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Riemann: the greatest
mathematician ever.



1900: Hilbert's list of problems for the XX

centaury:
the first part of the eighth problem: The
Riemann Hypothesis

2000: Clay Institute: problems for
millennium.



Clay Mathematics Institute
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Millennium Problems

In order to celebrate mathematics in the new millennium, The Clay
Mathematics Institute of Cambridge, Massachusetts (CMIY has named seven
Frize Froblems . The Scientific Advisory Board of CMI selected these problems,
focusing on important classic questions that have resisted solution over the
years, The Board of Directors of CMI designated a $7 million prize fund for the
solution to these problems, with $1 million allocated to each. During the
Millennium Meeting held on May 24, 2000 at the Collége de France, Timothy
Gawers presented a lecture entitled The Importance of Mathematics | aimed for
the general public, while John Tate and Michael Ativah spoke on the problems.
The CMI invited specialists to formulate each problem,

one hundred years earlier, on August &, 1900, David Hilbert delivered his
farmous lecture about open mathermatical problems at the second International
Congress of Mathematicians in Paris. This influenced our decision to announce
the millennium problems as the central theme of a Paris meeting.

The rules for the award of the prize have the endorsement of the CMI Scientific
Advisary Board and the approval of the Directors. The members of these
boards have the responsibility to preserve the nature, the integrity, and the

spirit of this prize.
Faris, May 24, 2000

Please send inguiries regarding the Millennium Prize Problems to
prize.problems@claymath.org,

SCHOLARS PUBLICATIONS

* Birch and Swinnerton-Ciyer
Conjecture

* Hodge Conjecture

+ Mavier-Stokes Equations
PP ys NP

* Poincaré Conjecture

* Riemann Hypothesis
Frang-Mills Theary

*Rules

* Millenniurn Meeting Mideos



15 years old Gauss conjectured:

m(x) = #{p — prime, p < x}

(x) ~ /2 ) ln‘z‘; j = Lt

Remark:

Li(x) = v + In(In(x)) + Z (lan;(!))n

v = 0.577216 is the Euler-Mascheroni constant
3 = limy e (24 £ — In(n).



Euler’'s Gold Formula

=35 -T(-5)

n=1

This formula is valid only for R[s] > 1.
There are no zeros of ((s) for R[s] > 1.
1 is neither prime nor composite.



Euler has derived expressions giving values of
zeta for even arguments (B, are Bernoulli

numbers):
B - 7T2m
c(2m) = |222/|77)!
B
o

R.Apery (1998): ((3) is irrational.
W.1. Zudilin (2001): One of the numbers:

¢(5), ¢(7) ¢(9), ¢(11)

is irrational.



The path leading to the proof of the Gauss
conjecture was outlined by Riemann in the
paper: "Ueber die Anzal der Primzahlen unter
einer gegebenen Gresse” (Monatsberichte der
Berliner Akademie, November 1859). First
Riemann has continued analytically {(s) to
the whole complex plane with exception of
s=1.ats=1 ((s) has a pole.
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Riemann has shown that the integral (s # 1):

s) [ (oo

271 eXx —1 x

C(s) =

9]

where the contour:
is equal to > 2, 1/n° on the right of the line
R[s] = 1.




Trivial zeros: s = —2,—4,—6,... ie.
((—2n) = 0. Besides that there exist
infinity of zeros p = o + it in the
critical strip 0 < R[p] =0 < 1. Ifp
is zero, then also p and 1 — p are
zeros. Zeros are located symmetrically
around the critical line R[s] = 1.



The Riemann hypothesis
All non-trivial zeros are lying on the

critical line

1+'t
S=—+1
2

i.e. are of the form p = % + iy
von Mangoldt(1905):
N(T)=2L1In(L) + 4 0(In(T))

Hardy (1914) There is mflmtely many zeros of ((s)
on the critical line.



