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Quantum Chromodynamics: Wilson twist-2 operators

Twist = Canonical dimension - Lorentz spin j [Gross, Wilczek '73]
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Quantum Chromodynamics: Wilson twist-2 operators

Twist = Canonical dimension - Lorentz spin j [Gross, Wilczek '73]
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators
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Quantum Chromodynamics: Wilson twist-2 operators

4 4
= Cr | 881j) =5+ -7 =6
= Cr | 8816) = 5+ 1 0]
8 16 16 8§ 8 4
qg:T -t - gq:C —_—— = —
) Tl i G2 ) F[ =1 5 g+l
8§ 8 8 8 11| 8
=Ca | 851(j) — —— b —— — |+ 2T
v =Ca| 8910) =577 +5 - 5T i 1 3
1
Cr=Cy TR:§CA

Yaa T Yoa = Yog T Yag = Ca |:851( )

4
_ il 4+ - 6} Dokshitzer relation

Origin: N' = 1 Supersymmetric Yang-Mills theory
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N = 4 SYM theory: One loop

Wilson twist-2 operators: [Gross, Wilczek '73]

g _ a a
O/n yeeesMg T Gpul DMZ DMS "'Dﬂj—l Gpuj

A _ya a,i
(Qltl,...,p.j - >‘i ’Y/L1D#2 "'Dltj)‘
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N =

Wilson twist-2 operators:

SYM theory: One loop

[Gross, Wilczek '73]
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N = 4 SYM theory: One loop

Wilson twist-2 operators: [Gross, Wilczek '73]

=G, DDy Dy, Gy
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N = 4 SYM theory: One loop

Wilson twist-2 operators: [Gross, Wilczek '73]
~ ~ a
g _ a a g — 4
Om,m,uj - GmeuzDus"-Dm—lGpuj Qm---aw - GmeMDHS”'DMflGPW
A __Ya a,t A =\ a, 1
Oty = MY Dy oDy A Ol ooy = A5 Dy - Dy A

01?1 yeeeshty T d)?DmD#Q "'Dﬂj o*"

Anomalous dimension matrix in leading order: [Lipatov “00]
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N = 4 SYM theory: One loop

Wilson twist-2 operators: [Gross, Wilczek '73]
~ ~ a
g _ a a g — 4
Om,m,uj - GmeuzDus"-Dm—lGpuj Qm---aw - GmeMDHS”'DMflGPW
A __Ya a,t A =\ a, 1
Oty = MY Dy oDy A Ol ooy = A5 Dy - Dy A

01?1 yeeeshty T d)?DmD#Q "'Dﬂj o*"

Anomalous dimension matrix in leading order: [Lipatov “00]

Yag  Yax  Vgo
I'= Mg N Mo
Yog  Vex Voo
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N = 4 SYM theory: One loop

Wilson twist-2 operators: [Gross, Wilczek '73]

Ofrrovois = Gy Ppia P+ Dy Ga @;?1,...,;” Gam DHS"'DM—léZW
(9'“1" SHi T Xg’y/‘lpl‘?"'pl‘j A 0#17 g T 5\?757/L1D#2-..D/Lj P
0#17 kg T J)?DMD;LQ---DM on"

Anomalous dimension matrix in leading order: [Lipatov ‘00]
752):_451(j)+%_3+111_112 W;z)_é_jl% jlfz
Wéoq):jflfjfz Wf?o*):ji17§+jil ”ioﬁp):§ éox):j;
7R = *451(j)+;7jj_1 7 = —asmG) 49 = jjl,;
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N = 4 SYM theory: One loop

Wilson twist-2 operators: [Gross, Wilczek '73]
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N = 4 SYM theory: One loop

Wilson twist-2 operators: [Gross, Wilczek '73]

~ ~a
a a g a
Omp G ,ul Dlts' Hj— G Olth---,ﬂj G m IDHS"'IDM171Gpuj
_\a a,i _ya a,t
O . oty = AV Dy Dy A O . ity = N85V Dy Dy A
_ ja a,r
0#17 coHg 7¢)T‘ID#1DH’2'“DIJ‘J'¢ ’
Anomalous dimension matrix in leading order: [Lipatov “00]
© _ _ 4 4 4 4 © 8 16 16
Yog = —4510)+ —— - -+ - Mg = Z T
99 T R B T e SR I I B e
(o _ 12 12 o _ 4+ 4 2 (o _ 8 Lo 6
Yo T 5E1 gtz U T i g Tgrn e TG e T g
O _ g iy r__4 L0 _ s (0 _ 4 4
YA 1(4) + 3T i1 Yoo 1(5) Y o1
SO _ _agiony_ 8 8 0 _ 8 16
Fog 1(7) 7+1+j g j+j+1
0 _ 42 =0 _ _4g 4 4
Fgx 3 741 Fxx 1(9) + - 1
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order: [Lipatov “00]
O ~©)
r© © 7%) ’Ygﬁ) R LI
= Trg Mo = (0) 10)
A/ A

/V(O) ,Y(O) /7(0)
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order: [Lipatov “00]
%y /-}/g(g\) 'Yég) O F©
= Vax
r© — O D A© ro — ( A/(O) (0) )
7<0> D A
J J
Sii-2) 0 0 Sii-1) 0
o saw 0 0 S+
0 0 Si(j+2)
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order: [Lipatov “00]
%y 7;2) 'Yég) O F©
= Yox
F(O) = ’VA((;) A“j\) 7(0) F(O) = ( ’Y(O) (0) )
A D A
J J
Sii-2) 0 0 Sii-1) 0
o saw 0 0 S+
0 0 S1(j +2)

Eigenvalues of anomalous dimension matrix are expressed trough
the same function ~ % (j +2) = S1(j) with shifted argument

luni
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order: [Lipatov “00]
%y 7;2) 'Yég) O F©
= Yox
F(O) = ’VA((;) A“j\) 7(0) F(O) = ( ’Y(O) (0) )
A D A
J J
Sii-2) 0 0 Sii-1) 0
o saw 0 0 S+
0 0 S1(j +2)

Eigenvalues of anomalous dimension matrix are expressed trough
the same function ~ % (j +2) = S1(j) with shifted argument

luni

Origin:
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order: [Lipatov “00]
%y 75;9\) 'Yég) O F©
= Yox
F(O) = ’YA((;) A“j\) 7(0) F(O) = ( ’Y(O) (0) )
A D A
J J
Sii-2) 0 0 Sii-1) 0
o saw 0 0 S+
0 0 S1(j +2)

Eigenvalues of anomalous dimension matrix are expressed trough
the same function ~ % (j +2) = S1(j) with shifted argument

Tuni

Origin: All multiplicatively renormalizable operators in N' = 4 SYM theory
belong to the same supermultiplet
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N = 4 SYM theory: One loop

Anomalous dimension matrix in leading order: [Lipatov “00]
% %(g) ’Yg(g) - 5(0)  A(0)
PO = [ 40 A A9 = ( S0 A0 )
Yy Wx Vs S
J J
Sii-2) 0 0 Sii-1) 0
0 &) 0 0 Sii+1)
0 0 Si(+2) !

Eigenvalues of anomalous dimension matrix are expressed trough
the same function “,/((J> (j +2) = S1(j) with shifted argument

unt

Origin: All multiplicatively renormalizable operators in N' = 4 SYM theory
belong to the same supermultiplet

T — g A &
OM17~~7M - OM1,~-<7MJ' + Oﬂla-~7ﬂj + ON1;~-7MJ'
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N = 4 SYM theory: Two loops

SRR R
r@_ [ 4o A0 A FO (W Y
=1 e Ky he =\ z0 20
Mg PN

M A A
’Ytbg ’7¢/\ ,7¢d>
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N = 4 SYM theory: Two loops

i ’Yg(i) ’Yg(if . S A1)
0= o o A - (2 )
Wo BN % oo
I I
YomG—2) T I's1 . ~
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N = 4 SYM theory: Two loops

g/ gl ~ ~
PO — [ 40 A 40 f(1):( D ’Y;b)

Ao NAx The 21 A
wW B
I I
AG-2) Ty I3 1) . ~
. (. Yori (G — 1) 'y
0 Yo (F) I'so ( 0 (1) G+1) )
0 0 ALhG+2) ot

In the next-to-leading order (NLO) the matrix will triangle, but again
the eigenvalues are expressed through the same function ’yfl]n)z(y)
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N = 4 SYM theory: Two loops

68 YN Vs - 5L AW
PO =19 @ = ( s A )
ryd()}]) ’Yq(b}\) ’yqf&(lb) Ag AN
U U
’Yq(ﬁl)z (G—2) Iy I3y 1) /. ~
0 M s N Yani(G — 1) |51
0 0 ALhG+2) ot

In the next-to-leading order (NLO) the matrix will triangle, but again

the eigenvalues are expressed through the same function ’yfl 1)7(7)

37

1)

uns

YG) = Yuni() = () + U () + 60N+
(G +2) = (S307) + S-3(7) = 25-21()) + 281(5)(S2(5) + S-2(5)
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N = 4 SYM theory: Two loops

(L D A
oa” Tox go ~ A1) A
@ = D AL AL = 99 oA
= ’y)\g ’y}\(b =

: A
Wo BN % ’
I I
AG-2) Ty I3 1) . ~
(. Vi (G — 1) To
0 Yoni(J) Lo ) .

