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The muon anomalous magnetic moment

● Scattering of a muon on an  external electromagnetic field is described by two form-factors

● At leading order QED, only Dirac form-factor is present, Pauli form-factor is induced 
radiatively

● At               ,  the Dirac form-factor  is protected from radiative corrections, but the Pauli 
form factor is not. The Pauli form-factor changes the muon magnetic moment



Why the muon ?

● Both, electron and muon magnetic moments are modified. In principle, can be measured by 
 studying the spin precession. A much easier task for the electron because it is stable

● The muon magnetic anomaly is much more sensitive to physics beyond the Standard Model, 
because the muon is so heavy !

● Muon instability requires special techniques to measure its magnetic moment

Brookhaven  g-2 experiment



Theory of muon g-2

● Theoretical predictions for muon magnetic anomaly  are very advanced; when theoretical 
and an experimental values are compared, an interesting discrepancy is observed

HADRONS



Hadronic vacuum polarization

● Hadronic vacuum polarization contribution currently has the largest uncertainty among all 
Standard Model contributions.  It is obtained from a dispersion integral in a relatively 
clean way.  The largest contribution comes from low ( less than 1 GeV) energies. 



Hadronic light-by-light scattering

● Hadronic light-by-light scattering contribution is a much less clear story because no direct 
experimental input is available

● This contribution is sensitive to relatively low values of the loop momenta; it can not be 
computed in perturbation theory – some modeling  of hadron physics is unavoidable

● Need to respect field-theoretic constraints on the correlator of four electromagnetic 
currents

– long-distance: chiral

– short-distance: perturbative QCD



Theoretical parameters

● To make  progress, we need a ``small parameter''

– small pion mass – chiral expansion 

– large number of colors 

Leading chiral contribution Leading         contributions 

The chiral enhancement is much less important 
than the        enhancement



Previous results

● All existing results are consistent   with this picture of the large-N dominance even if they 
are not always presented in this way

● The majority of calculations of hadronic light-by-light scattering contribution to the muon 
anomaly employ models of low energy hadron physics where certain mesons interact with 
photons in certain ( form-factor corrected) ways

● The current recommended value is  

● Recently, the results of a different approach (Dyson-Schwinger) equation were presented; 
they turned out to be unexpectedly high. The current estimate is 

A typical meson contribution 

Goecke, Williams, Fisher

Prades, de Rafael, Vainshtein



Large number of colors

● If we work in the approximation of large number of colors,  we must consider two 
approximately equal  contributions.  

●  Consistent computation of the two contributions is important but it is not obvious how it 
can be done.  Indeed, the meson contribution is damped in UV by introducing form-factors 
while the quark loop contribution is damped in IR by the quark masses

● Two options:

– extrapolate the meson contributions to high virtualities – no need for the quark loop

– extrapolate the quark loop down to ``small masses'' – no need for the meson 
contribution



Large-N and short distance contraints

● In the large-       limit, QCD Green's functions are computed as  infinite sums of narrow 
resonances

● The correlator of four electromagnetic currents can also be described in this way. But, at 
short distances, thie  sum of resonances for the correlator should match onto the quark-
loop contribution since the quark loop  is also leading in        

● We can attempt to match  using minimal number of resonances possible, since working 
with infinite sums is not practical



High-energy limit of the scattering  amplitude

The  amplitude for off-shell photon scattering is complicated; it is described by 
nineteen invariant form-factors

Each of the 19 form-factors is a 
complicated function of external 
kinematic variables; not obvious 
how to match on a small number 
of resonances



Making the matching simpler

● We simplify the problem by picking up a particular part  in the phase-space where 
expression for the full amplitude simplifies

In that limit,  the four-point function  maps on a the three-point 
function of an axial current and two vector currents;  this is a very 
special object since it is related to the axial anomaly



The triangle amplitude 

● The triangle amplitude is expressed through two invariant structures, longitudinal and 
transverse with respect to the momentum of the axial current                                                  
                              

For massless quarks

If no explicit chiral symmetry breaking is present, the longitudinal form factor can be 
continued to                         without modification and can be explicitly matched to the 
contribution of neutral pseudoscalar mesons to the Green's function



The model

● To illustrate the model, we consider the contribution of pseudoscalars                                   
                                     

Consistency with the OPE constraint requires that only the form-factor appears in 
one of the vertices; it should be absent in the vertex with the magnetic field. 
Numerically, this increases the pseudoscalar contribution by about 30 percent and 
removes the need for the quark box contribution 

With this approach, one obtains                         for the large-N contribution



Perturbative hadronic light-by-light

● We have seen that the extrapolation of meson  contributions to light-by-light scattering 
amplitude to short distances  can be done in  a QCD-consistent way thereby avoiding the 
need to add the (massive) quark box explicitly. 