N(D) - (InGm) -1) - 1 a

max (N(T) - m=(in(z) -1) - 1)

wlll

min (N(T) - 3-(In(sz) -1) - )

1<x<T
0.5 —| M
0 — “14'1[““1““'&”\ Il 'M Mmm ”{
T TTHIHI T \\\IHII T \l\le T |||H|w T |||H||| T 1T

|

10' 10° 10° 10* T 10° 10°



C(pi)=0 i=12,...,26
1 | 1+i14.134725142 14 T +160.831778525
2 | 7 421.022039639 15 > + 165.112544048
3 | 5+4125.010857580 16 > + 167.079810529
4 | 3 +i30.424876126 17 > +i69.546401711
5 | 3+1i32.935061588 18 > +i72.067157674
6 | 3+i37.586178159 19 % 4 i75.704690699
7 | 5 +i40.918719012 20 > + 177.144840069
8 |3 +i43.327073281 21 > +i79.337375020
9 [ 3+i48.005150881 22 > +i82.910380854
10 | 5 +/49.773832478 23 5 + 184.735492981
11 | 2 +52.970321478 24 > + 187.425274613
12 | 5 + 56.446247697 25 > +188.809111208
13 | 3 + 59.347044003 26 > +192.491899271




O|O «— hypothetical zeros outside
the critical strip
= .
607} @ « 3+i59.347...
50i \
= o+it
S 40i "\ nontrivial zeros
.‘//
30i %
trivial zeros
20i
| 2+i14.13472...
10i simple pole s=1
’'d
©
A4 42 10 -8 6 -4 2 12
-10i
-20i
-30i
-40i
-50i
-60;
S8
olo




Next Riemann obtained the exact formula
for m(x). Let

g

1/m

m:

where p(n) is the Mdbius function:

1 forn=1
pu(n) = < 0 when p?|n

~—

—1)" when n= p1ps2...p,



m(x) = R(x) = Y R(x") (*)

p

where the sum runs over zeros of ((s), i.e.

¢(p) = 0.

7(x) = Li(x)
Littlewood has proved that Li(x) — 7(x)
changes infinitely many times sign. Here is
the computer illustration of the formula (*):



m(x) = R(x) = ) R(x’) (%)

gdzie suma przebiega po wszystkich zerach
((s), tzn. ¢(p) = 0. Pochodna tego wzoru
to suma d zlokalizowanych na liczbach
pierwszych.

Wzar (*) monna sprawdzit na komputerze

m(x) ~ Li(x)  m(x) = Li(x)+O(In(x)v/x)

Z grubsza n-ta liczba pierwsza i Li~*(n)
maje % tych samych cyfr.



X 7(x) Li(x) Li(x) — 7(x)
10° 25 30 5
10° 168 178 10
10 1229 1246 17
10° 9592 9630 38
10° 78498 78628 130
10’ 664579 664918 339
108 5761455 5762209 754
10° 50847534 50849235 1701
10%° 455052511 455055615 3104
10! 4118054813 4118066401 11588
10%2 || 37607912018 37607950281 38263
10" | 346065536839 | 346065645810 108971
10'* || 3204941750802 | 3204942065692 314890




X 7(x) Li(x) — 7(x)
10% 29844570422669 1052619
10% 279238341033925 3214632
107 2623557157654233 7956589
108 24739954287740860 21949555
10%° 234057667276344607 99877775
10%0 2220819602560918840 222744647
1021 | 21127269486018731928 597394250
102 | 201467286689315906290 | 1932355520
103 | 1925320391606803968923 | 7250186752
10%* | 18435599767349200867866 | 17146872832
10% | 176846309399143769411680 | 55160980939




Jacques Salomon Hadamard (1865 — 1963)
and Charles-Jean -tienne Gustave Nicolas,
Baron de la VallUe Poussin (1866 — 1962)
proved in 1896 the PNT: there are no zeros
of ((s) on the line 1 + it.