In the next-to-leading order (NLO) the matrix will triangle, but again
the eigenvalues are expressed through the same function ’yfl]n)z(y)

N o= (A — a0 (s 22 (1) (- ~3.(2) (-
() = Yuni(d) afy“m(j) a Pyum(J) ta Vum(]) + "KLV ‘03]

LG +2) = (S3() + S—3()) — 25-2.1()) +251(7)(S2(j) + S—2(5))

Nested harmonic sums (level ¢ = |a| + |b] + |¢| + .. .):

! (sign(a))* ! (sign(a))¥
Sa(j) = Z%, Sape,(J) = Z%Sb,(,...(k)
k=1 k=1
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Two loops: QCD vs. A = 4 SYM theory

Two-loop result in N' = 4 SYM theory:

[KLV ‘03]

LM (G +2) = =S5() — S_3(j) + 251, 2(j) +252.1(j) + 2 S1.2(5)
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Two loops: QCD vs. A = 4 SYM theory

Two-loop result in N' = 4 SYM theory:

[KLV ‘03]

LM (G +2) = =S5() — S_3(j) + 251, 2(j) +252.1(j) + 2 S1.2(5)

Two-loop result in QCD: NiSn = Sa(N+£1)
17 28 151 11
YWty = 40,00 <2N+S;fﬁ725‘ 37?Sl+(N,+N+)[E81+2S|_ 3*€52:|>

14 1
+4Cpny <— 58— (N2 +Ny) {—

1 ’ 3
213 951—§Sz]>+4cp <4Sf3+251+2S2—§

N |:Sz +2S3} —(N_+N}) {sl 48| 542812425 HD
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Two loops: QCD vs. A = 4 SYM theory

Two-loop result in N' = 4 SYM theory:

[KLV ‘03]

LM (G +2) = =S5() — S_3(j) + 251, 2(j) +252.1(j) + 2 S1.2(5)

[A.Kotikov, L.Lipatov arXiv:hep-ph/0112346]

Two-loop result in QCD: NiSn = Sa(N+£1)
17 28 151 11
YWty = 40,00 <2N+S;fﬁ725‘ 37?Sl+(N,+N+)[E81+2S|_ 3*€52:|>

1 4 11 1 3
+4Cpng <§ +3S5-(N-+Ny) {351 - gSZD +4C;? (45,3 +251 428 5

+N_ |:Sz +2S3} —(N_+N,) {sl 48| 542812425 +s;]>
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N = 4 SYM theory: Maximal transcendentality

Main result of two-loop calculations:

confirmation of maximal transcendentality principle [KL “02]
J . k
(sign(a))
Sunencli) = 3 S g g
k=1
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N = 4 SYM theory: Maximal transcendentality

Main result of two-loop calculations:

confirmation of maximal transcendentality principle [KL “02]

J sign(a))*
Sabe-(1) = z%sb,g...(k)
k=

1

Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =
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N = 4 SYM theory: Maximal transcendentality

Main result of two-loop calculations:

confirmation of maximal transcendentality principle [KL “02]

J sign(a))*
Sabe-(1) = z%sb,g...(k)
k=

1

Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =

Eigenvalues of the anomalous dimension matrix for twist-2 operators
in A" = 4 SYM theory are expressed only through harmonic sums
with maximal transcendentality

Vitaly Velizhanin Twist-2 operators in N = 4 SYM theory



N = 4 SYM theory: Maximal transcendentality

Main result of two-loop calculations:

confirmation of maximal transcendentality principle [KL “02]

J sign(a))*
Saben(i) = z%sbﬁ,..(k)
k=

1

Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =

Eigenvalues of the anomalous dimension matrix for twist-2 operators
in A" = 4 SYM theory are expressed only through harmonic sums
with maximal transcendentality

In ¢ order of perturbative theory is equal to 2¢ — 1 J
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N = 4 SYM theory: Maximal transcendentality

Main result of two-loop calculations:

confirmation of maximal transcendentality principle [KL “02]

J sign(a))*
Saben(i) = z%sbﬁ,..(k)
k=1

Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =

Eigenvalues of the anomalous dimension matrix for twist-2 operators
in A" = 4 SYM theory are expressed only through harmonic sums
with maximal transcendentality

In ¢ order of perturbative theory is equal to 2¢ — 1 J

One loop: S
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N = 4 SYM theory: Maximal transcendentality

Main result of two-loop calculations:

confirmation of maximal transcendentality principle [KL “02]

J sign(a))*
Saben(i) = z%sbﬁ,..(k)
k=

1

Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =

Eigenvalues of the anomalous dimension matrix for twist-2 operators
in A" = 4 SYM theory are expressed only through harmonic sums
with maximal transcendentality

In ¢ order of perturbative theory is equal to 2¢ — 1 J

One loop: S
Two loops: S3, S_3, So1, S1,2, S—2,1, S1,-2, S1,1.1
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N = 4 SYM theory: Maximal transcendentality

Main result of two-loop calculations:

confirmation of maximal transcendentality principle [KL “02]

J sign(a))*
Saben(i) = z%sbﬁ,..(k)
k=

1

Transcendentality: sum of the absolute values of indices |a| + |b] + |c| + =

Eigenvalues of the anomalous dimension matrix for twist-2 operators
in A" = 4 SYM theory are expressed only through harmonic sums
with maximal transcendentality

In ¢ order of perturbative theory is equal to 2¢ — 1 J

One loop: S
Two loops: S3, S_s, Sa1, Si,2, S—2.1, S1,—2, S1,11

Using the maximal transcendentality principle we can obtain
the universal anomalous dimension in N' = 4 SYM theory
without any calculations from the results obtained in QCD
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years [Moch.Vermaseren Vogt ‘04]
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Three-loop anomalous dimension in QCD: 10 years [Moch.Vermaseren Vogt ‘04]
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Three-loop anomalous dimension in QCD: 10 years [Moch.Vermaseren Vogt ‘04]
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years [Moch,Vermaseren Vogt 04]

Applied maximal transcendentality principle: immediately [KLOV ‘04]
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years [Moch,Vermaseren Vogt 04]

Applied maximal transcendentality principle: immediately [KLOV ‘04]
= %(31)1(1) = 28385 —8-253853-355+245 3111

+6(S_41+S_32+5_23) —12(S_311+ S-212+5-221)
—(52 + 2512)(3 S_3+ 53— 2572,1) — 51(8 S_4+ 532
+4858 5 +283+38,—1285 37— 1085 95 +16S5_911)
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years [Moch,Vermaseren Vogt 04]

Applied maximal transcendentality principle: immediately [KLOV ‘04]
= %(LL:BZ(J) = 28385 —8-253853-355+245 3111

+6(S_41+S_32+5_23) —12(S_311+ S-212+5-221)
—(52 + 2512)(3 S_3+ 53— 2572,1) — 51(8 S_4+ 532
+4858 5 +283+38,—1285 37— 1085 95 +16S5_911)

In particular case j = 2

7uni(2):12g2—48g4+33696_|_...’
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N = 4 SYM theory: Three loops

Three-loop anomalous dimension in QCD: 10 years [Moch.Vermaseren Vogt ‘04]

Applied maximal transcendentality principle: immediately [KLOV ‘04]
= %(LL:BZ(J) = 285 385, —85—25 95 —-35_5+245 2111

+6(S_41+S_32+5_23) —12(S_311+ S-212+5-221)
—(52 + 2512)(3 S_3+ 53— 2572,1) — 51(8 S_4+ 532
+4858 5 +283+38,—1285 37— 1085 95 +16S5_911)

In particular case j = 2

2
N
Yuni(2) = 129> —48¢* +336¢° +---,  ¢g* = g(Zié)Q

Confirmation of the result for the anomalous dimension of Konishi
in A/ = 4 SYM theory from integrability (ABA) J
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AdS/CFT-correspondence

[Maldacena ‘97] [Witten ‘98] [Gubser, Klebanov, Polyakov ‘98]

Maximally extended
supersymmetric = < [IB string on AdS5 x S°
gauge theory
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AdS/CFT-correspondence

spin

1/2

[Maldacena ‘97] [Witten ‘98] [Gubser, Klebanov, Polyakov ‘98]

Maximally extended
supersymmetric = < [IB string on AdS5 x S°
gauge theory

Gauge field A,

4 fermions \?

3 complex scalars ®”
Conformal Field Theory
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AdS/CFT-correspondence

spin

1/2

[Maldacena ‘97] [Witten ‘98] [Gubser, Klebanov, Polyakov ‘98]

Maximally extended

supersymmetric = < [IB string on AdS5 x S°
gauge theory 7

Gauge field A, 3

4 fermions \?

3 complex scalars ®”

AdS - Anti-de Sitter space

Conformal Field Theory with negative curvature
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AdS/CFT-correspondence

spin

1/2

[Maldacena ‘97] [Witten ‘98] [Gubser, Klebanov, Polyakov ‘98]

Maximally extended

supersymmetric = < [IB string on AdS5 x S°
gauge theory T

Gauge field A, 3

4 fermions \?

3 complex scalars ®”

AdS - Anti-de Sitter space

Conformal Field Theory with negative curvature

The same symmetry
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AdS/CFT-correspondence

[Maldacena ‘97] [Witten ‘98] [Gubser, Klebanov, Polyakov ‘98]

Maximally extended

supersymmetric = < [IB string on AdS5 x S°
spin gauge theory T
1 Gauge field A, &
1/2 4 fermions \*
0 3 complex scalars ®”

AdS - Anti-de Sitter space

Conformal Field Theory with negative curvature

The same symmetry

Operators — Oa(z)=TrA...U...® <& |O4) - String states
Dimension - A =24+4+m2R?> & m - Mass
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AdS/CFT-correspondence

spin

1/2

Operators —

Dimension

Oa

[Maldacena ‘97] [Witten ‘98] [Gubser, Klebanov, Polyakov ‘98]

Maximally extended
supersymmetric = < 1B string on AdS5 x S°
gauge theory

Gauge field A,
4 fermions \?
3 complex scalars ®”

AdS - Anti-de Sitter space

Conformal Field Theory with negative curvature

The same symmetry

x)=TrA...¥... & & |O,4) - String states
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AdS/CFT-correspondence

spin

1/2

Operators —

Dimension — A =24+ /4 +m2R?

(Oa(2)OB(y)) ~

[Maldacena ‘97] [Witten ‘98] [Gubser, Klebanov, Polyakov ‘98]

Maximally extended

supersymmetric = < [IB string on AdS5 x S°
gauge theory Jp—

Gauge field A,

4 fermions A\’

3 complex scalars ®" Ly
AdS - Anti-de Sitter space

Conformal Field Theory with negative curvature

The same symmetry

Oulx)=TrA...¥... & & |O4) - String states

< m  — Mass
l/N = Gst
A=g¢2yN & A=R'/d?
0A,B _ 1
m g HStmng‘OA> = EA(ﬁa 93) ‘OA>

ANy A<l = E(ﬁg@ A>1
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Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]

T2 =Tr 2222227222277 ...
TwXZ =TrXZZ..=TceZXZ...
Z Tr X2k x 77k

k

X =& V=2 and Z=®3 - scalar fields

7
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Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]

T 2! =T 222222222227 ...
TwXZ =TrXZZ..=TceZXZ...
ZTr XZkx 7k

k
X=®' V=82 and Z=®3 - scalar fields

_ 2 N Two dimensional
BMN-limit: N,J — 0o, X = gyf]\g quantum field theory
in flat space

Vitaly Velizhanin Twist-2 operators in N = 4 SYM theory



Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]

T 2! =T 222222222227 ...
TwXZ =TrXZZ..=TceZXZ...
ZTr XZkx 7k

k
X=®' V=82 and Z=®3 - scalar fields

_ 2 N Two dimensional
BMN-limit: N,J — 0o, X = gyf]\g quantum field theory
in flat space

Computations of anomalous dimension of BMN-operators: Tr XZXZ
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Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]

T 2! =T 222222222227 ...
TwXZ =TrXZZ..=TceZXZ...
ZTr XZkx 7k

k
X=®' V=82 and Z=®3 - scalar fields

_ 2 N Two dimensional
BMN-limit: N,J — 0o, X = gyf]\g quantum field theory
in flat space

