) = 2!
ALE) = Gk — 1) N K
~ ~~ d insertions of (n—2k) gluons
dressed quark brackets k\ 314151 6 7 8
0 11216]24 ] 120 | 720
1 11216124 ] 120 | 720
2 -1 113112 | 60 | 360
. 3 -1 -1 41 20 | 120
Color decomposition, any (5., k, any rep. 4 -1-1-1T-1T - 130
»(n,k)
tree a .
-An,k = E C(1,2,0) A(1,2,0) HJ, Ochirov

o € Melia basis




Tensor representations

Tensor / copies of the gauge group Lie algebra:

l e

=2 =Y 18- 01eT'le---®lol

The E? are Lie algebra generators



Color coefficients

Color coefficients are given by ‘sandwich’ formulas:

r— color wave function

— {q|T°®EP_,

0(1757 o) = (_1)k_1 {2|o[1} % — g}
g — E?g

HJ, Ochirov
(proof by Melia)

: 3 4 9 6
For example, consider: Cl53755 = % % ‘
=T — > —1

a > —a —_ a — b
Clasass = {21{3[T*® E¢|4}{5|T°® 25|6}/1} = {2{3|T*® T"[4}{5|T°® T"|6}/1}
e aidsald a b bra a b
= {2/ T |1 H{3|T[4H{5]T7[6} = (T7T)iyz, Tigs, Tila »




Color coefficient diagrams

Consider a high-multiplicity example:

A(L,2,13,3,5,6,4,7,9,14, 11,12, 10, 8)

bra-c-ket 19 131315 6341{7{9 14{11 12}10}8}1}

structure

11 12

) 6 10

13 3 17 g
9 > > G > l
2 X 2X3 X 3 = 36

= — {2212 {3|T°® =Y {5|T°® =5|6}[4}
x{7|T%® 2{9|(T° ® 25244 {11|T'® =L|12} |10} |8} |1}

01757137§7§?€’Z7Z72’14)1 71 ?]‘ 7§



Amplitude relations: example

1 TZ-—Tk— B cin
E é = o — (g (b s+ m)davs) =
1,7: § 2 813—m Dl

1 ]
4,b 3,@ 3,CL 4,b
N2 _C3n3
. % Ié — - Dy § D
1,2 2,7 .y . 3
commutationrel. holds: €1 — C2 = C3 ny —Ng = N3
3
C;iMn; nq ns3 2 n3
Atree: v _ e — 4+ —= ] 4+c — = oA 524 + C1 A5
41 2; D '\ D, T D, 2\ D, " D; 241934 T C1 41943
1=
. .. . 1 1 D, Dy
Gaussian elimination of n, Az =\ 5, * 5o = (D7 Dy)Ds ) ™ Dy 1Dy 124

‘=0

2 2
> BCJ amplitude rel. (514 —m”)Ays34 = (s13 —m”) A543



Amplitude relations & basis

BCJ relations for pure-gluon amplitudes:

(

Bern, Carrasco, HJ

n—1
Z (Zsjn)A(l,Q,...i,n,i+1,...,n—1) —0
1=2

J=2

BCJ relations for quark-gluon QCD amplitudes:

n—1

i=2  j=2

S: (;i:sjn — m?)A(l, 2,.

HJ, Ochirov

..i,@i—l—l,...,n—l):O

kgluon!

24

120

. 24
Basis:

120

(n —3)!

24

120

N il S
N NN Ot

16

30

(n — 3)!(2k — 2)/k!

Wi RO
N EerE Rerl Nep) ey

30

proof by: de la Cruz,
Kniss,
Weinzierl

for k =0,1
for 2 < 2k <n



Simple 1-loop examples



One-loop calculations

3
diagrams:
4

nbox Thtri nbub
vanish
. after
integration
Tisnail ntadpole nxtadpole
kinematic algebra: neri(1,2,3,4,0) = nbox([1,2],3,4,¢)
npub(1,2,3,4,€) = npox([1,2], 3,4],£)
nSl’lall(l 2 3 4 E) _nbOX(172]73]747€)7
ntadpole(l 2 3 4 E) = nbox(:l, 2], [3, 4]],6) ,
nxtadpole<1 2 3 ! e) — nbox(::[la 2]7 3]7 4]76) .