J.P. Gram(1903): 15 zeros are on the critical line

A.Turing (1953): 1104 zeros are on the critical line

(“in an optimistic hope that a zero would be found off critical line")

D.H. Lehmer (1956): 25000 zeros are on the critical
line

S. Wedeniwski: 2.5 x 10! zeros are on the critical
line: s = % + it |t| < 29,538,618,432.236
X. Gourdon(2004): 10® zeros are on the critical line.



How to prove the
Riemann Hypothesis?



Mertens hypothesis:

M(x) = 3 n(n)

n<x
If IM(x)| < 4/x then Riemann hypothesis is
fulfilled.

Littlewood: RH is equivalent to the:

M(x) = O(x'/?)
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A.M. Odtyzko and H.J.J. te Riele in 1985
have disproved Mertens hypothesis. They
have calculated first 2000 zeros of ((s) with
accuracy 100-105 digits — It took 40 hours

on the CDC CYBER 750 + 10 hours on the
Cray-1.
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W remnze WAL

That 1t ever, that “you'll m\uu walland peacelul coexistence 13 necded

T
leader of the Syrian-  (Contlmsed on Page 2, Col. 3)

at the moment, lie between us.

suggested
d negotiale on the problems that  would not take much substantive sec what the position’s going fo more than ever in the age of nuclear
" progress of even much promise of be.”

missiles

The st o

'rofile at Winter Olympics

and his skis went up after he ook a spill Tuesday im
sics at Sarajevo. He was disqualified. His tcamumate
ant slalom, won the event. Meanwhile, the British ice
w won the gold medal. Storics on Pages 6 and 7.

Math Theory Gets a Nay After 10 Billion Yeas

By Lee Dembart
Lun Angetes Times Serwce
L('E ANGELES — A mllh:mlllu! mruhu:-
wre, irst pmpm{d ago, that
as known (0 be truc lw me

st 10 billion
mlmbcn has been proved false.

Besides being x reminder that in mathematics
nothing is true unl it is proved Lrue, the finding
that the so-called Mertens conjecture is false has

in “several fields of

very careful,” Andrew yllo of Bell Labora-
tonies, one of the \!nplmrn of the Mertens
conjecture, said Monday. “Empincal evidence
can very often be nusleading

The most significant consequence is that the
Riemann hypothesis, considered the most im-
portant unsolved problem in mathematics (o
day, remains unsolved. {f the Mertens cony
ture were true, it would have directly |mpl|ed the
truth of the Riemann hypothesis, which 13 in
itsell the linchpin of o sheal of unsolved prob-
lems in mathematics.

However, the faluty of the Mertcns conjec-
ture does not imply that the Riemann hypothe-
sis is false. That remains an opea question.

Mr. Odlyzko and Herman te Ricle of the
Center for Mathematics and Computer Science
in Amsterdam disproved the Mertens conjec-
ture using fast computers and an improved
method of testing. The conecture, first pro-
posed by TJ. Suclyes in 1889 and later by F

M:mm in 1897, is a statement about the behav-

lor of a function derived from the number of
prime factors i cach whole aumber from 1 10
infinity.

Mr. ()dlvnn and Mr. te Ricle bave not found
aun;lcmlm-mmemﬂ:mmxmm andit
1s not clear that they or anyone ever will. They
believe that 3 counterexample will be found
around 10 to the 10th power to the 70th power,
which is a number larger than the number of
atoms in the universe and well beyond the
ablity of any computer (o calculate.

h Lu an inkling of how you might
(m‘np\ne 1" Ronald Graham of Bell Laborato-
fics said. “1t might conceivably be a problem
which you know has to fail but )m'll never {ind
a value for which it fails.”