Computations of anomalous dimension of BMN-operators: Tr XZXZ

X X
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Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]

T 2! =T 222222222227 ...
TwXZ =TrXZZ..=TceZXZ...
ZTr XZkx 7k

k
X=®' V=82 and Z=®3 - scalar fields

_ 2 N Two dimensional
BMN-limit: N,J — 0o, X = gyf]\g quantum field theory
in flat space

Computations of anomalous dimension of BMN-operators: Tr XZXZ

X X

Tt XZX Zgen = AN Tr X ZXZ 4+ Ay(\) Tr ZX X Z
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Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]

T 2! =T 222222222227 ...
TwXZ =TrXZZ..=TceZXZ...
ZTr XZkx 7k

k
X=®' V=82 and Z=®3 - scalar fields

_ 2 N Two dimensional
BMN-limit: N,J — 0o, X = gyf]\g quantum field theory
in flat space

Computations of anomalous dimension of BMN-operators: Tr XZXZ

X X

Tr XZX Zgen = A\N) T XZXZ 4+ Ay(\)Tr ZX X Z
Tt ZX X Zgen = As(N) T XZXZ + Ay(N)Tr ZX X Z
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Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]

T 2! =T 222222222227 ...
TwXZ =TrXZZ..=TceZXZ...
ZTr XZkx 7k

k
X=®' V=82 and Z=®3 - scalar fields

_ 2 N Two dimensional
BMN-limit: N,J — 0o, X = gyf]\g quantum field theory
in flat space

Computations of anomalous dimension of BMN-operators: Tr XZXZ

X X

Tr XZX Zgen = A\N) T XZXZ 4+ Ay(\)Tr ZX X Z
Tt ZX X Zgen = As(N) T XZXZ + Ay(N)Tr ZX X Z

TXZXZN 0 TrXzXz
TZXXZ ), T ZXXZ
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Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]
Relation with Heisenberg spin chain [Minahan and Zarembo ‘02]

w2 =TwZ222Z22ZZ7Z27... < [T o)
TwXZ =TrXZZ...=TwZXZ... < [T
SoTe XZEXZITE e (AT )

k
X=0! 1V =0% and Z=33 - scalar fields < spin up and spin down

_ 2 N Two dimensional
BMN-limit: N,J — oo, X = gyf]\g quantum field theory
in flat space

Computations of anomalous dimension of BMN-operators: Tr XZXZ

X X

Tr XZX Zgen = A\N) T XZXZ 4+ A\ Tr ZX X Z
Tr ZX X Zgen = As(N T XZXZ + Ay(N)Tr ZX X Z

TXZXZN 0 TrXZXZ
TZXXZ ), T ZXXZ
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Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]
Relation with Heisenberg spin chain [Minahan and Zarembo ‘02]

w2 =TwZ222Z22ZZ7Z27... < [T o)
TwXZ =TrXZZ...=TwZXZ... < [T
SoTe XZEXZITE e (AT )

k
X=0! 1V =0% and Z=33 - scalar fields < spin up and spin down

_ 2 N Two dimensional
BMN-limit: N,J — oo, X = gyf]\g quantum field theory
in flat space

Computations of anomalous dimension of BMN-operators: Tr XZXZ

TxzxZ\ | (TeXZXZ DY _ gy 14140
“)(TrZXXZ) _A(”(TrZXXZ) - H(”(Hm) _E“)(nm)
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Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]
Relation with Heisenberg spin chain [Minahan and Zarembo ‘02]

w2 =TwZ222Z22ZZ7Z27... < [T o)
TwXZ =TrXZZ...=TwZXZ... < [T
SoTe XZEXZITE e (AT )

k
X=0! 1V =0% and Z=33 - scalar fields < spin up and spin down

_ 2 N Two dimensional
BMN-limit: N,J — oo, X = gyf]\g quantum field theory
in flat space

Computations of anomalous dimension of BMN-operators: Tr XZXZ

TxzxZ\ | (TeXZXZ DY _ gy 14140
“)(TrZXXZ) _A(”(TrZXXZ) - H(”(Hm) _E“)(nm)

Hy = % (1=7¢-0py1) — Hamiltonian of XXX, /5 spin chain
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Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]
Relation with Heisenberg spin chain [Minahan and Zarembo ‘02]

w2 =TwZ222Z22ZZ7Z27... < [T o)
TwXZ =TrXZZ...=TwZXZ... < [T
SoTe XZEXZITE e (AT )

k
X=0! 1V =0% and Z=33 - scalar fields < spin up and spin down

_ 2 N Two dimensional
BMN-limit: N,J — oo, X = gyf]\g quantum field theory
in flat space

Computations of anomalous dimension of BMN-operators: Tr XZXZ

TxzxZ\ | (TeXZXZ DY _ gy 14140
“)(TrZXXZ) _A(”(TrZXXZ) - H(”(Hm) _E“)(nm)

Hy = % (1=7¢-0py1) — Hamiltonian of XXX, /5 spin chain
Exact solution: INTEGRABILITY (Bethe-Anzatz) [Bethe '31, Faddeev... '80]
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Integrability in AV = 4 SYM

BMN—OperatOrS: [Berenstein, Maldacena and Nastase ‘02]
Relation with Heisenberg spin chain [Minahan and Zarembo ‘02]

w2 =TwZ222Z22ZZ7Z27... < [T o)
TwXZ =TrXZZ...=TwZXZ... < [T
SoTe XZEXZITE e (AT )

k
X=0! 1V =0% and Z=33 - scalar fields < spin up and spin down

_ 2 N Two dimensional
BMN-limit: N,J — oo, X = gyf]\g quantum field theory
in flat space

Computations of anomalous dimension of BMN-operators: Tr XZXZ

TxzxZ\ | (TeXZXZ DY _ gy 14140
“)(TrZXXZ) _A(”(TrZXXZ) - H(”(Hm) _E“)(nm)

Hy = % (1=7¢-0py1) — Hamiltonian of XXX, /5 spin chain
Exact solution: INTEGRABILITY (Bethe-Anzatz) [Bethe '31, Faddeev... '80]
Hs and Hs were computed:  TEST [Beisert, Staudacher '03]
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Integrability in AV = 4 SYM

Bethe-anzatz: H|T) = E|¥) (Bethe 31
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)
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Integrability in AV = 4 SYM

Bethe-anzatz: H|T) = E|¥) (Bethe 31
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)

Leading Order: ‘TTTT\LTTT\LTTTT .o > [Minahan and Zarembo ‘02]
A L
HSU(Q) WZ(IzIrJrI _Ex 'ErJrl)
r=1
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Integrability in AV = 4 SYM

Bethe-anzatz: H|T) = E|¥) (Bethe 31
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)

Leading Order: ‘TTTT\LTTT\LTTTT .o > [Minahan and Zarembo ‘02]
A L
HSU(Q) WZ(IzIrJrI _Ex 'ErJrl)
r=1

v+ 1<xp: Eog(wy,22) = 4p(x1,22) — P21 — 1,22) — (21 + 1, 22)
—Y(z1, 20 — 1) —(z1,22 + 1)
X + 1= X Eo’(/}(.’tl,ﬂj’g) = 21/}($1,:L‘2) — 1/1(:11’1 — 1,$2) — 1/1(501,5132 —+ 1)

Vitaly Velizhanin Twist-2 operators in N = 4 SYM theory



Integrability in AV = 4 SYM

Bethe-anzatz: H|T) = E|¥) (Bethe 31
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)

Leading Order: ‘TTTT\LTTT\LTTTT .o > [Minahan and Zarembo ‘02]
A L
HSU(Q) WZ(LE 'Ierl _Ex '5:1:+1)
r=1

z1+1<x: Egp(x1,22) = 4(21,22) — (21 — 1,22) — (21 + 1, 22)
—Y(z1, 20 — 1) —(z1,22 + 1)
X + 1= X Eo’(/)(.’tl,l‘g) = 21/}($1,l‘2) — 1/1(:11’1 — 1,$2) — 1,[}(501,:132 —+ 1)

_ A . 9 (D1 D2 B eP1tip2 _ 9pip1 1 ]
Bo= gz [ (5) +s® (3)]  Seum) = gy
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Integrability in AV = 4 SYM

Bethe-anzatz: H|T) = E|¥) (Bethe 31
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)

Leading Order: ‘TTTT\LTTT\LTTTT .o > [Minahan and Zarembo ‘02]
A L
HSU(Q) WZ(LE 'Ierl _Ex '5:1:+1)
r=1

z1+1<x: Egp(x1,22) = 4(21,22) — (21 — 1,22) — (21 + 1, 22)
—Y(z1, 20 — 1) —(z1,22 + 1)
X + 1= X Eo’(/)(.’tl,l‘g) = 21/}($1,l‘2) — 1/1(:11’1 — 1,$2) — 1,[}(501,:132 —+ 1)

_ A .9 (D1 D2 B eP1tipz _ 9pip1 1 ]
Bo= gz [ (5) +s® (3)]  Seum) =gy

el = S(p1,ps) eP2l = S(py, p1) p1+p2=0

Vitaly Velizhanin Twist-2 operators in N = 4 SYM theory



Integrability in AV = 4 SYM

Bethe-anzatz: H|T) = E|¥) (Bethe 31
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)

Leading Order: ‘TTTT\LTTT\LTTTT .o > [Minahan and Zarembo ‘02]
A L
HSU(Q) WZ(I:E 'Ierl _Ex '&r+1)
r=1

z1+1<x: Egp(x1,22) = 4(21,22) — (21 — 1,22) — (21 + 1, 22)
—Y(z1, 20 — 1) —(z1,22 + 1)
X + 1= X Eo’(/)(.’tl,l‘g) = 2’(/}($1,l‘2) — 1/1(1’1 — 1,$2) — 1,[}(501,1’2 —+ 1)

AT eiP1tip2 _ 9eip1 4 |
oo () ()] s -

2 etp1tipz _ Qpip2 | ]
et = S(p1,p2) et = S(p2, 1) p1+p2=0
= p
k
Pkl HSpkvp] Zpkzo Eo(pl,...,pM o 2Zsm ( )
j=1,j#k k=1
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Integrability in AV = 4 SYM

Bethe-anzatz: H|T) = E|¥) (Bethe 31
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)

Leading Order: ‘TTTT\LTTT\LTTTT .o > [Minahan and Zarembo ‘02]
A L
HSU(Q) WZ(LE 'Ierl _Ex '&r+1)
r=1

z1+1<x: Egp(x1,22) = 4(21,22) — (21 — 1,22) — (21 + 1, 22)
—Y(z1, 20 — 1) —(z1,22 + 1)
X + 1= X Eo’(/)(.’tl,l‘g) = 2’(/}($1,l‘2) — 1/1(1’1 — 1,$2) — 1,[}(501,1’2 —+ 1)