Ansatz for the box numerator: A=0,1,2 SQCD

3
diagrams:
4

nbox TMiri nbub
ansatz for 4pt MHV amplitude with internal matter, in any SYM theory: HJ, Ochirov
Ki N -2
mpox(1,2,3,4,0) = Y -2 (Z aieMy) +€(1,2,3,0) Zaw M)
1<i<j<4

power-counting factorr N =4 — N & SUSY

momentum monomials: MW — {Hmz m; € {37 t, L kja 527 HQ}}

1=1

12]34) n

. \4A—N
TG00 @6 0,

state dependence: Rij —

( vector multiplet: Vv = Vy + Va0 )



Unitarity cuts

Parameters in ansatz fixed by unitarity cuts (unitarity method) gi;nt;aDriX::S’ower

N=2 SQCD: carrasco, Chiodaroli, Gunaydin, Roiban; Nohle; Ochirov, Tourkine, HJ, Ochirov

nﬁ/(;ilfund (k12 + /4;34)% (ks + sz)% (s + i0) st + (ZSU—QI— ln)?
—2e(1,2,3.0) K13 —2/124 n Mg (/612 + K34 n K23 1+ K14 n K13 + /<&24)
N=1 SQCD: ! ’ : “ 7 W, ochirov
nﬁsl’OddZ (K12 — %34)—(682;38)3 + (K23 — /f14)2% + (K13 — /<624)% <i—% + Bzﬁi - 325“ + 2)
— 2ie(1,2,3,0) (k13 + Ko4) 2&”;3_ ¢ ap® (K13 — Ka4) Sv;t ;

YM + scalar: Nohle; HJ, Ochirov QCD: HJ, Ochirov



N=2 SQCD

3
4
nbox Titri nbub
. . Bern, Dixon,
N=2 SQCD integrated amplitude: Dunbar, Kosower:
. Bern, Morgan
N=2fund (1= o at 44y _ HI27[B34 [ 1
_ _ _ (13)2[24)% [ rr —5 1 1
AN=2md 1= o g gy - In2( — R — Iy(t
4 ( ) ) ) ) (47.‘-)D/2 212 n ¢ + T +S’LL 2(S)+tu 2()
T iy




Using the QCD numerators to get GR

Pure Einstein gravity can be obtained from the QCD numerators:

M(l) y\ y\ / dDg 1 nv V, ﬁmnzm’ — ngnﬁzm
271' D S Dz
Ss4 i={B,t,b}
The YM square contains dilaton & axion, which has to be subtracted out
2
—_ — 2 4 X HJ, Ochirov
. 4 -
GR YM quark quark

...and similarly for triangle and bubble

Gives correct pure GR amplitude (cf. Dunbar & Norridge)



Loop-level application QCD

Two-loop 5pt all-plus-helicity amplitude in pure YM computed
to all orders in NV, using the DDM basis and BCJ relations:

Badger, Mogull, Ochirov, O'Connell (arXiv:1507.08797)
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X

Color-kinematics duality implies kinematic Lie algebra relations
satisfied by the nhumerators of gauge theory amplitudes

Generalized color-kinematics duality to QCD tree amplitudes
New color decomposition of QCD tree amplitudes
BCJ amplitude relations between primitives of QCD

Checks: Explicitly up to 8pts tree level, proof color decompositon (Melia)
proof BCJ relations (Weinzierl, et al.)

Constructed one-loop 4pt amplitude in N=1,2 SQCD and QCD such that the
duality is manifest.

Useful for construction of QCD loop amplitudes as well as
pure Einstein gravity amplitudes