Noactheless, Mr. Odlyzko said Monday, his
and Mr. te Ricle's work shows that “there arc
infinitely many counterexamples” o the Mer-
Lens conjecture — even if noe is ever found

Using pencil and paper. Mertens humself
showed that his hypothesis was true for the [irst
10,000 intcgers, which ase the whole numbers 1.
2,3 4 and 5o on. o 1913, another mathemati-
@an calculated that it was true for the st §
million tntegers. In 1963, a computer was used
to show (hat it was true for the first 10 billion
integers

“1t would be hard 10 disprove by computa-
ton,” he sad

The Mertens conjecture says that the speaal
summation function derived from the number

of prime factors in a number is always loss than
the number's square oot As the numbers in-
crease, the summation function shows no partic-
ular form.

Those who had hoped that the Mertens con-
Jocture was true because of its implications for
the Riemann hypothesis will be disappointed. A

of the Riemann hypothesis would result ia
important improvements 0 work on prime
numbers, one of the most significant elements of
contemporary work in number theory.

So important is the Riemann hypothesis that
an cntire chapter of a 1921 was titled
'Undu the Assumption of the Riemann Hy-

u” and it luted many ihoorems mn
dcpcnd on 1. The hypothesis, proposed b
Bernhard Riemann in 1859, involves the lm
where the kaum iz Tunction aqlu.hg

? vroi has been
lulzd or lbt lml J)D million Os. Similarly,
Fermat’s last theorem, another important out-

sanding pmhkm N been tested and shown to
be true for the first 125,000 numbers.

But, as is shown by the disprool d lhc Mcr
teny conjecture. just because the V-
pothess is true for the hul 320 tmll.wn 0 nlm:
not mean itis always true. Itis a similar case for
Fermat's last theorem and the first 125,000
exponents

The problem s that the number of integers is
nfinite, s no matter how many individual cases
are studied, there will always be infinitely many
that have not been,



RH is equivalent to
1

I7(x)—Li(x)| < 8—\/>?|n(x) for all x > 2657.
T

Criteria for RH involving integrals
RH is true <«

11282 [ | 3~
| Graap ), o+ ldod =7

(<)) gy g

RH is true <:>/
|s|?



Lagarias (2000): An Elementary
Problem Equivalent to the Riemann
Hypothesis: RH is equivalent to the
inequalities:

U(n) = Z d < Hn‘|‘eXp(Hn) |Og(Hn)
d|n

for each n=1,2,.... Here H, are

n-th harmonic numbers H, = > 7| Jl



5000000

4000000

3000000
a(n)

2000000

1000000

200000

Hy, + exp(Hy)log(H),)

400000

N

600000

n

800000

1000000



The de Bruijn-Newmana constant (1950,

1976):
i (z 1 1
4F<§+Z>C<z+§>

£(iz) = = (z - %) T

RH < all zeros of £(iz) are real.

NIN

q)(t) 2(27_(2 4 9t 37Tn265t)e—7rn2e4t
n=1

t > 0. Then & is a Fourier transform of ®:

ég (%) - /0 " o(t) cos(zt)dt



Larger class: H(z, \) is the Fourier
transform of CID(L‘)e)‘7f2 and

H(z,0) = ££(32) N. G. De Bruijn
proved that (1950):

1. H(z, A\) has only real zeros for
A> 2

2. If H(z, A) has only real zeros for
some X', then H(z, A) has only real
zeros for each X > \.



Ch. Newman (1976) has proved that there
exists such parameter A1, that H(z, A1) has
at least one non-real zero. Thus there exists
such constant A in the interval

—o0o < A < 1, that H(z, \) has real zeros
< A > A. Riemann Hypothesis is equivalent
to A <0.

Newman believes A > 0.



Csordas et al (360 digits) (1988) — 50 < A

te Riele (250 digitsr) (1991) —5 <A

Odyzko (2000) —2.7-107° <A

k = 100471810732, ~4i1—k < 0.000145

" if RH is true, it is barely true”



Maybe RH is
undecidable
(P. Cohen, Fields medallist 1966)
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B. van der Pol
Bulletin of the AMS 53 (1947), pp. 976-981

¢(3 + it) /OO —x/2 2\ it
_ X X| X ixt
"y i (e [e"] —e )e x

0,9)

paper, scissors, rotor, source of light,
photocell, sinusoidal current of variable
frequency.