AT eiP1tip2 _ 9eip1 4 |
oo () ()] s -

2 etp1tipz _ Qpip2 | ]
et = S(p1,p2) et = S(p2, 1) p1+p2=0
= p
k
eiPel _ HSpk‘7p] Zpkzo Eo(p1,.-.,pm) = o 2Zsm ( )
j=1,j#k k=1
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Integrability in AV = 4 SYM

[Bethe ‘31]

Bethe-anzatz: H|T) = E|¥)
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)

Leading order:  [THHHLAPHATT - -)

iNL M . M
ug + 5 U — uj +1 1 1
L2 S 2 EM) = ug = 7 cot (5
(i) -He=s moael T

ik

Twist-2 operators in N = 4 SYM theory

Vitaly Velizhanin

[Minahan and Zarembo ‘02]

)



Integrability in AV = 4 SYM
[Bethe ‘31]

Bethe-anzatz: H|T) = E|¥)
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)
[Minahan and Zarembo ‘02]

AP - )

Leading order:
\NL M . M
up + 5 Up —uj + 14 1 1
S R g e wp = = cot (25)
ik _
SNE M o= Mo . z(u) =u |
(’j): -+ EO(M):2Z(+—_> o = a(up £ 2)
Tk j=1 %k T k=1 Tk Tk
J#

Twist-2 operators in N’ = 4 SYM theory

Vitaly Velizhanin




Integrability in AV = 4 SYM

Bethe-anzatz: H|T) = E|¥) (Bethe 31
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)

Leading order: ‘TTTT\LTTT\LTTTT .. > [Minahan and Zarembo ‘02]

L M- gt Moy ] up, = + cot (B
(”C’i) =[] EO(M>—2Z(Z+Z_> D (%)
Tk i=1 Tk T k=1 Nk Tk zy, = x(up + 3)

Tk
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Integrability in AV = 4 SYM

Bethe-anzatz: H|P) =E|¥)

[Bethe ‘31]
w(xl,xQ) = eiP1z1tip2as S(p17p2) piP2T1+ip1T2

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)

Leading order: ‘TTTT\LTTT\LTTTT .. > [Minahan and Zarembo ‘02]

L M- gt Moy ] up, = + cot (B
(”C’i) =[] EO(M>—2Z(Z+Z_> D (%)
Tk i=1 Tk T k=1 Nk Tk zy, = x(up + 3)

Gk

All-loop Bethe anzatz: X\ = ¢2N

[Beisert and Staudacher, Kazakov ‘04-°06]

$k+ Ty — @ /xkxj . U A
— | = exp (24 0(ug, u,; z(u)=s1+4/1-4—
<x,:> j——lx-ki_ Tj 1 )‘/I;zj ( ) ) 2 u?

ik

Vitaly Velizhanin
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Integrability in AV = 4 SYM

Bethe-anzatz: H|T) = E|¥) (Bethe 31
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)

Leading order: ‘TTTT\LTTT\LTTTT .. > [Minahan and Zarembo ‘02]
e \" M o — Moy i uy, = 5 cot ()
() -I2"2 mon-2)(L-L) "2
Tk i=1 Tk T k=1 Nk Tk zy, = x(up + 3)
Gk
A”—IOOp Bethe anzatz: >\ — g2N [Beisert and Staudacher, Kazakov ‘04-°06]
\L M - + + -
x) T, — ] 1—/\/xkxj ) u )
= )= exp (27 0(ug, u; z(u)=—=14+1/1-4—
Jj#k

The same Bethe-anzatz from the field theory and from the string
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Integrability in AV = 4 SYM

Bethe-anzatz: H|T) = E|¥) (Bethe 31
Y(x1,29) = P11 Hip2s S(p1,p2) (P21 +ip1 32

p; are fixed by periodic boundary conditions ¢)(x1, z2) = 9(z2, 21 + L)

Leading order: ‘TTTT\LTTT\LTTTT .. > [Minahan and Zarembo ‘02]
e \" M o — Moy i uy, = 5 cot ()
() -I2"2 mon-2)(L-L) "2
Tk i=1 Tk T k=1 Nk Tk zy, = x(up + 3)
Gk
A”—IOOp Bethe anzatz: >\ — g2N [Beisert and Staudacher, Kazakov ‘04-°06]
\L M - + + -
x) T, — ] 1—/\/xkxj ) u )
= )= exp (27 0(ug, u; z(u)=—=14+1/1-4—
Jj#k

The same Bethe-anzatz from the field theory and from the string

Solution: In leading order — system of non-linear equations
M
1
Explicit solution: Qas(u) = C’MH(u —uy) = sFo[—M, M +1, 3~ ju; 1,15 1]
k=1
At higher orders — system of linear equations
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Calculations

two-point
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Calculations

IR-rearrangement:  two-point — bubble [Vladimirov ‘78]
[Misiak, Munz ‘94]

_pole 1
/de ;2 = /de a2 o2
k2 (k —p) (k2 —m?)
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Calculations

IR-rearrangement:  two-point — bubble [Vladimirov ‘78]

[Misiak, Munz ‘94]

_pole 1
/de % vIee /de 1
k2 (k —p) (k2 —m?)

. _ 1 _ 1 2kp — p? 1
Expansion over p: (k—p)2—m2  k2-—m2 " k2—m?2 (k—p)2 —m?2
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Calculations

IR-rearrangement:  two-point — bubble [Vladimirov ‘78]

[Misiak, Munz ‘94]
k k
P P
P, k=p P

_pole 1
/de ;2 vIee /de 1
k2 (k —p) (k2 —m?)

. _ 1 _ 1 2kp — p? 1
Expansion over p: Gopl—m? - m? VR —m? h=p) =2

Topology: at four loops > 600 (MATHEMATICA) [VV ‘08]

Vitaly Velizhanin Twist-2 operators in N = 4 SYM theory



Calculations

IR-rearrangement:  two-point — bubble [Vladimirov ‘78]

[Misiak, Munz ‘94]
k k
P P
P, k=p P

_pole 1
/de ;2 vIee /de 1
k2 (k —p) (k2 —m?)

1 1 2kp — p? 1
Expansion over p: = L=r

(k—p)2—m2  k2-—m2 " k2—m?2 (k—p)2 —m?2

Topology: at four loops > 600 (MATHEMATICA)
Laporta’s algorithm: BAMBA (MATHEMATICA)

[VV ‘08]

[VV ‘08]
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Calculations

IR-rearrangement: two-point — bubble [Vladimirov ‘78]

[Misiak, Munz ‘94]
k k
P P
P, i P

_pole 1
/de ;2 vIee /de 1
k2 (k —p) (k2 —m?)

1 1 2kp — p? 1

Expansion over p: (k—p)2—m2  k2-—m2 " k2—m?2 (k—p)2 —m?2

Topology: at four loops > 600 (MATHEMATICA) [VV ‘08]
Laporta’s algorithm: BAMBA (MATHEMATICA) [VV ‘o8]
Master-integrals: at four loops ~ 20 [Czakon ‘04]
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Calculations

IR-rearrangement:  two-point — bubble [Vladimirov ‘78]

[Misiak, Munz ‘94]
k k
P P
P, k=p P

_pole 1
/de ;2 vIee /de 1
k2 (k —p) (k2 —m?)

Expansion over p: L = — : ; 2kp — P2 !
(k—=p)2=—m2 k2—m?  k2—m? (k—p)2—m?
Topology: at four loops > 600 (MATHEMATICA) [VV ‘08]
Laporta’s algorithm: BAMBA (MATHEMATICA) [VV ‘o8]
Master-integrals: at four loops ~ 20 [Czakon ‘04]
Generation of diagrams: DIANA (QGRAF) [Tentyukov, Nogueira]
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Calculations

IR-rearrangement:  two-point — bubble [Vladimirov ‘78]

[Misiak, Munz ‘94]
k k
P P
P, k=p P

_pole 1
/de ;2 vIee /de 1
k2 (k —p) (k2 —m?)

Expansion over p: L = — : ; 2kp — P2 !
(k—=p)2=—m2 k2—m?  k2—m? (k—p)2—m?
Topology: at four loops > 600 (MATHEMATICA) [VV ‘o8]
Laporta’s algorithm: BAMBA (MATHEMATICA) [VV ‘o8]
Master-integrals: at four loops ~ 20 [Czakon ‘04]
Generation of diagrams: DIANA (QGRAF) [Tentyukov, Nogueira]
Calculations of diagrams: FORM [Vermaseren]
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Calculations

IR-rearrangement:  two-point — bubble [Vladimirov ‘78]

[Misiak, Munz ‘94]
k k
P P
P, k=p P

_pole 1
/de ;2 vIee /de 1
k2 (k —p) (k2 —m?)

. _ 1 1 2kp — p? 1
Expansion over p: = PP —m? i R R — i—p)—m?

Topology: at four loops > 600 (MATHEMATICA) [VV ‘08]
Laporta’s algorithm: BAMBA (MATHEMATICA) [VV ‘08]
Master-integrals: at four loops ~ 20 [Czakon ‘04]
Generation of diagrams: DIANA (QGRAF) [Tentyukov, Nogueira]
Calculations of diagrams: FORM [Vermaseren]
Color factor: COLOR [Vermaseren]
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Calculations

IR-rearrangement:  two-point — bubble [Vladimirov ‘78]

[Misiak, Munz ‘94]
k k
P P
P k—p P

_pole 1
/de % vIee /de 1
k2 (k —p) (k2 —m?)

. _ 1 1 2kp — p? 1
Expansion over p: = PP —m? i R R — i—p)—m?