● We have also seen that the two contributions are, approximately, equal if both are 
restricted to  their ``natural'' domains

● Can we now get rid of the meson  contribution entirely and obtain a reasonable description 
of hadronic light-by-light scattering using the constituent quark diagram?

                                                                         

Strong  sensitivity to the quark mass – need to fix its value 

Pivovarov; Erler, Sanches



Fixing the quark mass

● To fix the quark mass, we  compute  hadronic vacuum polarization in the constituent quark 
model; the quark mass is then fixed because the hadronic result is known

● Consider the SU(3) symmetric case for simplicity

                                                                         

Relatively small value of quark mass allows to neglect contributions of pion 
loops that in pirnciple should be included for a consistent description of the 
chiral limit



Check of the constituent quark model

● We can use the derived value of the quark mass to compute other contributions that can 
also be obtained using experimental data

● The result based on the dispersion relation computation is                              ; it is fully 
consistent with what we get from the constituent quark model computation (in fact, 
accounting for more mass suppress terms makes the agreement even better)

                                                                         



Hadronic light-by-light in the constituent quark model

● We can now compute the hadronic light-by-light scattering contribution using the 
constituent quark model.  In that model, the hadronic vacuum polarization and the 
hadronic light-by-light contributions are tightly connected

                                                                         

The result is very well consistent with more 
sophisticated computation based on the 
extrpolation from the long- to short-distances



The constituent quark model

● The physical meaning of the constituent quark model is that (for certain observables)  most 
important non-perturbative effects can be described by ``effective'' quark masses 

● A possible logical extension of this is that the constituent quark model can also  include 
``effective gluon fields'' that couple to constituent quarks in a canonical way, with some 
effective  coupling.  The coupling does not need to be small. 

●  Also this set up is definitely simplistic,  it allows us to ask an important question:          
does such a  deformation of the constituent quark model destroy the relationship between 
hadronic vacuum polarization contribution and hadronic light-by-light scattering 
contribution that we just found?

● To  answer this question, we  require  radiative corrections to the hadronic vacuum 
polarization and to the hadronic light-by-light; we need to  see that they  are consistent

● Also: within the Dyson-Schwinger approach, the reason for large discrepancy with other 
results seems to be a strong modification of the photon-quark vertex.  Should probably be 
detectable in the constituent quark model

                                                                         



Radiative corrections in the constituent quark model

● Radiative corrections to the hadronic vacuum polarization contribution can be taken from 
the literature

● We don't quite know what the ``strong coupling constant'' is; as I emphasized earlier, it is  
some effective coupling

● If we take                      , we find the radiative corrections to be large, close to sixty percent

● On the other hand, they can be absorbed into a re-definition of the quark mass parameter 
and so they are not very meaningful per se.  However, they do become fully meaningful if 
the hadronic light-by-light scattering contribution is available at the same order in the 
``strong coupling constant''    

                                                                         



Radiative corrections in the constituent quark model

● Radiative corrections to hadronic light-by-light scattering contribution can be worked out 
assuming that the heavy quark mass is much larger than the muon mass (this is the same 
approximation that we employ everywhere)

● The problem can be reduced to the evaluation of four-loop vacuum bubble integrals with 
non-trivial tensor structure

                                                                         

Four-loop vacuum bubbles computed by   
Schroder, Vuorinen



Constituent quark model at NLO

● Using these results we can write down a formula that connects hadronic vacuum 
polarization and hadronic light-by-light scattering contributions in the constituent quark 
model, including first order radiative corrections

● We find that a tight  relation between hadronic vacuum polarization and hadronic light-by-
light  persists even at next-to-leading order in the ``effective strong coupling constant''. The 
leading order result is modified by at most twenty percent

                                                                         



Conclusions

● Hadronic light-by-light scattering contribution to the muon anomalous  magnetic moment 
is a complicated quantity sensitive to non-perturbative details of hadron physics

● New experiment  to measure muon g-2 with a higher precision  is planned; necessitates  
better understanding of  the hadronic light-by-light scattering contribution 

● Existing results for hadronic light-by-light scattering contribution satisfy a number of field-
theoretic constraints including long- and short-distance ones;  seem to be  quite solid

● Recent unexpected result based on the Dyson-Schwinger equation → it differs from more 
conventional approaches by a factor two

● The constituent quark model is capable of describing hadronic light-by-light scattering 
contributions  even if the ``radiative corrections'' are included – the relation between the 
hadronic vacuum polarization and hadronic light-by-light contributions to the muon 
anomaly is  quit   robust

● Significant  reduction in the theoretical uncertainty in  hadronic light-by-light scattering 
contribution will require a much  better control over hadronic contributions that are sub-
leading in the number of colors

 

                                                                         


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24