Fi1G. 2. Paper disc, showing the sawtooth function y(x) for the range —9 <x <49,



¥

, the first 29 of which (marked [) correspond
ical line.

i !&n 3. Record of |5(1/24i0)/(1/2+i0)| as produced viectromechanically showing 0., mi

to the 29 known zeros of the zetu-function on the



The Poly’a— Hilbert
Conjecture: "((3 + iH)=0"
RH is true, because complex parts of
the non-trivial zeros correspond to
eigenvalues of the positive self-adjoint

operator. Was proposed around 1910,
first published in 1973.

letter of G. Polya (1887-1985) to
Odlyzko from January 1982:



STANFORD UNIVERSITY
STANFORD, CALIFORNIA 9439
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Montgomery (1973):Assume RH: p = 2 + /.

s sinTTu 2
Z 1= 1 — du
o TUu
0<y,y'<T

2nc S 28
nTSY VST

F. Dyson recognized in the above formula
the same dependence as in the behavior of
the differences between pairs of eigenvalues
of random Hermitian matrices.



A. Odlyzko performed computer experiments

The 10%°-th zero of the Riemann zeta
function and 70 million of its neighbors,
thousands of hours on Cray-1 i Cray X-MP
The 10%°-th zero of the Riemann zeta
function and 175 million of its neighbors,
1992 revision of 1989
The 10%1-st zero of the Riemann zeta
function,

The 10%%-nd zero of the Riemann zeta
function, (~ 10° zeros)



Odlyzko (1987): 0, = (Vi1 — %)M

2T
1 Z b sSInTTu 2
N /a < ( g ) ) u
1<n<N,
k>0

5n+5n+1+...;5n+k6[04,6]



1.2 —

0.8 —

0.4 —

1 - (sinmu/mu )?

* I korelacyjna




The results confirmed the GUE (Gaussian
unitary ensemble) distribution: the gaps
between imaginary parts of consecutive
nontrivial zeros of ((s) display the same
behavior as the differences between pairs of
eigenvalues of random Hermitian matrices.
P. Sarnak wrote: "At the phenomenological
level this is perhaps the most striking
discovery about the zeta function since
Riemann.”



H=xp AND THE RIEMANN ZERQCS

M.V, Berry! and 1P Keating?

1H, 1. Wills Physics Laboratory,

Tyndall Avenue, Bristol BS8 1TL, U.K.

28chool of Mathemarics, University Walk,

Bristol BS8 1TW, UK.,

and Basic Research Institute in the Mathematical Sciences,
Hewlett-Packard Laboratories Bristol, Filton Read,

Stoke Gifford, Bristol BS12 6QZ, UX.

1. INTRODUCTION

The Riemann hypothesis 1.2 states that the complex zeros of £(s) lie on the critical
line Re 5=1/2; that is, the nonimaginary solutions £, of

S(3+iE,)=0 o)
are all real. Here we will present some evidence that the £, are energy levels, that is
eigenvalues of a hermitian quantum operator (the 'Riemann operator’), associated with the

classical hamiltonian

Hy(x.p)=xp @



. H has the classical counterpart
describing a chaotic, unstable and
bounded dynamics.

» The dynamics of the Riemann does
not have reversal time symmetry.

» And the Riemann dynamics is
one-dimensional



The number of levels of H < E:

N(T) = T In (%) +g+(9(|n(7_))

const 1 _
VE(x) ~ |X|1/2—/EC <§ - ’E>
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THE SPECTRUM OF RIEMANNIUM

Acknowledgments
I owe the title of this column to Oriol Bohigas, who
mentioned “the spectrum of Riemannium™ in a talk at

the Mathematical Sciences Research Institute in
Berkeley, where I was an embedded journalist in 1999.

he year: 1972. The scene: Afternoon tea in

| Fuld Hall at the Institute for Advanced

Study. The camera pans around the Com-

mon Room, passing by several Princetonians in

tweeds and corduroys, then zooms in on Hugh

Montgomery, boyish Midwestern number theo-

rist with sideburns. He has just been introduced
to Freeman Dyson, dapper British physicist.