Topology: at four loops > 600 (MATHEMATICA) [VV ‘o8]
Laporta’s algorithm: BAMBA (MATHEMATICA) [VV ‘08]
Master-integrals: at four loops ~ 20 [Czakon ‘04]
Generation of diagrams: DIANA (QGRAF) [Tentyukov, Nogueira]
Calculations of diagrams: FORM [Vermaseren]
Color factor: COLOR [Vermaseren]
Number of diagrams: Konishi at four loops - 131015 [VV ‘08]
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N = 4 SYM theory: One loop

Multiplicatively renormalizable operators:

Ty _ I A [
Oui,---,w - 021,»--,;@ + Oﬂlvaﬂj + Om,---,uj
2
P _ . A . @
OIJIIJ"H’/J']' = —20- 1) OZlauwﬂj + Om,u-’#j + 3 G+1) Oﬂlw-’l‘j
=. . 7—1 A j+1 ®
Ouiy--w/tj - - j+2 OIZ17~--7HJ' + Olh,m#;‘ - j Hasee g
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N = 4 SYM theory: One loop

Multiplicatively renormalizable operators:

Ty _ I A ¢
Oui ----- Hj - OZ1 ,,,,, Hj + Oul ,,,,, Hj + Om ,,,,, Hj
2
. o . A .
Piyeony T 2(j - 1) OZlauwﬂj + Om,u-’#j + 3 G+1) Oﬁlwwl‘j
=. _ 7—1 N j+1 &
Oui---m - o j4+2 O/th,uj + Om,mvﬂj o j H1yeeesby
Relations: Yab = 7((1?,) (4)
0 .
Ygg T Vag T Vg = ’Yl(m)i 2
0 .
Ygr TN+ Yer = %(m)i (J)
0 .
Yoo + Mo+ Vo0 = V()
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N = 4 SYM theory: One loop

Multiplicatively renormalizable operators:

T, _ ¢ A
O#i ----- Hj - OZ1 ,,,,, Hj + Oul ----- Hj + Oﬁ)1 ----- 127}
2
P N . A .
OIJIIJ"H’/J']' = —20- 1) OZlauwﬂj + Om,u-’#j + 3 G+1) Oﬁlwwl‘j
=, _ j—1 A I+l 4
OML---JU - j+2 OIZ17~--7HJ' + Olh,m#;‘ - j H el
. 0 .
Relations: Yab = Véb) (4)
1j+1 0, .
_—— — — = . 2
Vgg 2(] _ 1) P)/AQ + 3 .] _ 1 7‘159 ,yum(J + )
. 2. 0) /.
20 =D+t g +Dm = YA +2)
Jj—1 3 0) (2
—3= + — + = (7+2
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N = 4 SYM theory: One loop

Multiplicatively renormalizable operators:

T _ ’ A
Oui ----- Hj - OZ1 ,,,,, 1 + Oul ,,,,, 1 + Oﬁ)1 ----- 12
2
Omj’maﬂj = —20- 1) Ogl,-w#j + Omw-’#] + 3 G+1) Oﬁl, Hj
=, o g-1 A J+1 4
Om,...,w B J+2 O’g“’ oy T O K J H sl
Relations: Yab = 75(;)( )
Jjt2 j+1 ] +2 ©)
_JTe _ 4
Va9 =1 Mgt ; 1 Vs Ywid +4)
g1 j +1 0
2 Yagr T Vax — T%A = %(m)l(.? +4)
i (0)
- = +4
] + 2 .7 + 1 79¢ ] + ’Y)\ﬁ‘b ’W’d’ 7un1 (] )
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N = 4 SYM theory: One loop

Multiplicatively renormalizable operators:

T _ ’ A
Oui ----- Hj - OZ1 ,,,,, 1 +Ou1 ,,,,, 1 +Oﬁ)1 ----- 12
2
3 _ . A .
Omj’maﬂj = —20- 1) Ogl,-w#j + Oﬂlv‘-’l‘j + 3 G+1) Oﬁl, Hj
=, _ o J—1 A J+1 4
Om,...,w B J+2 O’g“’ oy T O K J H sl
. 0
Relations: Yab = 7&))( )
Jjt2 j+1 ] +2 ©)
Yag — ] -1 Vg +— ,] -1 Yog = ’yum(] + 4)
g1 j +1 (0)
- — +4
T2 0TI T T e Yoni ( +4)
Jj—1 0)
- = +4
] + 2 .7 + 1 79¢ ] + ’Y)\ﬁ‘b ’W’d’ 7un1 (] )
We need only v,4(7) to find yuni(j + 4) J
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N = 4 SYM theory: Fixed j

(0)

Vg + Y +Yer = Yuni (j)
. 2.
~2(j - 1m o Fg0 D = i +2)
-1 J+1 (0)
+ - = +4
~ 3 + o oA T T ; VoA Yot +4)
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N = 4 SYM theory: Fixed j

(0)

Yo + 7+ YdX = Yuni (j)
. 2. _ ), .
-2(j - 1) Yot v T30 D = |l +2)
-1 J+1 (0)
+ - = +4
~ 3 + o oA T T ; VoA Yot +4)
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N = 4 SYM theory: Fixed j

Yo +[a]+ e = |1m0)

. 2 B ©) -
20 - Dyt 30+ D = [l +2)
J—1 j+1 .
- - = ~AY(it4
j +2 oA * ] oA /um<J + )
We need only vxx(7) to find ~yuni(j + 4) |
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N = 4 SYM theory: Fixed j

Yo +[a]+ e = |1m0)

—2( - D[]+ 3 G+ D = Y +2)
- j% Yox + - jji.l%w = G +4)
We need only vxx(7) to find ~yuni(j + 4) J
Yoo+ Mo +Yoe = ()
—3%79¢+72(j11) T Vs = Tli+2)
j;;jiﬂw—jilWM e = YemG+4)
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N = 4 SYM theory: Fixed j

Yo +[a]+ e = |1m0)

—2( - D[]+ 3 G+ D = Y +2)
- j% Yox + - jji.l%w = G +4)
We need only vxx(7) to find ~yuni(j + 4) J
Yoo+ Mo tYoe = | 7m(d)
-3 j% Voo + ﬁ T +Ws = |7l +2)
j;;jiﬂw—jilWM e = YemG+4)
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N = 4 SYM theory: Fixed j

Yo+ + 1 = )

. 2 B ©) -
20 - Dyt 30+ D = [l +2)
J—1 j+1 .
- - = ~AY(it4
j +2 oA * ] oA /um<J + )
We need only vxx(7) to find ~yuni(j + 4) |

0) /.
Yoo [ Mo |+ 9 = )

j—1 3 o
—34 _ 5 _ it o
j+179¢’+2(j+1)+7¢¢ Yuni(J +2)
J-1 J J ©) i L,
- == Y 7 /1
T+r2j+1 9 j+1+7¢¢ Yuni (J 1 4)
We need only yx4(7) to find vuni(j + 4) J
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Two loops: QCD vs. A = 4 SYM theory

Basic parent four-loop planar and non-planar tadpole topologies
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Two loops: QCD vs. A = 4 SYM theory

Basic parent four-loop planar and non-planar tadpole topologies

Non-planar contribution appear at four loops for the first time
No Renormalization
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Two loops: QCD vs. A = 4 SYM theory

Basic parent four-loop planar and non-planar tadpole topologies

Non-planar contribution appear at four loops for the first time
No Renormalization

~(3),n
A0 (4)

(12901 68 417091 9962 ) 48 ¢®
= e — 22 (3 — 5

225 3 2430 15 N?
(3)np 809357 91943 742594303 . 23072 _\ 48¢°
4 = o —
o @) (1728 350 22T Taoese0 T 9 O N2
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Two loops: QCD vs. A = 4 SYM theory

Basic parent four-loop planar and non-planar tadpole topologies

O ©

Non-planar contribution appear at four loops for the first time
No Renormalization

Gauge-non-invariant operator

S
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Two loops: QCD vs. A = 4 SYM theory

Basic parent four-loop planar and non-planar tadpole topologies

O ©

Non-planar contribution appear at four loops for the first time
No Renormalization

Gauge-non-invariant operator

I <

Diagrams with gauge-non-invariant operators
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Two loops: QCD vs. A = 4 SYM theory

Basic parent four-loop planar and non-planar tadpole topologies

O ©

Non-planar contribution appear at four loops for the first time
No Renormalization

Gauge-non-invariant operator

I <

Renormalization

(3),np,ren 4 68 3781 48 98
4) = _ .22 2102
Tax (4) ( 5t 3 Sz + 156 (3 Nz
@upaengy _ (TL999 01943 85081983 N 48 g8
Tae — \ 8640 450 * 466560 ) N?
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Two loops: QCD vs. A = 4 SYM theory

Basic parent four-loop planar and non-planar tadpole topologies

O ©

Non-planar contribution appear at four loops for the first time
No Renormalization

Gauge-non-invariant operator

I <

Renormalization

@ _ (4, 68 +3781C L (12001 68 +417091< _9962C
TIWTN\T3 T 2T g B 225 3727 2430 * 15 P

(3) (71999 91943 _ 35081983 809357, 91943 | 742594303 23072 ¢
M=\ R640 450 2 466560 1728 ' 450 2466560 ° 9
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N = 4 SYM theory: Non-planarity for fixed ;

Four-loop Konishi  Oxonishi = ¢r@" [0808.3832],[0902.4646]

oo 17280 2 N,
Viomiahi = (2496+576 G — 1440Gs — —55- Gs )98, ¢ =T
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N = 4 SYM theory: Non-planarity for fixed ;

Four-loop Konishi  Oxonishi = ¢r@" [0808.3832],[0902.4646]
Voo — <2496 + 576 ¢ — 1440 ¢G5 — 17280 ) 2= m
Anomalous dimension from twist-2 operators with j = 2 [1008.2752]
T = =360 G 2L 0(g1)
Yaninp(6) = %5 (21 70 G5 — 250 <5> 4%8 +0(g")
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N = 4 SYM theory: Non-planarity for fixed ;

Four-loop Konishi  Okonishi = ¢;r¢r [0808.3832],[0902.4646]
_ 17280 g%, N,
d—loop _ (94 — 144 2 _ Yym Ve
VKonishi < 96 + 576 <3 0 C5 (4 71.)2
Anomalous dimension from twist-2 operators with j = 2 [1008.2752]
48
Yaniap(4) = —360 G~ g T +0(e")
25 48 g8 10
Yuninp(6) = 7 (21 +70 G5 — 250 <5> Nz HO")
Anomalous dimension from twist-2 operators with j = 4 [1404.7107]
(3),np 12601 8074 9962 48 g8
4) = _
) < 225 45 T 15 ) N
(3),np 21452 13648 23072 48 g8
4 =
W = (B2 Rt - Bl ) B

Vitaly Velizhanin Twist-2 operators in N = 4 SYM theory



N = 4 SYM theory: Non-planarity for fixed ;

Four-loop Konishi  Oxonishi = ¢r@" [0808.3832],[0902.4646]
_ 17280 2 N,
Vool = (2496 + 576 (3 — 1440 (s — 2 Ivm e
(47)
Anomalous dimension from twist-2 operators with j = 2 [1008.2752]
48
7uni,np(4) = =360 <5 g + O( )
25 48 g8
Yuninp(6) = > (21 + 70 (3 — 250 <5> NZ +0(g")
Anomalous dimension from twist-2 operators with j = 4 [1404.7107]
49 48 g8
winp(8) = oo (1357 +434¢5 — 11760 ) 10
Yoani.np (8) oo (1357 + 434G, — 117605 N7+ O")
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N = 4 SYM theory: Non-planarity for fixed ;