Dyson: So tell me, Montgomery, what have you
been up to?

Montgomery: Well, lately I've been looking into
the distribution of the zeros of the Riemann zeta
function.

Dyson: Yes? And?

Montgomery: It seems the two-point correlations
go as.... (furning to write on a nearby blackboard):

Dyson: Extraordinary! Do you realize that's the

Brian Hayes

games of solitaire, one-dimensional gases and
chaotic quantum systems. Is it all just a cosmic
coincidence, or is there something going on be-
hind the scenes?

The Spectrum of Interstatium

How things distribute themselves in space or time
or along some more abstract dimension is a ques-
tion that comes up in all the sciences. An as-
tronomer wants to know how galaxies are scat-
tered around the universe; a biologist might study
the distribution of genes along a strand of chro-
matin; a seismologist records the temporal pattern
of earthquakes; a mathematician ponders the
sprinkling of prime numbers among the integers.
Here I shall consider only discrete, one-dimen-
sional distributions, where the positions of items
can be plotted along a line.

Figure 1 shows samples of several such distri-
butions, some of them mathematically defined
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Lorentz-invariant Hamiltonian and Riemann hypothesis

Susumu Okubo
Department of Physics and Astronomy, University of Rochester, Rochester, NY 14627, USA

Received 22 July 1997, in final form 15 September 1997

Abstract. We have given some arguments that a two-dimensional Lorentz-invariant
Hamiltonian may be relevant to the Riemann hypothesis concerning zero points of the Riemann
zeta function. Some cigenfunction of the Hamiltonian corresponding to infinite-dimensional
representation of the Lorentz group have many interesting properties. Especially, a relationship
exists between the zero zeta-function condition and the absence of trivial representations in the
wavefunction. We also give a heuristic argument for the validity of the hypothesis.

The Riemann hypothesis (RH) [1-3] is one of the long-standing problems in the number
theory. The Riemann’s zeta function ¢ (z) for a complex variable z is defined for Rez > 1
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ON THE RIEMANN HYPOTHESIS:
A FRACTAL RANDOM WALK APPROACH

Michael ¥. SHLESINGER
Office of Naval Research. Physics Division, 800 North Quincy Street,

Arlington,
Virginia 22217, USA

In his investigation of the distribution of prime numbers Riemann, in 1859, introduced the zeta
function with a complex argument. His analysis led him to hypothesize that all the complex zeros
of the zeta function lic on a vertical line in the complex plane, The proot or disproof of this
hypothesis has been a famous outstanding problem in mathematics. We are able to recast
Ricmann's Hypothesis into a probabilistic framework connected ta the fractal behavior of a lattice
random walk. Fractal random walks were ingroduced by P Levy, and in the continuum are ealled
Levy fiights. For one particular latice version of a Levy flight we show the connection to
Weierstrass' continuous but nowhere differentiable function. For a different lattice version, U\mL a

Mellin transform analysis, we show how the zeroes of the zeta functian borares the




M. Shlesinger has investigated a very special
one-dimensional random walk which can be
linked with the RH. The probability of
jumping to other sites with steps having a
displacement of £/ sites involves directly the
Mobius function:

1 1 pu(/)
,D(:IZ/):§C (/1+5:|:/1+56>7 ﬁ>0,

1

— is a normalization
CA+B)+ e

where C =

factor.



Some general properties of the "structure function
A(k) being the Fourier of the probabilities p(/):
AMk) =", e*p(l), enabled Shlesinger to locate the
complex zeros inside the critical strip, however the
result of J. Hadamard and Ch. J. de la
Vallée—Poussin that (1 + it) # 0 can not be
recovered by this method. What is interesting the
existence of off critical line zeros is not in
contradiction with behavior of A\(k) following from
the laws of probability.