Four-loop Konishi  Oxonishi = ¢r@" [0808.3832],[0902.4646]
Vaolor <2496 +576 (3 — 1440 G5 — 133280) @& 9= m
Anomalous dimension from twist-2 operators with j = 2 [1008.2752]
Yuninp(4) = =360 G5 4%928 +0(9")
Yuninp(6) = %5 (21 +70 G5 — 250 <5> 4%8 +0(g")
Anomalous dimension from twist-2 operators with j = 4 [1404.7107]
Yaninp(8) = % (1357 + 434¢; — 117605 ) 4;;‘;8 +0(g")
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N = 4 SYM theory: Non-planarity for fixed ;

Four-loop Konishi  Oxonishi = ¢r@" [0808.3832],[0902.4646]
Vaolor <2496 +576 (3 — 1440 G5 — 133280) @& 9= m
Anomalous dimension from twist-2 operators with j = 2 [1008.2752]
Yuninp(4) = =360 G5 4%928 +0(9")
Yuninp(6) = %5 (21 +70 G5 — 250 <5> 4%8 +0(g")
Anomalous dimension from twist-2 operators with j = 4 [1404.7107]
Yaninp(8) = % (1357 + 434¢; — 117605 ) 4;;‘;8 +0(g")

Si(M)= 1, 1/2, 11/6, 25/12, 137/60, 49/20 , ...
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N = 4 SYM theory: Non-planarity for fixed ;

Four-loop Konishi  Oxonishi = ¢r@" [0808.3832],[0902.4646]
Vaolor <2496 +576 (3 — 1440 G5 — 133280) @& 9= m
Anomalous dimension from twist-2 operators with j = 2 [1008.2752]
Yuninp(4) = =360 G5 4%928 +0(9")
Yaninp(6) = (21 70 G5 — 250 <5> 4%8 +0(g")
Anomalous dimension from twist-2 operators with j = 4 [1404.7107]
Yaninp(8) = % (1357 + 434¢; — 117605 ) 4;;‘;8 +0(g")

Sy(M)= 1, 1/2, 11/6, , 137/60, ,
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N = 4 SYM theory: Non-planarity for fixed ;

Four-loop Konishi  Oxonishi = ¢r@" [0808.3832],[0902.4646]

yaloop <2496 5763 — 1440 G5 — 133280) & P = m

Anomalous dimension from twist-2 operators with j = 2 [1008.2752]
Yuninp(4) = =360 G5 4%928 +0(9")

Yanimp(6) = (21 170 3 — 250 <5> 4%8 +0(g")
Anomalous dimension from twist-2 operators with j = 4 [1404.7107]
Yaninp(8) = % (1357 4 434C4 — 11760 45) 4;;‘;8 +0(g')

Sy(M)= 1, 1/2, 11/6, , 137/60, ,
Reconstruction of a general expression for arbitrary j ? )
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,,D,,, ... D, Z

© Nested harmonic sums

Suben(j) = Z (sign(a))" Spe.. (k)

k(l
k=1
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,,D,,, ... D, Z

© Nested harmonic sums

Suben(j) = Z (sign(a))" Spe.. (k)

k(l
k=1

@ Maximal transcendentality principle
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,,D,,, ... D, Z

© Nested harmonic sums

Suben(j) = Z (sign(a))" Spe.. (k)

k(l
k=1

@ Maximal transcendentality principle

1
Euler numbers (o = Zﬁ
k=1
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,,D,,, ... D, Z

© Nested harmonic sums

! (sign(a))*
Saper ()= Gignla)® o (k) x ¢

k(l
k=1

@ Maximal transcendentality principle

1
Euler numbers (o = Zﬁ
k=1
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,, D, .. Dy, Z

© Nested harmonic sums

! (sign(a))*
Saper ()= Gignla)® o (k) x ¢

k(l
k=1

@ Maximal transcendentality principle
o0
1
Euler numbers (o = Zﬁ
k=1

. ) 1
Euler-Zagier sums Carian,..an = g

..... ar
0<n<na<...<nj<oo

al . a2
nytng® . ..ng
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,,D,,, ... D, Z

© Nested harmonic sums

X (sign(a))F :
Su,.b,(:.,m(.y) - Z T Sl),(t,~~~(k) X Ca X Qul.uz ..... ap
k=1

@ Maximal transcendentality principle

1
Euler numbers (o = Zﬁ
k=1

al . a2 ag
nytng® . ..ng

. ) 1
Euler-Zagier sums Carian,..an = g

0<n<na<...<nj<oo
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,, D, .. Dy, Z

© Nested harmonic sums

& (siga(a)t |
S(l,.l),(:,~~-(.7) - Z ki Sb c, ( ) X ga X Qul.ug ..... ap
k=1

@ Maximal transcendentality principle

1
Euler numbers (o = E Ta
=1

. ) 1
Euler-Zagier sums Carian,..an = g

..... m
0<ni<na<..<ngp<oo 1 "2 k

Reconstruction of the anomalous dimension from results for fixed M:
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,, D, .. Dy, Z

© Nested harmonic sums

& (siga(a)t |
S(l,.l),(:,~~-(.7) - Z ki Sb c, ( ) X ga X Qul.ug ..... ap
k=1

@ Maximal transcendentality principle

1
Euler numbers (o = E Ta
=1

. ) 1
Euler-Zagier sums Carian,..an = g

..... m
0<ni<na<..<ngp<oo 1 "2 k

Reconstruction of the anomalous dimension from results for fixed M:
V(M) = 2By (M) + 2oBo(M) + ... + x,B,, (M)
Assumptions about basis B;(M):
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,, D, .. Dy, Z

© Nested harmonic sums

& (siga(a)t |
S(l,.l),(:,~~-(.7) - Z ki Sb c, ( ) X ga X Qul.ug ..... ap
k=1

© Maximal transcendentality principle S7,5_7,S61,(5 S2,(3 54, . ..
o0

1
Euler numbers (o = E Ta
=1

. . 1
Euler-Zagier sums Caram,.an = g —_—

..... CL1 az ag
0<ni<na<..<ngp<oo 1 "2 k

Reconstruction of the anomalous dimension from results for fixed M:
V(M) = 2By (M) + 2oBo(M) + ... + x,B,, (M)
Assumptions about basis B;(M):
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,, D, .. Dy, Z

© Nested harmonic sums

& (siga(a)t |
S(l,.l),(:,~~-(.7) - Z ki Sb c, ( ) X ga X Qul.ug ..... ap
k=1

© Maximal transcendentality principle S7,5_7,S61,(5 S2,(3 54, . ..
o0

1
Euler numbers (o = E Ta
=1

. . 1
Euler-Zagier sums Caram,.an = g —_—

..... CL1 az ag
0<ni<na<..<ngp<oo 1 "2 k

Reconstruction of the anomalous dimension from results for fixed M:
V(M) = 2By (M) + 2oBo(M) + ... + x,B,, (M)
Assumptions about basis B;(M):

© Absence of harmonic sums with index —1: S_;,52 _q,...
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,, D, .. Dy, Z

© Nested harmonic sums

X (sign(a))F :
S(l,.l),(:,~~-(.7) - Z ki Sb c, ( ) X ga X Qul.ug ..... ap
k=1

© Maximal transcendentality principle S7,5_7,S61,(5 S2,(3 54, . ..
o0

1
Euler numbers (o = E Ta
=1

. . 1
Euler-Zagier sums Caram,.an = g —_—

CL1 a ag
0<n<na<...<nj<oo U3 2 k

Reconstruction of the anomalous dimension from results for fixed M:
V(M) = 2By (M) + 2oBo(M) + ... + x,B,, (M)
Assumptions about basis B;(M):

© Absence of harmonic sums with index —1: S_;,52 _q,...
@ Absence of ¢, with even a ((o; ~ 7%%)
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Twist-2 in A/ = 4 SYM: Reconstruction

Anomalous dimension of twist-2 operators TrZD,,, D, .. Dy, Z

© Nested harmonic sums

& (siga(a)t |
Su,.b,(:.,m(.y) - Z ki Sb c, ( ﬂ) X Ca X Ga 1,32,y ap
k=1

© Maximal transcendentality principle S7,5_7,S61,(5 S2,(3 54, . ..
o0

1
Euler numbers (o = E Ta
=1

. . 1
Euler-Zagier sums Caram,.an = g —_—

CL1 a ag
0<ni<na<..<ngp<oo 1 "2 k

Reconstruction of the anomalous dimension from results for fixed M:
V(M) = 2By (M) + 2oBo(M) + ... + x,B,, (M)
Assumptions about basis B;(M):

© Absence of harmonic sums with index —1: S_;,52 _q,...
@ Absence of ¢, with even a ((o; ~ 7%%)

Transcend. | 1 |2 | 3| 4 5 6 7 8 9 10 11
1 (3|7 |17 |41 |99 | 239 | 577 | 1393 | 3363 | 8119
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Symmetry: Gribov-Lipatov reciprocity

Spliting function:

1—2 z

11 4
4 i

+z(1—z)} +(60A—3TF)5(,2—1)

P(E) =204 |

1—=2
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Symmetry: Gribov-Lipatov reciprocity

Spliting function:

b1 z)} + (ECA - ;LTF) 5z — 1)

1—z+ z
1

P =20a |

—Zz

Mellin transformation:

@%ﬁ:/wf%%a
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Symmetry: Gribov-Lipatov reciprocity

Spliting function:

1—-2 z 11 4
(0) () = _ 20— = —
Pyy'(2) =2C4 { + 1_2 + 2(1 2)} + ( 6 Ca 3TF) 5(z—1)
Mellin transformation: Hy=Inz fo=1/x
: - Hi=-l(l-2) f=1/(1—x)
©) (5 — (0) 1
Ygg (]) = /dz ZJng (Z) H = 111(]. + Z) ffl _ 1/(1 + :L')

Smb,c,---(j) — Ha,b,c,n-(z) = /OZ dl’fa(l')Hb’c}...(S(})
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Symmetry: Gribov-Lipatov reciprocity

Spliting function:

1—-2 z 11 4
(0) () = _ 20— = —
Pyy'(2) =2C4 { + 11—~ + 2(1 2)} + < 6 Ca 3TF) 5(z—1)
Mellin transformation: Hy=Inz fo=1/x
: - Hi=-l(l-2) f=1/(1—x)
©) (5 — (0) 1
Ygg (]) = /dz ZJng (Z) H = 111(1 + Z) ffl _ 1/(1 + :L')

Sa,b,c,---(j) — Ha,b,c,n-(z) = /OZ dl’fa(l')Hb’c}...(S(})

Reciprocity: Pg(g)(z) =—z P;g)(l/z)
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Symmetry: Gribov-Lipatov reciprocity

Spliting function:

1—-=2 z 11 4
PO(2) =2 1— —Cy— =T -1
99 (%) CA{ +1_Z+Z( 2)}4_(6014 3F)5(z )
Mellin transformation: Hy=1Inz fo=1/z
) . H=-ln(l-2) fi=1/1-2)
0)(45) = (0) !
Vog (1) = /dz 2 Pyy'(2) | Ha=W(+2) fa=1/(1+2)
Susee(d) = Hopero(2) = [ doful)Hye(2)
0

Reciprocity: Pg(g)(z) =—z P;g)(l/z) P(E}])(z) # —z R(Ey(l/z)
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Symmetry: Gribov-Lipatov reciprocity

Spliting function:

PO (2) = 2C4 [1 —c 4 : z a1 z)} n (ECA - ;LTF) (2 —1)
Mellin transformation: Hy=1Inz fo=1/z
59 () = / APPE) glj :7111:2(15 ZZ)) ?,1: i /1(/1({ i l)
Sapie,(J) = Hape,(2) = /0 dz fo(z)Hp ... (2)

Reciprocity: Pg(g)(z) =—z P;g)(l/z) P(E}])(z) # —z R(Ey(l/z)

Generalization of reciprocity to higher orders [Dokshitzer, Marchesini ‘06| |
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Symmetry: Gribov-Lipatov reciprocity

Spliting function:

PO (2) = 2C4 [1 —c 4 : z a1 z)} n (ECA - ;LTF) (2 —1)
Mellin transformation: Hy=1Inz fo=1/z
59 () = / APPE) glj :7111:2(15 ZZ)) ?,1: i /1(/1({ i l)
Sapie,(J) = Hape,(2) = /0 dz fo(z)Hp ... (2)

Reciprocity: Pg(g)(z) =—z P;g)(l/z) P(E}])(z) # —z R(Ey(l/z)

Generalization of reciprocity to higher orders [Dokshitzer, Marchesini ‘06| |

Evolution equation for distribution function D(z, Q?)

e - | £ron(e)
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Symmetry: Gribov-Lipatov reciprocity

Spliting function:

Pig(2) =2C4 F — (1- z)} + (ECA = ;LTF) 5(z — 1)
Mellin transformation: Hy=Inz fo=1/x
W= [a9P960 | ues faoiaen
Sapie,(J) = Hape,(2) = /0 dz fo(z)Hp ... (2)

Reciprocity:  P{0)(2) = —2 P{Y(1/2) P{)(2) # —2P{))(1/2)

Generalization of reciprocity to higher orders [Dokshitzer, Marchesini ‘06| |

Evolution equation for distribution function D(x,Q?)
dD(z,Q%) dz T
dIn Q2 _/0 ?P(Z)D<Z’Q )
redifines as
D, Q%) / dz
0

dln Q? z P(Z)D(g’ngQ)
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Symmetry: Gribov-Lipatov reciprocity

Spliting function:

Pig(2) =2C4 F — (1- z)} + (ECA = ;LTF) 5(z — 1)
Mellin transformation: Hy=Inz fo=1/x
W= [a9P960 | ues faoiaen
Sapie,(J) = Hape,(2) = /0 dz fo(z)Hp ... (2)

Reciprocity:  P{0)(2) = —2 P{Y(1/2) P{)(2) # —2P{))(1/2)

Generalization of reciprocity to higher orders [Dokshitzer, Marchesini ‘06| |

Evolution equation for distribution function D(x,Q?)
dD(z,Q%) dz T
dlnQ? _/0 ?P(Z)D<Z’Q )
redifines as
D, Q%) /d
dln@? ), =z

P(z)D (g, ZUQQ)
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Symmetry: Reciprocity for anomalous dimension

“Reciprocity-respecting” function P(M):

VM) =P(M+iy(M)) =P+ 1Py + 4PV + H5P¥ + ...
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Symmetry: Reciprocity for anomalous dimension

“Reciprocity-respecting” function P(M):
V(M) =P(M+33(M)) =P+ 5Py + 5PV + 5P+
Differentiation over indices:

.
(Sa,b,c,...) = _‘a|Sa+1,b,c,... - |b|Sa,b+1,c,... - |C|Sa,b,c+1,... +...
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Symmetry: Reciprocity for anomalous dimension

“Reciprocity-respecting” function P(M):
VM) =P(M+1y(M)) =P+ 3Py + 5PV + H5PV* + ...
Differentiation over indices:
(Saber) = ~1alSarrbe.. — [D[Sabiton. = lclSaperr,. +-..
Reciprocity -

P(z) =—2P(1/2) J
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Symmetry: Reciprocity for anomalous dimension

“Reciprocity-respecting” function P(M):

VM) =P(M+iy(M)) =P+ 1Py + 4PV + H5P¥ + ...

Differentiation over indices:

(Sa,b,c,...) = _‘a|Sa+1,b,c,... - |b|Sa,b+1,c,... - |C|Sa,b,c+1,... +...
Reciprocity —  Reciprocity-respecting harmonic polilogarithms
P(Z) = —Z 7)(1/2’) J H{;,I},(:.W(Z) - *ZH(),.I),(:,...(l/Z) J
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Symmetry: Reciprocity for anomalous dimension

“Reciprocity-respecting” function P(M):
VM) =P(M+iy(M)) =P+ 1Py + 4PV + H5P¥ + ...

Differentiation over indices:

(Sa,b,c,...) = _‘a|Sa+1,b,c,... - |b|Sa,b+1,c,... - |C|Sa,b,c+1,... +...
Reciprocity —  Reciprocity-respecting harmonic polilogarithms
P(Z) = —Z P(l/Z) J H{l,,l),(:.m(z) - *ZH(),.I),(:,...(l/Z) J
Corresponding combinations of harmonic sums
can be obtained by means of Mellin transformation J
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Symmetry: Reciprocity for anomalous dimension

“Reciprocity-respecting” function P(M):
VM) =P(M+iy(M)) =P+ 1Py + 4PV + H5P¥ + ...

Differentiation over indices:

(Sa,b,c,...) = _‘a|Sa+1,b,c,... - |b|Sa,b+1,c,... - |C|Sa,b,c+1,... +...
Reciprocity —  Reciprocity-respecting harmonic polilogarithms
P(Z) = —z P(l/Z) J Hu,,l),(:..“(z) - 7ZH(1,.1),(1,...(1/Z) J
Corresponding combinations of harmonic sums
can be obtained by means of Mellin transformation J

_
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Symmetry: Reciprocity for anomalous dimension

“Reciprocity-respecting” function P(M):
VM) =P(M+iy(M)) =P+ 1Py + 4PV + H5P¥ + ...

Differentiation over indices:

(Sa,b,c,...) = _‘a|Sa+1,b,c,... - |b|Sa,b+1,c,... - |C|Sa,b,c+1,... +...
Reciprocity —  Reciprocity-respecting harmonic polilogarithms
P(Z) = —z P(l/Z) J Hu,,l),(:..“(z) - 7ZH(1,.1),(1,...(1/Z) J
Corresponding combinations of harmonic sums
can be obtained by means of Mellin transformation J

All is much simpler \
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Symmetry: Reciprocity for anomalous dimension

“Reciprocity-respecting” function P(M):
VM) =P(M+1y(M)) =P+ 3Pv+ 4PV + 2PV + ...

Differentiation over indices:

(Sa,b,c,...) = _‘a|Sa+1,b,c,... - |b|Sa,b+1,c,... - |C|Sa,b,c+1,... +...
Reciprocity —  Reciprocity-respecting harmonic polilogarithms
P(Z) = —z P(l/Z) J Ha,l),(:.m(z) = —z H(),.l),(:,...(l/z) J
Corresponding combinations of harmonic sums
can be obtained by means of Mellin transformation J
There are remarkable objects - binomial harmonic sums J
ol N\ /N +j
i) = 0 () (Y s
j=1
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Symmetry: Reciprocity for anomalous dimension

“Reciprocity-respecting” function P(M):
VM) =P(M+iy(M)) =P+ 1Py + 4PV + H5P¥ + ...

Differentiation over indices:

(Sa,b,c,...) = _‘a|Sa+1,b,c,... - |b|Sa,b+1,c,... - |C|Sa,b,c+1,... +...
Reciprocity —  Reciprocity-respecting harmonic polilogarithms
P(Z) = —Z P(l/Z) J H{l,,l),(:.m(z) - *ZH(),.I),(:,...(l/Z) J
Corresponding combinations of harmonic sums
can be obtained by means of Mellin transformation J

There are remarkable objects - binomial harmonic sums (only positve indices)J

S a(N) = (DY S (1 () )siati
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Binomial harmonic sums: Reconstruction

Binomial harmonic sums:

Siv () = (-1 é(—l)j () ()it
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Binomial harmonic sums: Reconstruction

Binomial harmonic sums: only positive indices:

Siv () = (-1 é(—l)j () ()it
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Binomial harmonic sums: Reconstruction

Binomial harmonic sums: only positive indices: 2~ for transcendentality ¢

S a(N) = (DY S (1 () ()it

i=1 J J
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Binomial harmonic sums: Reconstruction

Binomial harmonic sums: only positive indices: 2~ for transcendentality ¢

Siv () = (-1 fj(—l)ﬂ' () ()it

j=1 J

Transcend. | 1 |2 |3 | 4 5 6 7 8 9 10 11
Nested 1 17 | 41 | 99 | 239 | 577 | 1393 | 3363 | 8119
Binomial 1 (24| 8 |16]32]| 64 | 128 | 256 512 1024

w
~
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Binomial harmonic sums: Reconstruction

Binomial harmonic sums: only positive indices: 2~ for transcendentality ¢

Siv () = (-1 fj(—l)j () ()it

j=1 J

Transcend. | 1 |2 |3 | 4 5 6 7 8 9 10 11
Nested 1 (3|7 |17 |41 |99 | 239 | 577 | 1393 | 3363 | 8119
Binomial 1 (24| 8 |16]32]| 64 | 128 | 256 512 1024

Reconstruction of P(M) from results for fixed M:

Assumptions about basis B;(M):

@ Binomial harmonic sums Sg 4 ....(5) and ¢,
@ Maximal transcendentality

© Absence of ¢, with even a ((o; ~ 7%%)
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Reconstruction: LLL-algorithm

Reconstruction of P(M) from results for fixed M:
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Reconstruction: LLL-algorithm

Reconstruction of P(M) from results for fixed M:

To find z; we need to know P(M) for M =1,2,...,n
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Reconstruction: LLL-algorithm

Reconstruction of P(M) from results for fixed M:

To find z; we do not need to know P(M) for M =1,2,...,n
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Reconstruction: LLL-algorithm

Reconstruction of P(M) from results for fixed M:

To find z; we do not need to know P(M) for M =1,2,...,n

x; should be integer numbers — system of linear Diophantine equations
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Reconstruction: LLL-algorithm

Reconstruction of P(M) from results for fixed M:

To find z; we do not need to know P(M) for M =1,2,...,n
x; should be integer numbers — system of linear Diophantine equations