PRL 94, 100201 (2005)

PHYSICAL REVIEW LETTERS

Open Circular Billiards and the Riemann Hypothesis
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A comparison of escape rates from one and from two holes in an experimental container (e.g., a laser
trap) can be used to obtain information about the dynamics inside the container. If this dynamics is simple
enough one can hope to obtain exact formulas. Here we obtain exact formulas for escape from a circular
billiard with one and with two holes. The corresponding quantities are expressed as sums over zeros of the
Riemann zeta function. Thus we demonstrate a direct connection between recent experiments and a major

week ending
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unsolved problem in mathematics, the Riemann hypothesis.

DOL: 10.1103/PhysRevLett.94.100201

Billiard systems, in which a point particle moves freely
except for specular reflections from rigid walls, permit
close connections between rigorous mathematics and ex-
perimental physics. Very general physical situations, in
which particles or waves are confined to cavities or other
homogeneous regions, are related to well understood bil-
liard dynamical systems, directly for particles and via
semiclassical (short wavelength) theories for waves.
Precise billiard experiments have used microwaves in
II‘ILlJJ [1.2] and Sllpx,l“gol'lduulll'lg 3] cavities and with

sible light reflected Imm mirrors [5]
S PR PR I B

PACS numbers: 02.10.De, 02.30.1k. 05.60.Cd. 45.50.Dd

At long times, the probability of a particle remaining in
an integrable billiard with a hole 1s well-known to exhibit
power law decay, in contrast to exponential decay from
strongly chaotic billiards [19]; however the coefficient of
the power (“escape rate”) in the integrable case has not
been computed exactly to our knowledge. Numerical simu-
lations can be misleading: for example, a power law decay
at long times can be masked by an exponential term at short
times.

Here we consider the circle billiard, which is integrable
due to angular momentum conservation. Some three di-

namalu tha svlindse and cnhors con ke






Dynamics of point particle bouncing
inside the circular billiard

T(B,¢) = (B+7—2¢,9)



Survival probability P(t) that the particle will
not escape till time t:

() = o= S n(6(n) — ()

[0 e

®(n) Euler's totient function: the number of
positive integers m < n that are relatively
prime to n: ged(m, n) =1

x2 x>0
gX) =10 x<o



Then they proved that RH is
equivalent to

lim lim € (tPy(t) —2/€) =0

e—0 t—00

be true for every § > —1/2.



The functional equation can be written in
non—-symmetrical form:

or(s) cos@s)c(s) — (201~ )

The Kramers—Wannier duality relation for the
partition function Z(J) of the two dimensional Ising
model with parameter J expressed in units of kT

Z(J) = 2"(cosh(J))?N (tanh(J))V Z(J),

where N denotes the number of spins and Jis related
to J via e"%) = tanh(J),



The Lee—Yang circle theorem on the zeros of the
partition function. Let Z(f3, z) denote the grand —
canonical partition function. Phase transitions are
connected with the singularities of the derivatives of
Z(B,z), and they appear when Z(3,z) = 0. The
Lee—Yang theorem asserts that in the
thermodynamical limit, when the sum for partition
function involves infinite number of terms, all zeros
of Z(3,z) for a class of spin models are pure
imaginary and lie in the complex plane of the
magnetic field z on the unit circle: |z| = 1.

s = % + it can be mapped into the unit circle
ssu=s/(l—s)=G+it)/(3—it): |u =1
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The Number-Theoretical Spin Chain and the Riemann
Zeroes
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Abstract: It is an empirical observation that the Riemann zeta function can be well
approximated in its critical strip using the Number-Theoretical Spin Chain. A proof of
this would imply the Riemann Hypothesis. Here we relate that question to the one of
spectral radii of a family of Markov chains. This in turn leads to the question whether
certain graphs are Ramanujan.

The general idea is to explain the pseudorandom features of certain number-
theoretical functions by considering them as observables of a spin chain of statistical
mechanics. In an appendix we relate the free energy of that chain to the Lewis Equation
of modular theory.
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crystals. That is a major program of research which
is still in progress.

A fourth joke of nature is a similarity in be-
havior between quasi-crystals and the zeros of
the Riemann Zeta function. The zeros of the zeta-
function are exciting to mathematicians because
they are found to lie on a straight line and nobody
understands why. The statement that with trivial
exceptions they all lie on a straight line is the
famous Riemann Hypothesis. To prove the Rie-
mann Hypothesis has been the dream of young
mathematicians for more than a hundred years.
I am now making the outrageous suggestion that
we might use quasi-crystals to prove the Riemann
Hypothesis. Those of you who are mathematicians
may consider the suggestion frivolous. Those who
are not mathematicians may consider it uninterest-
ing. Nevertheless I am putting it forward for your
serious consideration. When the physicist Leo
Szilard was young, he became dissatisfied with the
ten commandments of Moses and wrote a new set
of ten commandments to replace them. Szilard’s

NOTICES OF THE AMS

I had some vague ideas that I thought might lead
to a proof. In recent years, after the discovery of
quasi-crystals, my ideas became a little less vague.
I offer them here for the consideration of any
young mathematician who has ambitions to win
a Fields Medal.

Quasi-crystals can exist in spaces of one, two,
or three dimensions. From the point of view of
physics, the three-dimensional quasi-crystals are
the most interesting, since they inhabit our three-
dimensional world and can be studied experi-
mentally. From the point of view of a mathemati-
cian, one-dimensional quasi-crystals are much
more interesting than two-dimensional or three-
dimensional quasi-crystals because they exist in
far greater variety. The mathematical definition
of a quasi-crystal is as follows. A quasi-crystal
is a distribution of discrete point masses whose
Fourier transform is a distribution of discrete
point frequencies. Or to say it more briefly, a
quasi-crystal is a pure point distribution that has
a pure point spectrum. This definition includes

VOLUME 56, NUMBER 2



In 1975 S.M. Voronin proved theorem on the
universality of the Riemann ((s) function:
Let 0 < r < 1/4 and f(s) be a complex
function continuous for |s| < r and
analytical in the interior of the disk. If

f(s) # 0, then for every € > 0 there exists
real number T = T/(e, f) such that:

f(s)—g(s+ GJF/' T))‘ < e.

maX
|s|<r
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Riemann zeta function is a fractal
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Abstract — Voronin’s theorem on the “Universality” of Riemann zeta function is
shown to imply that Riemann zeta function is a fractal (in the sense that Mandelbrot
set is a fractal) and a concrete “representation” of the “giant book of theorems” that
Paul Halmos referred to.

Keywords: Riemann zeta function, Voronin, fractal, Paul Halmos, Info. theory

Voronin’s theorem [1] on the “Universality” of Riemann zeta function [2] states that

Theorem Let 0 < r < 1/4 and let f(s) be a complex function analytic and continuous for
|s|] <r. If f(s) # 0, then for every e > 0, there exists a real number T = T'(e, f) such that

3
max [ =Cs+(g+iT))| <e

Let’s infer 3 Corollaries from Voronin’s theorem. The 1st is interesting, the 2nd is a strange
and amusing consequence, and the 3rd is ludicrous and shocking (but a consequence nevertheless).

Corollary 1 Riemann zeta function is a fractal.




J. Derbyshire “Prime Obsession” (2001) pp. 357-358:
JD: Andrew, you have gazed on more non-trivial
zeros of the Riemann zeta function than any person
alive. What do you think about this darn
Hypothesis? Is it true, or not?

AQ: Either it's true, or else it isn't.

JD: Oh, come on, Andrew. You must have some
feeling for an answer. Give me a probability. Eighty
percent it's true, twenty percent it's false? Or what?
AQ: Either it's true, or else it isn't.