The Lenstra-Lenstra-Lovasz (LLL) lattice basis reduction algorithm
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Reconstruction: LLL-algorithm

Reconstruction of P(M) from results for fixed M:

To find z; we do not need to know P(M) for M =1,2,...,n

x; should be integer numbers — system of linear Diophantine equations

The Lenstra-Lenstra-Lovasz (LLL) lattice basis reduction algorithm

Polynomial time lattice reduction algorithm invented by

Arjen Lenstra, Hendrik Lenstra and Laszl6 Lovész in 1982

The LLL algorithm outputs an LLL-reduced (short, nearly orthogonal)
lattice basis under the Euclidean norm
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LLL-algorithm: System of linear diophantine equations

start from the system of equations:

z1+x2+x3+24+25 = 0
15 27 83 80 2l 9
—x —x —x3+ —x — 5 = —
32t T 32T 3p T T 3o T T 50 H5 16
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LLL-algorithm: System of linear diophantine equations

start from the system of equations:

z1+x2+x3+24+25 = 0
15 27 83 80 2l 9
—x —x —x3+ —x — 5 = —
32t T 32T 3p T T 3o T T 50 H5 16

take matrix (divide to the greatest common divisor — GCD function):

11 1 1 1 0
SE_<5911 137—6)
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LLL-algorithm: System of linear diophantine equations

start from the system of equations:

z1+x2+x3+24+25 = 0
15 27 83 80 2l 9
—x —x —x3+ —x — 5 = —
32t T 32T 3p T T 3o T T 50 H5 16

take matrix (divide to the greatest common divisor — GCD function):
1 1 1 1 1 0
SE = ( 5 9 11 13 7 —6 )

multiply SE to some huge integer number, for example 82
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LLL-algorithm: System of linear diophantine equations

start from the system of equations:

z1+x2+x3+24+25 = 0
15 27 83 80 2l 9
—x —x —x3+ —x — 5 = —
32t T 32T 3p T T 3o T T 50 H5 16

take matrix (divide to the greatest common divisor — GCD function):
1 1 1 1 1 0
SE_<5 9 11 13 7 —6)
multiply SE to some huge integer number, for example 82

create unity matrix I with rank equal to the length of row in SE
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LLL-algorithm: System of linear diophantine equations

start from the system of equations:

z1+x2+x3+24+25 = 0
15 27 83 80 2l 9
—x —x —x3+ —x — 5 = —
32t T 32T 3p T T 3o T T 50 H5 16

take matrix (divide to the greatest common divisor — GCD function):
1 1 1 1 1 0
SE_<5 9 11 13 7 —6)
multiply SE to some huge integer number, for example 82

create unity matrix I with rank equal to the length of row in SE
append transpose SE to the right side of the unity matrix I

1 o o0 o0 o0 o 8 5 x 88
0 1 o o0 o0 o 8 9 x 88
0 0 1 o 0o o 88 11 x 88
0 0 0 1 o o 88 13 x 88
0o 0 0 0 1 0o 88 7 x 88
0o 0 0 o0 O 1 0 —6 x 88
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LLL-algorithm: System of linear diophantine equations

start from the system of equations:

z1+x2+x3+24+25 = 0
15 27 83 80 2l 9
—x —x —x3+ —x — 5 = —
32t T 32T 3p T T 3o T T 50 H5 16

take matrix (divide to the greatest common divisor — GCD function):
1 1 1 1 1 0
SE_<5 9 11 13 7 —6)
multiply SE to some huge integer number, for example 82

create unity matrix I with rank equal to the length of row in SE
append transpose SE to the right side of the unity matrix I

1 o o0 o0 o0 o 8 5 x 88
0 1 o o0 o0 o 8 9 x 88
0 0 1 o 0o o 88 11 x 88
0 0 0 1 o o 88 13 x 88
0o 0 0 0 1 0o 88 7 x 88
0o 0 0 o0 O 1 0 —6 x 88

apply LatticeReduce to this matrix
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LLL-algorithm: System of linear diophantine equations

As result we obtain the following matrix:

-1 0 1 -1 1 0 0 0
0 0 0 1 -1 1 0 0
-1 1 -1 0 1 0 0 0
RSE = 0 1 1 -1 -1 0 0 0
0 0 0 0 -1 -1 —88 —88
-1 0 0 0 0 -1 —88 88
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LLL-algorithm: System of linear diophantine equations

As result we obtain the following matrix:

-1 0 1 -1 1 0 0 0
0 0 0 1 -1 1 0 0
-1 1 -1 0 1 0 0 0
RSE = 0 1 1 -1 -1 0 0 0
0 0 0 0 -1 -1 —88 —88
-1 0 0 0 0 -1 —88 88

Origin: Application of LLL-algorithm to solution of Diophantine equation

1 0 0 0 0 0 —ai —b1
0 1 0 0 0 0 —a2 —bo
0 0 1 0 0 0 —as3 —b3
0 0 0 1 0 0 —ay4 —by
0 0 0 0 1 0 —as —bs
0 0 0 0 0 1 —ag —be
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LLL-algorithm: System of linear diophantine equations

As result we obtain the following matrix:

-1 0 1 -1 1 0 0 0
0 0 0 1 -1 1 0 0
-1 1 -1 0 1 0 0 0
RSE = 0 1 1 -1 -1 0 0 0
0 0 0 0 -1 -1 —88 —88
-1 0 0 0 0 -1 —88 88

Origin: Application of LLL-algorithm to solution of Diophantine equation

ai
1 0 0 0 0 0 —ay —b1 az
0 1 0 0 0 0 —asg —ba as
0 0 1 0 0 0 —as —bs aq
0 0 0 1 0 0 —ay —by as
0 0 0 0 1 0 —as —bs ag
0 0 0 0 0 1 —ag —bg 1
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LLL-algorithm: System of linear diophantine equations

As result we obtain the following matrix:

-1 0 1 -1 1 0 0 0
0 0 0 1 -1 1 0 0
-1 1 -1 0 1 0 0 0
RSE = 0 1 1 -1 -1 0 0 0
0 0 0 0 -1 -1 —88 —88
-1 0 0 0 0 -1 —88 88

Origin: Application of LLL-algorithm to solution of Diophantine equation

ai
1 0 0 0 0 0 —ay —b1 az 0
0 1 0 0 0 0 —asg —ba as 0
0 0 1 0 0 0 —ag —bs a4 - 0
0 0 0 1 0 0 —ay —by as - 0
0 0 0 0 1 0 —as —bs ag 0
0 0 0 0 0 1 —ag —bg 1 0
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LLL-algorithm: System of linear diophantine equations

As result we obtain the following matrix:

-1 0 1 -1 1 0 0 0
0 0 0 1 -1 1 0 0
-1 1 -1 0 1 0 0 0
RSE = 0 1 1 -1 -1 0 0 0
0 0 0 0 -1 -1 —88 —88
-1 0 0 0 0 -1 —88 88

Origin: Application of LLL-algorithm to solution of Diophantine equation

by
1 0 0 0 0 0 —ay —b1 bo 0
0 1 0 0 0 0 —asg —ba b3 0
0 0 1 0 0 0 —ag —bs by - 0
0 0 0 1 0 0 —ay —by bs - 0
0 0 0 0 1 0 —as —bs bg 0
0 0 0 0 0 1 —ag —bg 0 0

1
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LLL-algorithm: System of linear diophantine equations

As result we obtain the following matrix:

-1 0 1 -1 1 0 0 0
0 0 0 1 -1 1 0 0
-1 1 -1 0 1 0 0 0
RSE = 0 1 1 -1 -1 0 0 0
0 0 0 0 -1 -1 —88 —88
-1 0 0 0 0 -1 —88 88

Origin: Application of LLL-algorithm to solution of Diophantine equation

by
1 0 0 0 0 0 —ay —b1 bo 0
0 1 0 0 0 0 —asg —ba b3 0
0 0 1 0 0 0 —ag —bs by - 0
0 0 0 1 0 0 —ay —by bs - 0
0 0 0 0 1 0 —as —bs bg 0
0 0 0 0 0 1 —ag —bg 0 0

1

We need about ten times less values of P (M) for fixed M J
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Open problems

© Reconstruction of the non-planar contribution to the four-loop
universal anomalous dimension in N' = 4 SYM theory
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Open problems

@ Reconstruction of the non-planar contribution to the four-loop
universal anomalous dimension in N' = 4 SYM theory

Have not found any reasonable solution for binomial harmonic sums:

Siynin (M) = f}_m (M) (M fj)sih...,ik(j)

J J
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Open problems

@ Reconstruction of the non-planar contribution to the four-loop
universal anomalous dimension in N' = 4 SYM theory

Have not found any reasonable solution for binomial harmonic sums:

Siynin (M) = f}_m (M) (M fj)sih...,ik(j)

ot j j

@ Calculation of odd or higher even moments of the non-planar
contribution to the four-loop universal anomalous dimension in
N =4 SYM theory
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Open problems

@ Reconstruction of the non-planar contribution to the four-loop
universal anomalous dimension in N' = 4 SYM theory

Have not found any reasonable solution for binomial harmonic sums:

Siynin (M) = f}_m (M) (M fj)sih...,ik(j)

ot j j

@ Calculation of odd or higher even moments of the non-planar
contribution to the four-loop universal anomalous dimension in
N =4 SYM theory

© T Ha

Twist-2 operators in ' = 4 SYM theory: TrZD,,D,,...D, Z J
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Open problems

@ Reconstruction of the non-planar contribution to the four-loop
universal anomalous dimension in N' = 4 SYM theory

Have not found any reasonable solution for binomial harmonic sums:

Siynin (M) = f}_m (M) (M fj)sih...,ik(j)

ot j j

@ Calculation of odd or higher even moments of the non-planar
contribution to the four-loop universal anomalous dimension in
N =4 SYM theory

Twist-2 operators in ' = 4 SYM theory: TrZD,,D,,...D, Z J

© T Ha

© Calculation of higher moments for four-loop anomalous dimension
of non-singlet twist-2 operator in QCD
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Open problems

@ Reconstruction of the non-planar contribution to the four-loop
universal anomalous dimension in N' = 4 SYM theory

Have not found any reasonable solution for binomial harmonic sums:

Siynin (M) = f}_m (M) (M fj)sih...,ik(j)

ot j j

@ Calculation of odd or higher even moments of the non-planar
contribution to the four-loop universal anomalous dimension in
N =4 SYM theory

© T Ha

Twist-2 operators in ' = 4 SYM theory: TrZD,,D,,...D, Z J

© Calculation of higher moments for four-loop anomalous dimension
of non-singlet twist-2 operator in QCD

Non-singlet twist-2 operators in QCD: 9 Y1 DpDys - Dy q J
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